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TABLES OF THE PROBABILITY INTEGRALS OF SYM- 

METRICAL FREQUENCY CURVES IN THE CASE OF 

LOW POWERS SUCH AS ARISE IN THE THEORY OF 
SMALL SAMPLES. 


By KARL PEARSON, asststED By BRENDA STOESSIGER, M.Sc. 


(i) THE symmetrical curves to be considered are those for which 8; =0 and B2 
takes any value from 1 to «. The curves are supposed completely determined by 
fz and their standard deviations. 

Their differential equation will be 


1 dy 7 2ma’ 


> 


y da’ Cota?’ 
leading to Y = Yo(Co+ 22)", 
282 5 1 9—5Be 
where , =3-3 o*, and m= > ——s 
We can throw them into the following forms : 


(i) B2=1 to 18 (m,=1 to 0), 


where 


This symmetrical curve passes from two equal lumps through U-curves to a 
rectangle. 


(ii). Bz =1°8 to 3 (mz=0 to x ), 


where 


This type of curve passes from a rectangle through limited range curves to 
the normal curve (82= 8). 


(iii) Bg =3 to x (mg= ex to 3), 


¥Y = Yo 


2Be 


and ms; = = 


22 os 
.—-s"° 


where as? = 


Biometrika xx1 








q 
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The limit 8-—> x occurs when m3 = § and a3?= 20%. This curve passes from the 


normal curve through all grades of leptokurtosis. The limits of range in (1) 
from — a, to + ay, in (ii) from — aq to + de, and in (iii) from —o to +e. 
We will now proceed to the probability integral of these three curves. 


For (i) we have 


fx 


pee I, y da . t, is B, (4,0 - m))) 
sans | B(4,(1—m))} 


4 {14+J,(3,(1 —m))}, 
where B,(p, q) is the incomplete and B(p, q) the complete B-function, 
I,(p, q) their ratio. 


The required transformation is 


~—99 «€ 
. y!2/ t 2 } w*3— Be 
ez" - rr = . 
el Mi a2 2B. 


are 


and 


Now m, lies between 0 and 1, and accordingly to obtain the probability integral 
of the curve (i) we have only to add unity to the B-function ratio I,(4, (1 —m)) 


and divide by two, 
Since m, only lies between 0 and 1, this involves the tabulation of J, (3, (1 — 


my,)) 


for small ranges of m,; but this has not yet been completed, and we cannot at 
present provide a table of the probability integral of the symmetrical curve (i). 


Meanwhile, and until the required table be completed, a good method to 
determine J,,(4,(1 —m)) is to use the formula provided by Soper* for the integral 


ag’ P-l (1 — ee dx’ , 
/ 0 


when p and q are small. 
We shall not further consider the probability integral of the curve (i). 


For (ii) we have to make the same transformation, 


2 ey t'* 3 -- Be 
os — o* 2B : 
and have oP,=4 {1 +-I,(4, (1 + me))}. 


Table I gives the value of 
s {1 +7,(4, }(n—-1))}, 


> 


and accordingly we must take n= 2m2.+3; it runs from mg=— 4 to mg= 14. 


When mz = 14, 8: = 2°818,182, and we have not yet reached closely enough the 
normal curve (82=3) to use its probability integral as anything but a rough 


approximation. 


* Tracts for Computers, No. vu. pp. 21—22, Cambridge University Press. See also Tables for 


Statisticians and Biometricians, Part 1. 
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For (iii) the requisite transformation is 


79 "2 
_— HH & 
~= , OF L=> 5, ; 
uae l—@& a’? + ag" 
and we have sPy =} {14+1,(4, (ms— }))}; 


. . . oT - - - wl *).s)* ree 
our table will accordingly give 3Py from m3 = 15°5 to ms = 2°5, or from Bz= 3°230,769 
to By=a. The former value of fe is still too far from S2= 3 to allow anything 
but a rough approximation to be obtained from the normal curve. 


: Yo 
If we choose our curve to be y= eT 
Ch +a "ye 


as is frequently done, then n = 2ms, and 


~ 
“Pe : 9 
a= / Spl 3e~ Vee, 
‘ Be-3 
1 sn 
or c=-- if we take a= 1. 
Vvn—3 


Accordingly at the end of Table I we have placed the probability integral of 
the normal curve with a standard deviation —_, : , where n= 31, for comparison 
Vn—3 
with that of the curve 
y= 
‘ (1 s. a 2)15°5 
The result confirms the inference drawn from the value of Bg, Le. that the 
normal curve will only give a rough approximation to the exact probability integral 
at »=31. At the top of the table we may be in error in two to three units in the 
third place of decimals *. 


(ii) We will now describe the two tables here provided. 
Table I gives the value of 
${14+J,(4, $(n—-1))}, 
where: the argument # increases by ‘01. 
We need to know the relations between the m’s and w’s, and & and 2’. 


Curve (i). m, lies between 0 and 1, and the only values available in our table are 
2 
for n =2 and 3, or my=0°5 and 0, while « is determined by «= oe 
Curve (ii). mz ranges from 0 to oc , but the table only supplies values from 0 to 
2 
14, since mg=4(n—83). w is found from # = — 
3 
Curve (iii). mg ranges from 2°5 to oc, or our table will supply the probability 
2) 
integrals of this curve from 2°5 to 15°5. The « is to be found from # = =a a 


Actually the unpublished tables of the B-function will carry us up to n=101, m,=50°5, a value 
which gives a much closer approximation to a normal curve. 
17—2 
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When the curve is written in the form 


Yo 


y= ‘ 
. (1 + 27)? 


n? 
our table will supply the probability integrals for n=5 to 31. If we choose to 
neglect the infinity of the fourth moment we can proceed to n= 2. 

32 
= e por 22=a/(1—«). This value of 2 is 
given to five decimal places in the second column of each sheet of the table. This 
enables the user to ascertain rapidly whereabouts he is in the #-variate for a given 
value of z or 2”. 


In the last form of this curve z: 


(iii) We need two kinds of interpolation into Table I: (a) we need to interpolate 
between the tabulated values of n, and (b) we need to interpolate between the 
tabulated values of #«. Both these interpolations give rise to difficulties, which 
require some consideration. 

(a) After n=8, interpolations for » lying between tabled values are successful, 
if we use 6 and occasionally 64. Neither Table I (nor the supplementary Table IT) 
will give satisfactory brief interpolations for n less than 8. It may even be doubted, 
if the argument n were tabled by 01 instead of 1:0, whether satisfactory brief inter- 
polation could be achieved. Although the graphs of the function for constant « give 
very simple smooth curves, after many trials no short interpolation process has been 
yet discovered. Luckily the chief use of the present tables is their application to 
small samples, and in such cases » is a whole number. For interpolation by th« 
forward difference formulae, see the Appendix to this paper. 

(6) With regard to direct interpolation for x, this is feasible for # =*11 onward 
throughout the tabie using 8, or occasionally if greater accuracy be required 6 
and 64. But from ¢:= 00 to *10, ordinary interpolation formulae cannot be applied, 
owing to the infinite differential coefticients appearing with the factor 2? in the 
integral. Accordingly an auxiliary table—Table [I[—has been formed which gives 
the function 

Py (n) = Pa (n) — wis 


] ’ 
VX 


and provides its 6**. This will suffice to ascertain #,(n) for any value of # from 
‘00 to ‘10, and therefore 
P,(n) = & (n) Va +0°5. 


The user of Table II must therefore find the square root of the argument+t 
with which he enters it, as the multiplier for F, (n). 


* Determined from the nine-figure B-function Table. For 6°Y, (n) we used the formula 


5,2= 45," - 68,2 + 45,2 - 6,2. 


+ x will not generally exceed four decimals, so that any table of square roots will provide what is 
required, 
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ho 
T 
“1 


(iv) Illustrations of the use of the Tables. 


Illustration (i). The frequency curve for the distribution of the correlation 
coefficient 7 in samples of size p taken from a parent population in which the cor- 
relation is zero is given by the curve 
(p—4) 

1 


where the mean, 7, = 0, and since dg=1, = — . What is the chance that in 
Vp—1 


y= Yyo(1— 73 


a sample of 20, 

(a) r will lie outside twice its standard deviation ? 

(b) r will lie outside the limits + °50? 

The above curve is our Type (ii), and therefore mz =4(p —4)=8 for this special 
case. Now mg=4(n—3) =8, and accordingly n=19. The proper transformation 
io rt= a, We have o=— = 200,416. 

V19 

If r= 2o0 = °458,8314, then a =r? = 210526. If r=°50, x=°25. 

We have accordingly to find from Table I, for n = 19, the value of the function 
tabled for « = °210526 and # =°25. 

The latter comes without interpolation at once as }(1 + a2) =°987,6152, or 
4 a2 = °487,6152, hence doubling, we find the chance is °975,2304, or the odds are 
about 975 to 25, or 39 to 1, that in taking a sample of 20 individuals from a 
normal population two characters of zero correlation will not show a correlation 
in the sample exceeding numerically + *50. 

In the first we have to interpolate between the values for # of ‘21 and °22, i.e. 

Ug = 978,9245, uy = °981,5217, 
ou = — 3461, Oty = — 3059. 


Fourth differences are here unnecessary. 


6= 0526, ¢="9474, 206 = -0083,0554, 
Ug = °9790,6111 + 0000,0827 = -979,0694. 
The chance therefore of r falling within the range + 2o¢ is ‘958,1388. Had we 
assumed the distribution of 7 to be a normal curve, the chance of r falling within 
the range + 2o0 would be *954,4998. 
Illustration (11). In a sample of 12, the correlation coefficient is found to be “3. 
What is the chance that in the original population there was no correlation ? 
In this case ma=4(p—4)=4=43(n—-3), 
and n=11, x=7*='09. 
Our table under n=11 gives for «='09 the value °828,2807. The chance 
accordingly, of » exceeding + ‘30, if the correlation were zero, would be 
2 (1 — °828,2807), 
or if the population sampled had no correlation between the variants considered, 
a correlation of numerical intensity 30 or more would occur in 343 out of 1000 
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samples, i.e. in more than one sample in three. We cannot therefore assert that the 
correlation found in the sample marks a significant correlation in the parent 
population. 

Even if the observed correlation in the sample were ‘50, there would still be 
98 samples in 1000 with a correlation of +°50 or more if the parent population 
had no correlation. Indeed correlation coefficients found from very small samples 
are of small service in indicating significant correlation in the parent population 
unless the correlation in the sample be very high. For example, if the correlation 
in the sample of 12 were ‘80, samples from an uncorrelated population would only 


give rise to such a value once in 500 trials. 


Illustration (iii). What is the chance in a sample of 31 that the regression 
coefficient will not differ from that of the parent population, supposed normal, by 
more than twice its standard deviation ? 

If p be the correlation, ¥;, S2 the standard deviations in the parent population 
and fh, the regression coefficient in the sample, the distribution of R, is given by 








= Yo 
5 | } : ‘ >3\2) 32 
i" — 3) op, + (2 —p =) f 
, 
= Yo 
j 1+ ” ies | 3" ‘ 
( n—3) 


7 1 " . . . 
where Rk, = Mean R, = p =, the value of the regression in the parent population, 


< 
<2 
v2 
‘ <1 9 
= = =3(1—p*), 
~ n—3 >? p 


Deviation of Ry from R, 


/ —_ —_ = 
Standard Deviation of R,’ 


and 


n being the size of the sample. 
The requisite transformation is 
a? /(n-—3)=a/(1-—«a) or = &, 
Thus if a’ = 2, we have 


4 4 


= = = wae 2 a or 
= , = in our case 4 ='125. 
44+n—-3 n+1 " 


x 


We have accordingly to compute 
sPy=4{1 + D495 (4, (n—1))!. 
The value will be found in the column for n = 31, or }(n—1)=15, between the 
’ 2\ 
values of ‘12 and ‘13 of a. We have 


Up = '973,9461, Su =—10529, 84% =— 517, 


U,='978,6801, Sa,=— 8559, 84a, =—— 396. 
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We are therefore at a part of the table where it is requisite to use 8*’s as well 
as 6*’s, if we desire an accurate value of P,. Now 
0="5, d='5, 40¢=°041,6667, 
and Uy = 4 (-973,9461 + °978,6801) + 041,6667 x 1°5 (-001,9088) 
— °041,6667 x °1125 x 2°5 (-000,0913) 
= ‘976.3131 + -000,1193 — :000,0011 
= 976,4313. 
Hence *952,8626 is the chance that the regression coefficient will lie within 
+ twice its standard deviation from the true value in the parent population. 
Illustration (iv). In a long series of observations on Fathers and Sons the 
correlation coefficient for span was found to be ‘454, and the standard deviations 
were 3’°14 and 3°11 respectively. The regression R, of Son on Father for 
span = 44976. The standard deviation of R, in samples is 
. 1 @ay 
oy = 


——~ 1 — (-4497)?), 
1 on —3 (314) | ‘ ‘y) 


or on = 75 : = x ‘884,666. 
Vn2—o 
Hence, if we take this to be a reasonable normal parent population for span, let 
us ask whether a sample of 19 pairs of Father and Son giving a correlation of 
‘390 and standard deviations for span: Fathers 3°19 and Sons 2’°98, may be 
supposed reasonably to have been drawn from this parent population. 
Now A, for the sample = 36432 and op, = ‘221,1665. 


, 36432 — -44966 


Thus z= = — ‘385,863. 
Thus 1 21,1665 385,863 
Accordingly x’? = *1488,9025, 
“TARR C 97 
and “= re  . 0921,9844. 


~ 1488,9025 + 16 © 
This clearly lies within the first part of Table I where the differences are 
unsatisfactory. We therefore use the auxiliary Table II. For n=19, we have 
Ug = 1°335,40388, 82u9 = 12681, 
Uy = 1°305,4459, 8? u, = 12083. 
5*’s will be unnecessary. 
6 = 219,844, @='780,156, $06 = 0285854, 
Ug = 1°328,8177 — :000,1064 
= 1:328,7113 = F, (19). 
But P,, (19) = 5 + Y, (19) Va, 
P,, (19) = 5 + °303,6420 x 1°328,7113 = 903,452, 
or the chance if the above sample were really drawn from the above parent popu- 
lation that its regression coefficient would differ as much as or more than it does 
do from the regression in the parent population = *193,096. 
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We see therefore that in about 19 in 100 samples the deviation of the regres- 
sion would be greater than that observed. 

Let us, however, look at this problem in another way, which will illustrate a 
further application of our present table. 


Illustration (v). In the sample of the previous illustration the first product 
moment coefficient = py = 390 x 2°98 x 3°19 = 3°707,4180. What is the chance that 
a sample of 19 with this py could have been extracted at random from a parent 


population with no correlation, but with standard deviations 3°14 and 3°11 ? 
W commute ¢ . Pu 19 (3°707,4180) 
e con Pes y= 7 = —— 
ais ‘314x311 97654 


= 7:213,3187, 
then the problem reduces to determining the chance that values of v will differ 
from zero by an amount as great as or greater than this. The distribution of v is 
given by 





iil N ty (3 (n + 4)) 1 
™ Ye@—DTEO +9) (14 2 
n?—1 
where ome ee: ; 
0102 


and o1, o2 are the standard deviations in the parent population. The curve 
obviously falls under our Type (iii) above. 





We write Y= Yo 
n*—] 


_— (1 yr —11'5 
00 + aan) ° 


We have accordingly to take mg = 11°5, and a3? = 360, which gives * 


y2 4 (n+4) 
Baas ) 


n= 28, 


Ay 


2°031,967 
= — : = ‘1262,8138. 
360 + 52-031,967 ~ 127075! 
Hence from column for n= 23 of Table I we find 


Up = '951,3679, Su =—11583, 84u9 = — 407, 


Uy = '958,2584, S2u,=— 9804, dtu, = — 310, 
6 = 628,138, = 371,862, $06 = °038,9301, 
Ug = °955,6961 + 000,1240 — -000,0008 

= 955,8193. 


Thus in 884 out of 10,000 samples a v and therefore a py numerically as large 
or larger than the observed product moment coefficient could have arisen from a 
parent population without correlation. The odds are therefore only about 116 to 


* This n is that of the Tables, and not the n above which is the size of the sample, the former 
n =the latter n+ 4. 
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10 that py did not arise from a population without correlation. It would occur 
about once in 11 trials. We cannot assert significance in the observed 
Pu = 3°707,41 80. 
It is well to investigate the significance of the correlation observed. 
The correlation is ‘390 and the size of the sample 19. The distribution curve 
will then be 
y = Yo (1 —1”)**, 


and mg=75=4(n—3), or n=18 


Turning to our Table I: 
Ug = 949.3160, Su = — 7531, 
Uy = °955,1406, Su, = — 6616, 
9=-21, ¢=79, 106 =02765, 
and the use of 6 is unnecessary. Accordingly 
Ug = °950,5392 + °000,0594 
= 950.5986. 

The chance is therefore 1 — 2 (‘950,5986 — -5) = 098,8028 that a sample of 19 
from a population of zero correlation would show a correlation numerically greater 
than 390. Thus such a correlation will occur in samples of this size about once in 
10 trials. 

It will be clear from the results in this illustration : 

(a) That the introduction of the observed standard deviations into the sample 
(i.e. using py = 1ro1¢2 instead of r) lessens the probability of the parent population 
being one of zero correlation. 

(b) That very little of definite value can be learnt as to correlation from small 
sampies, i.e. in the above illustrations the sample might have been easily obtained 
from a parent population of correlation = ‘00 or *45*. 


Illustration (vi). In the long series of observations referred to in Illustration (iv) 
the. mean spans of Fathers and of Sons were 68’°67 and 69-94 respectively. Hence 
the regression line of Son’s span on Father's span is 

¥ = 39-06 + 0449662. 
If 7, be the value of 7 found in a particular sample from the regression line of 
that sample, the standard deviation of 7,’s for numerous samples is 
> 9 2 ¢ ‘ 2 
™ 22? (1 — p*) { 2 (#—m,\*) 
t™ ‘ naa} : 
ms n—-3 | n ) 


_ (311 (1 — (454?) 2 («—m,)*) 


= 


a1} 


ee ctl. og | 

at (3:14)? | 
_ 7-678,5254 (, _ 2, (w-68"67P 
er fw 9°8596 


n—3 


* Inferences like these in character may easily be drawn by looking at Table I for » =19 and examining 
the entries above + °39 and below — ‘39 in the column with p=0, °4 and °5. 
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Now suppose we fix our attention on Fathers with spans betwee:1 66” and 67”, 
i.e. put «= 665, and suppose samples taken of size 19. Then 
-4799,0784 {1 — 1052,6316 + °4775,9544) 


2 


ad Ix = 
= °6585,9302, 
and oj, = S811,53574. 
For « = 66'"'5, we have 7 = 68-96 


from the regression line. 

Now we will suppose the regression line for the sample of 19(!) has been found 
and gives for the mean span of Sons of Fathers of 66” to 67” span the value 
J. = 68’"'26. The parent population gives 68'"96. Is this a reasonable difference ? 


The distribution of #,—% will be given by the curve 





y = Yo 
J l y = ry 2 dn ? 
a4 P Ya ") | 
( m—3\ a5, /) 
and we have af =F a , 
Cin *811,5374 
or a’* = *7 4401. 
a? ‘74401 
Thus ie ee tiger = 04443. 
a * a4 ag 1674401 ‘ 


We have accordingly to interpolate from our tables for # =°04443 in the column 
n=19. This for accuracy must be done by aid of Table II. 
We have Ug = 1°505,3176, S%ug=15731, S4u9 = 27, 
Uy = 1°468,4491, §%u,=15060, dtu, = 27. 
Clearly we need not use 84’s. : 
6=°443, @='557, 106 =-041,1252, 
u, = 1:488,98485+ — -000,19010 = 1°488,7948. 
Thus F = 1°488,7948, 
and P,=°5 + V:04448 x 1:488,7948 
='813,8145. 
Hence assuming the sample to lie within the range + 07 from the value 68’°96 for 
Sens of Fathers having spans of 66” to 67” in the sampled population, the chance 
of a deviation numerically as large as or larger than this = 2 (1 — P,) = °372,3710, 
or we might expect 37:2 °/, of samples of 19 to give a worse disagreement with the 


value in the sampled population, 


N.B. The reader will note that we are not comparing the mean of actual 
isolated individuals in the sample with Fathers having spans between 66” and 67” 
but we are comparing the mean of the Sons of this array of Fathers found from 


the regression line of the sample with the value of the same mean as given by the 


parent population. 
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We can use our tables as applied to the third type of curve to test whether 
a sample of which we know the mean and standard deviation comes from a parent 
population of which we know the mean. 


Let the size of the sample be n, the mean and standard deviation of the sample 
be m and s, and the mean of the parent population be M. Then, if 


a’ =(m—M)/s, 
the distribution of «’ in samples of size n is given by* 


Yo 


oe 79\4n? 
(1 +2)? 


provided the parent population be normally distributed. E. S. Pearson has shown 
the extent to which this result may still be applied in a certain range of non- 
normal distributions *. 

It is difficult to imagine a practical case in which we know M so accurately 
that its probable error relative to that of m is negligible, and yet do not know 
x the standard deviation of the parent population with corresponding accuracy. 
If we know both M and = we have two independent variables m and s to compare 
with them, and the writer of the present paper personally much prefers in all such 
cases the double test to the single test which involves both characters. 

Illustration (vii). Among samples of 10 from a normal population of mean variate 
zero and standard deviation 10,a sample occurred with mean 7°0 and standard 
deviation 14°64}. What is the probability of such a sample occurring at a single 
draw as judged by the present test? 

70 " , so 
a’ = ~— = ‘4781, and a’? = -2286. 
14°64 

The distribution curve of 2’ is 


Y= Yo 3 
(1+.a")8 


and the proper transformation «= 1 rs va = “1861. 
z'* 


Turning to Table I under n=10 and # =*1861, we have 

Ug = °903,2890, Sug = — 4832, 

uy = °909,9040, 82a, = — 4445, 

0=61, ¢='39, 406=05965, 
ug = °907,3241,5 + -000,0549,9 
= ‘907,3791. 
* This is the case really proved by ‘“ Student,” Biometrika, Vol. v. pp. 7—8; however, the actual 
examples he gives do not belong to this case, but indicate that he foresaw a wider application of it. 


+ Biometrika, Vol. xx1. pp. 259 et seq. 
+ Such a sample was one of a set of 700 samples actually drawn from a normal population. 
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Thus the chance that a value of 2’ should occur as large as or larger than this is 
‘185,2418, taking positive and negative excesses in 2 together. The odds are only 
about 4°5 to 1 against such occurrence. 

Now let us consider the two characters m and s which have been combined in 
“Student’s” test separately. 

The means in the samples are distributed normally with standard deviation of 
S//n=in our case 31623, or the ratio of the observed deviation in the sample 
mean to the standard deviation of sample means is 2°2136. 

From Table II of Part 1 of these Tables for Statisticians : 


ug = 986,4474, uy = — 77, 


uy = °986,7906, Su, =— 75, 
0=36, b=-64, 106 =-0384. 
Accordingly ug = ‘986,5709,5 + 000,0008,8 
= ‘986,5718. 


Thus the chance of a mean as great as or greater than this occurring 
= ‘013,4282, or taking both positive and negative excesses = ‘026,8564. Thus the 
odds against such a mean occurring in a single sample are of the order 36 to 1, 
while those as judged by “ Student’s” test are about 4°5 to 1. 

Now turn to the standard deviation, which is 14°64 against the 10 of the 
parent population. 

If we judged roughly, assuming the distribution of standard deviations to be 

s 
approximately normal with a standard deviation 5 = 22361 about a mean of 
Von 
+= 10, the deviation 14°64 — 10 = 4°64 would be 2°075 times the standard devia- 
tions, or deviations as great as or greater than this would only occur about 38 times 
in 1000 trials, or the odds are of the order 25 to 1 against such an occurrence. 

For a more accurate appreciation of the odds, we must note that the curve of 

distribution of s in samples from a normal population is 
¥=Y%0 a2 e-}e?. 
where 2’ =s/(X/V2n) in our present notation. But this curve has not yet had its 
probability integral tabled for various values of n and 2’. 


If, however, we write z = 42", the probability integral becomes 
‘cn 3 
z2 edz 
“re _/0 
I (2, n) raid 0 n—-3 


z* edz 
0 


= Probability Integral of a Type III curve as tabled in the Tables of the Incomplete 
l'-Function* 
-function™. 
* Published by H.M. Stationery Office, 1922. 
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ho 
oo 
or 


The integral there given is 
8 


In our case p= (n-3)=35, 


u 


1 1 ( s ) ee 
=—__ g= eS = 50526. 
V45 4/45 \X/V2n j ’ 


For our interpolation in excess of mean we have from the above tables, under 
p=3'5: 


Argument Entry & he 
50 *988,2633 — 2497 Negligible 
5'1 *989,8982 — 2185 


0='516, ‘6="484, 106 =-041,624. 
Required value = *989,1069,1 + °000,0292,1 
= 989,136], 
or the chance of values of s as great as or greater than 14°64 = -010,8639. 


If on the side of defect we take as our limit 14°64 — 10 = 4°64, we find u = °5074. 
Our tables give us: 


Argument Entry i 5 
0°50 010,5995 + 37648 . — 2442 
0°60 020,3677 + 43857 — 2855 


0=074, $=-926, 10h=-011,4207, ,1,(1 + 0)(1 +) ="103,4202. 
Required value = ‘011,3223,5 — :000,1366,1 — -000,0015,4 
= ‘011,1842. 
Accordingly the probability that s will differ from the population value by as 
much as or more than 464 
= ‘010,8659 + :011,1842 
= -022,0481, 
or the odds are about 44 to 1 against such a deviation from the population standard 
deviation occurring. Now it would appear that these two sets of odds—36 to 1 
against such an excess in the mean and 44 to 1 against such an excess in the 





standard deviation—especially when we remember that by our hypothesis as to 
the parent population these two results are independent—are entirely screened 
when we apply “Student’s” test, with its odds of only 45 to 1. The fact is 
that when the two characters, on the ratio of which “Student’s” test is based, 
deviate in the same direction, this test may be very misleading, when we use 
it as an indication of the rarity of a particular sample; it is the measurement 
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of the rarity of a particular ratio connected with the sample, but may be dangerous 
if interpreted as a measure of the rarity of the sample itself *. 


That “Student” himself has not laid too great emphasis on his test is, I think, 
clear, but the emphasis used by others must lead us to be cautious in its 
application. 


While “ Student’s” analysis follows the lines indicated above of the probability 
of his ratio in the case of a sample drawn from a normal parent population, he 
uses it in the examples he gives for a somewhat different purpose, where its 
application needs some consideration. 


Let u and v be two variates, each of which follows the normal law, then their 
difference w—v will also follow a normal curve with mean %#—d and standard 
deviation Vo? + os? — 2ra,¢2, which latter is the standard deviation of the difference, 
Oy—-», if r be the correlation coefficient of u and v. 


Accordingly if we take samples from these populations with means m,, m, and 
standard deviations s,, 8, and correlation 7, then 


-_ 
My— My And Sy_y = VS? + 8,2 — 27s, Sy 


will follow the two curves used by “Student” to obtain his ratio distribution, and 
if we write 
P My — My—(U—v) 
z= 


Su-1 


, 


then 2’ will follow the law of distribution in samples of n given by 


Yo 
” a +a 
“Student” tacitly takes u=v, or he assumes the mean difference of the popu- 
lation from which he is sampling to be zero. He is therefore measuring the 
probability of the ratio 2 on the assumption that wu and v are taken at random + 
from the same parent population. If the ratio a’ gives a very small chance of 
occurrence, he very properly assumes that on his hypothesis u and v are not drawn 
from the same parent population. 


But with “Student” w and v are not independent samples of necessity as in 
J. Neyman and E, 8. Pearson’s test for two samples (see below). 


Take the following series of values from “Student’s” original paper : 


- 


4 cephalic index among Englishmen of 80-0 is not uncommon, but if we say it has arisen from 
a skull length of 210 mm. and a skull breadth of 168 mm. we recognise that we are dealing with a very 
exceptional case on two counts. That is the non-rarity of a ratio is not suflicient to justify us in 
considering the individual whom it characterises as of common occurrence. 

+ Avtually, however, this is not so, in for example his Illustration I; his two populations are linked 
by a high correlation due to individual reaction to soporifics. if he gets a high u, he will get a high v 
and if he gets a low wu he will have a low v. 
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Additional Hours of Sleep gained by the use of hyoscyamine hydrobromide. 











| 

| Patient | 1 (Dextro-) 2 (Laevo-) Difference (2-1) 
Otaes |e (Ea See pee ot eee ee 
| 
1 +0°7 +1°9 +1°2 

2 -16 +0°8 42°4 
| 3 ~0°2 +11 +1°3 
4 —1°2 +0°1 +1°3 
| 5 ~Or1 Orl 0-0 
6 +3°4 +44 +10 
| 7 +3°7 +5°5 +1°8 
| 8 +0°8 +1°6 +0°8 
| 9 +0°0 +4°6 +4°6 

10 +2°0 +3°4 +14 

Mean +0°75 + 2°33 +1°58 

S.D. 1°70 1-90 1°17 














Now it is clear that s,_,=1:17 is much less than v( 1:70)? + (1:90), which it 
should be, were uw and v independent. Actually worked out on these ten cases the 
correlation is over ‘79. Is it likely even on ten cases that the correlation would 
exceed numerically *79, if it were really zero in the parent population ? 

The curve of distribution is (see p. 257) 

y=y(l-ry. 

We have therefore to enter our table with #=r?=-6241, and as $(n—3)=3 
with n=9, we find that the chance of such a correlation coefficient from a 
p vulation of zero correlation lying outside the limits +*79 is between ‘006 and 
‘007. There is small doubt therefore that wv and v in the sampled population are 
correlated, probably highly correlated, as the influence of any sleeping draught 
whatever is a characteristic of the individual. “Student,” in applying his test to 
the difference, has noted this fact as accounting for the low value of the probable 
error of the difference. 

But what, I think, it is desirable to emphasise is that this correlation may 
exist in most of the examples to which “Student” applies his test, either owing 
to the influence of the same individual, or of the same year, etc. Accordingly the 
denominator of “Student’s” ratio will be subject to large variation owing to the 
presence of this correlation in s,_,, the correlation itself being subject to large 
variation in small samples of such sizes as 10, the numerator m, — m, being not 
subject to this influence of the correlation to the same extent. 

Now “Student” takes a =1:58/117 = 1°35, a’*=1°8225, and accordingly the 
transformed a = a’*/(1 + «’*) = 6457, while n = 10. 


Entering our Table I with n= 10, we have: 


x is o 
64 9984448 — 215 Negligible 
65 ‘998,6380 — 196 “ 


6="57, b="43, $06 =04085. 
Required value = ‘998,5549 + -000,0025 
= '998,5574. 
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“Student” gives the value ‘9985, quite in keeping. 
The chance therefore that x’ will not lie between the limits 
+ 1:35 =2 x 00144 — 0029, 
or the odds are 9971 to 29 against it or 344 to 1 against it. 

Now let us suppose the 10 patients who had dextro-hyoscyamine hydrobromide 
were not identical with those who had the laevo- form. Then there is no doubt about 
the application of formula (¢). If we suppose them to be independent samples of 
the same population r=0, and u=v. In this case m, — m, = 2°33 — 0°75 = 1°58, and 

Sy—y = V 8,2 + 8,2 = V(1'70)? + (1°90) 


= 2°5495. 


Thus a’ = 1°58/25495 = 6197, «2 = 3840, 
g'* 
and a=, = 2775, and n=10. 
l+a° 
We have from Table I: 
x i 6A 
27 ‘949.3108 — 2475 Negligible 
28 52,9130 — 2318 : 


O="15, p='25, 106=-0336. 
Required value = *952,0124 + 000,0224 
= *952,0348, 
or the odds are about 9°4 to 1 that a does not lie in the range + °6197. 
A further test has been provided by J. Neyman and E. 8. Pearson* to deter- 


mine whether two samples, of which the means are m,, mg and the standard 
deviations s; and sg, have been drawn from the same normal population. 
My — My Ny Ng 
They take a’ = —— f- , 
V ny sy? + Nyse Ny + Neg 
and find its distribution curve to be 
Yo 
y= . 
(1+ gaye Mths 1) 
In the above case of “Student ” ny = ng = 10, and sy = 1°70, sg = 1°90, my = 0°75, 


Mg = 2°33. 


; 1:58 
Accordingly a! = - = ‘4382, and a’? = ‘1920, 
2°5495 V2 
/2 
while “z= ——,,='1611, 
1+2° 


* Biometrika, Vol. xx4. pp. 175 et seq. 
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and we must look up the column for n=19 in Table I. We have: 


x & 
"16 °959,7231 — 6554 5¢ may be neglected 
“7 °964,5820 — 5745 for present purposes. 


@='1l, g?= 89, 10¢=-016,3167. 
Required result = ‘960,2576 + ‘000,0306 
= *°960,2882. 

The chance accordingly of x’ exceeding the limits + *1611 is ‘0794, or the odds 
against this are about 11°6 to 1. 

This is roughly in keeping with the previous determination. Or, we conclude 
that there is some, but far from overwhelming, evidence that a population treated 
with the laevo- form of the soporific would have longer hours of sleep than another 
sample of the same population treated with the dextro- form. On the other hand, 
if we can trust the application of formula (e) to the case where the samples are 
not independent samples, then the odds are 344 to 1 that the same individual gets 
longer hours of sleep from the laevo- than from the dextro- form. 

The difference lies and can lie only in the correlation in the individual between 
hours of sleep due to the two forms. What real trust, however, can be put upon a 
correlation due to 10 pairs? We need, further, some more definite demonstration of 
how (e) applies to this case with « — ¥=0, which seems to involve the assumption 
that wv and v are drawn at random from the same population. 

It may be of interest in regard to problems of this sort to exhibit a further 
example of the use of the Neyman-Pearson test as given by them on p. 206 of their 
paper cited above. 

Illustration. A piece of work is carried out by one set of 30 workmen according 
to Method I, and by a second set of 40 workmen according to Method II. The two 
sets of workmen are supposed of like ability. The resulting frequencies were : 











| | | | | | | | | | 
Time in seconds | 50 51 | 52 | 58 | 54 | 55 56 57 | 58 | 59 60 Totals | 
= i | 
ad ee ei ae | | 
Method I 1} 3/5 }4]7/5}3]1)] 1 | — | 30=n, | 
Method I] —j}ii}s: 5 | 8 9 ee ts 3 1 2 10=no | 
| | a \ lee == 7 { { 
Here for I, My, = 53°700 secs., 8; = 1°882 secs. 
x (om My = 55175 secs., se= 2°072 secs. 
Now according to the test we take 
My — My Ny Ne ed 
f= ——— =< «/ = — 3663, 
"4 ny Sy" “+ Ng So Ny + Ng 
, 1342 
we ='1342 and «=, ~,,5 ='118382, 
1°1342 
n= + M—1=69. 
Biometrika xxm : 18 
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This lies outside our Table I for n, but the probability integra! is 
£(1 + I,(2, 34)), 
and found from the Tables of the Incomplete B-function * = ‘998,2199, which agrees 
with the value 9982 given by Neyman and Pearson. Thus the odds are about 
277 to 1 that if the two samples were from the same population 2 would lie 
outside the limits + 3662. 

It is clear that such a problem cannot be solved directly by “Student’s” ratio 
as originally given, unless we have the two samples of equal size. In any real case 
this would be likely to occur, for to produce equal ability in the two samples, the 
same men would probably be used for both methods. But if this were so, correlation 
would almost certainly come in and the Neyman-Pearson test would be inapplicable. 
Hence it becomes all the more important to be certain that “Student's” test can 
be safely used, when the two populations are correlated member for member. 

It appears to me that in applying his test “Student” has really to face two 
problems, which cannot be solved by a single investigation in the manner he 
proposes : 

(i) If we take two wholly independent sets of individuals, and administer the 
laevo- form of the soporific to one and the dextro- to the other, is there a prob- 
ability, and what value has it, that the two means differ, and so can we determine 
which is the more efficient ? 

(ii) If we administer both soporifics to the same set of individuals, i.e. allowing 
for the individual reactions to the two forms of the drug, will the data indicate 
that the one is more effective than the other ? 

Now (i) can be answered by “Student's” test, because he can suppose the 
samples drawn from the same population, and thus see how improbable the results 
are. Or, Neyman and Pearson’s test may be used, if the samples are of different 
sizes. 

But (i) must be answered before (ii). If (i) show there to be no substantial 
difference in the hours of sleep of the two sets, then & may be put =? in (ii). But 
if the answer to (i) is that w and 2 in all probability differ, then it does not seem 
valid to put w=v in (ii). It is clear that if W be not equal to v, then a very 
different value and a much smaller value will be obtained for 2 than that given 


by “Student.” The problem thus raised appears to repeat itself in others of 
¥ PE I 


“Student’s” illustrations, and my object is to press for caution in the application 
of his test, and indeed in other tests similar to it. 


* For most practical purposes, it is adequate to use here the normal curve with standard deviation 
1//n—3, the standard deviation of the x’ curve. Now 2’=—-3662 and 1/Vn—3=-1231, therefore 
«'|o,;=2°975, and the corresponding probability 99853, which for most practical inferences is as service- 
able as the correct value ‘99822 obtained from the B-function tables. 
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APPENDIX. 


On Interpolation into Table I for small values of q= 4(n —1). 


Interpolation for g = 
forward. 


= , 
Up (0) = Ug + OAuy — i ab A) v2 Ug + g(l- ws ) A? 
= Pe = 
_ 9 - —— en 


If we use the tabled value P, (4, q), 


we may have to find, even at # = °25 


4(n—1) is bound to be laborious, even if it be straight- 
In interpolating for g into Table I, it will be found best, particularly in 
the earlier part of the table, to use a forward difference formula, e.g. 


, eight or nine 


differences to get the correct result to seven decimal places. But if we reduce the 


Pz (3, 


difference is required for the B, (4, q's. 


q) to B, (4, q) by the relation B, (4 
differences will suffice for 7-figure 


q) = {2Px (4 


accuracy when w= "25. 


For a 


The I, (4, q)’s would need far more. 


q) —1} x B(4, q) four or five 
=°50, the seventh 
In 


order that Ag may not exceed 25, we can use when it appears desirable a negative 


interpolation. 
The value of B (4, q) is 


given at the top of each column to assist the reader in 


reducing the tabled entries to B, (4, q). From the interpolated value of the latter we 
find P, (4, q) by determining from a table of the complete ['-functions the complete 
B-function corresponding to the interpolated value. 


Illustrations. 
(i) Find the value of P.; 
(a) Let us work first oa hI 


-036,5605, 

°029,3574, — °007,2031, 

*023,8065, — °005,5509, 

019,4522, — -004,3543, 

°015,9904, — -003,4618, 

°013,2092, — -002,7812, 
002,2530, 


010,9562, — 
°009,1185, —°001,8377, 


Here we must go as far as A’, 
T 95 (4, 3°25) =" 


and P .; (4, 


ws (35 4) A A? As 
: td 
*829,5293, 
*858,8867, 
*882,6932, 
902,1454, 
‘918,1358, 
‘931,3450, 
942,3012, 
‘951,4197, 


(4, 3°25). 


(4,q)= st | 4,q)- eR 
At Ab Aé 


001,6522, 
001,1966, 
*000,8925, 
*000,6806, 
°000,5282, 
000,4153, 


— *000,4556, 
— ‘000,3041, 
— °000,2119, 
— -000,1524, 

000, 1129, 


000,1515, 
000,0922, 
000,0595, 
°000,0395, 


~ *000,0593, 


— -000,0200, 


56 


+ 533, (000,0266) — $725 


3°25) =°906,1383, which is accurate to the last figure. 


— °000,0327, °000,0266, 


-000,0127, — 


792,9688 + 4 (036,5605) — 4 (— 007,2031) + 5, -_ 6522 
— 5. (— 000,4556) + yf 


—-000,0139. 


(000,1515) — ribs C 000,0593) 


(— 000,0139) 


= 792.9688 + 018,2803 +-000,9004 +-000,1033 + -000,0178 +-000,0042 
+°000,0012 +-000,0004 +-000,0002 
= 792.9688 + :019:3078 = ‘812.2766, 
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The process is somewhat lengthy and can be shortened by using B, (3, q). 
(b) Starting from the J, (4, g)’s, multiply them by their respective B ($, q)’s and 
we obtain the following series: 
q B, (4,9) Q a A* At a° 
3 °845,8334, 
35 °814,3885, — 031,4449, 
4  °785,2678, —-029,1207, -002,3242, 
45 °758,2593, —-027,0085, -002,1122, —-000,2120, 
5 733,1721, —-025,0872, -001,9213, —-000,1909, + 0000211, 
55 °709,8349, — -023,3372, 001,7500, —-000,1713, + -000,0196, — 000,0015. 
The differencing here is briefer and more effective. 
B95 (4, 3°25) = 845,8334 — 015,7224(5) — 000,2905 (3) — -000,0132(5) 
— ‘000,0008 (2) — °000,0000 (4) 
= 845,8334 — -016,0271 = -829,8063. 
But B (4, 3°25) = 1:021,58087, hence 
I 95 (4, 3°25) = B 95 (4, 3°25)/B (4, 3°25) = 81227668 
and P 95 (4, 3°25) = § {1 + 1.95 (4, 3°25)} = -906,1383, 
the correct value, as before. 
(ii) Find the value of P59 (4, 3°25). 
Here, even using the B,’s, we must go as far as A? to be accurate to the seventh 
figure. Our scheme is as follows: 
A A? A? At Ab As A’ 
B.5(4,3 ) 1:013,5197, 
B .59 (4, 3°5) = *949,2072, — °064,3125, 
Bio (4,4 ) °893,9850, — -055,2222, -009,0903, 
B .sy(4, 4°5) °846,1813, —-047,8037, -007,4185, — -001,6718, 
Big (4,5 ) *804,4742, --041,7071, -006,0966, — -001,3219, -000,3499, 
Bg (4, 5°) °767,8131, —036,6611, -005,0460, — -001,0506, -000,2713, —-000,0786, 
B.s(},6 ) °735,3579, —-032,4552, 004,2059, — -000,8401, -000,2105, —-000,0608, -000,0178, 
B.go(3,6°5) °706,4329, —-028,9250, -003,5302, —-000,6757, -000,1644, — -000,0461, -000,0147, —-000,0031. 


ww 


we 


= 


Substituting these results in the forward difference formula, we have 
B 50 (4, 3°25) = 1°013,5197 — 4 (064,3125) — 4 (009,0903) — +1, (-001,6718) 
— +55 (000,3499) — a2, (000,0786) — -24. (000-0178) 
— 3345 (-000,0031) 
= 1:013,5197 — -032,1562(5) — -001,1362(9) — 000,1044(8) 
— 000,0136 (7) — °000,0021 (5) — -000,0003(7) 


—-000,0000(5) 
= ‘980,1064, and again B (4, 3°25) = 1-:021,58087. 
Hence T 59 (4, 3°25) = 959,4016(7), 
and thus P 59 (4, 3:25) = *979,7008(3), 


which is the correct value to seven figures. 








31. 
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(iii) Find the value of P49 (4, 3°25). 


Now P19 ($, 3°25) is easy to find; we have the following series of differences for 
Bao (4, q): 
q B x9 (3, 9) a A° A* A 
3 °591,5567, 
35 °582,0941, — -009,4626, 
4 °572,9144, —-009,1797, + -000,2829, 
45 °564,0073, —-008,9071, +-000,2726, —-000,0103, 
5 555,3632, —°008,6441, +°000,2630, —-000,0096, + -000,0007. 


Hence B 9 (4, 3°25) = °591,5567 — 004,73130 — -000,03536 
— °000,00064 — -000,00003 


= '591,5567 — -004,7673 


= '586,7894. 
And T a9 ($, 3°25) = B.49 (4, 3°25)/B (4, 3°25) 
= '574,3935. 
Thus P 49 (4, 3°25) = *787,19675, 


which is exact. 

Beyond « = ‘75 the forward difference method will still apply, but the number 
of differences required is excessive, if we start with g=2 or 3. For g=4 the eighth 
difference suffices for 7-figure accuracy; for qg=5 the fifth difference will suffice 
for like accuracy, and so on; this supposes working with B, (4, q) instead of 
I, (4,q). Thus by the time we get to q= 8, there is no trouble. For many statistical 
purposes four or five figure accuracy is adequate, and accordingly there is less 
trouble with forward difference work. 

For such an extreme case as I.9(4, 3°25) the limiting difference that the 
present table provides is the twelfth. Even if we use this and the forward difference 
formula we shall be out slightly more than unity in the fifth decimal place. If we 
proceed also to the twelfth difference, using B99 (4, 3°25), we shall be out less than 
unity in the sixth decimal place, and assuming the thirteenth difference to be about 
half the twelfth (as it must be here) we can obtain a value differing from the true 
value by less than five units in the seventh decimal place. The labour, if straight- 
forward, is considerable, and some will prefer to obtain the result by expansion 
methods rather than by using the present table of J, (4,q) or B,(4,q) when a 
approaches unity and q is fractional and small. 
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TABLE I. 


Values of P,, (n). 








“00 “00000 


| 
‘O1 | -01010 
“02 | -02041 
‘03 | -03093 
“04 | -04167 
05 | -05263 
‘06 | -06383 
‘O07 | °07527 
‘O8696 
‘09 | -09890 
10} *RI1T! 
‘11 | -12360 
‘12 | +13636 
‘13 *14943 
"14 | -16279 
"15 | -17647 
‘16 | -19048 
17 | :20482 


"18 | 21951 
19 | -23457 
hed *25000° 
2 *26582 
"22 | -28205+ 
"23 | *29870 
2 *B1579 


°25 | °33333 
°26 | -35135t 
°27 | *36986 
-28 | -38889 
"29 *40845t 


"30 | -42857 
31 | -44928 
‘32 | -47059 
"33 | -49254 
34 | -51515t 
35 | -53846 
36 | "562508 


‘37 | -58730 
38 | -61290 
39 | -63934 
‘40 | +66667 
‘41 | -69492 
“42 | -72414 
43 | 75439 
‘44! °78571 
‘45 | *81818 
"46 | *85185+ 
‘47 | -88679 
48 | +92308 
‘49 | -96078 
“50 |! 00000 











3°1415,9265+ 


1°0 


2*0000,0000 | 





*500,0000 


*531,8843 
*545,1672 
*555,4123 
*h64,0942 
*571,7831 
*578,7712 
*585,2317 
*591,2774 
596.9867 
*602,4164 
*607,6095* 
*612,5995— 
*617,4127 
*622,0709 
*626,5917 
“630,9899 
*635,2781 
*639,4672 
*643,5663 
*647,5836 
“6: 51,5263 





-670,3183 
-673,9247 
‘677,4892 
‘681,0150+ 
*684,5051 
*687,9620 
*691,3883 
-694,7865" 
"698, 1585+ 
*701,5067 
-704,8328 
-708,1387 
*711,4263 
‘714,6971 
°717,9529 


7340! 579 
*737,2540 
*740,4450- 
*743,6321 





‘746,8167 | 
*750,0000 | 


“500,0000 


-550,0000 
*570,7107 


-586,6025+ 


*600,0000 
*611,8034 
*622,4745 
*632,2876 
*641,4214 
*650,0000 
*658,1139 


°665,8312 
*673,2051 
*680,2776 
*687,0829 
*693,6492 


*700,0000 
*706,1553 
*712,1320 
*717,9449 
*723,6068 
*729,1288 
*734,5208 
*739,7916 
*744,9490 
*750,0000 


*754,9510 
“759, 8076 
*764,5751 
*769,2582 
‘773,8613 
*778,3882 
*782,8427 
787 2981 
*791,5476 
*795,8040 


*890,0000 
*804,1381 
*808,2207 
*812,2499 
*816,2278 
*820,1562 
*824,0370 
*827,8719 
-831,6625- 
*835,4102 


839,1165- 


*842,7827 
*846,4102 
*850,0000 
*853,5534 





I°5 


-500,0000 


*563,5557 
*589,7306 
*609,7119 
*626.4700 
*641,1572 
6543656 
666,4475* 
*677,6328 
‘688,0812 
*697,9093 
*707,2054 
*716,0379 


732.5203 
*740,2510 
*747,6842 
*754,8458 
*761,7578 
*768,4395* 
‘774.9076 
*781,1765* 
*787,2593 
*793,1673 
*798,9108 
*804,4989 


*809,9399 
*815,2414 
*820,4100 
"825.4520 
*830,3730 
*835,1782 
*839,8723 
*844,4598 
*848,9447 
*853,3308 
*857,6215* 
*861,8201 
*865,9296 
*869,9528 
*873,8923 
*877,7505 
*881,5298 
“88! 5,23 24 
*888,8601 
*892,41507| 


= 


797,9633 


724,4614 


+ 


*500,0000 


*574,7500* 
*605,3589 
*628,6048 
*648,0000 
664,9100 
*680,0375— 
*693,8013 
*706,4752 
*718,2500° 
729,2651 


*739,6261 
*749,4153 
"758, 6983 
*767,528! 5t 
75,9501 
*784,0000 
*791,7097 
*799, 1062 
*806,2127 


*819,6347 
*825,9839 
*832,1113 
*838,0296 
*843,7500 
*849,2828 
*854,6374 
*859,8222 
*864,8449 
*869,7127 
*874,4322 
*879,0092 
*883,4496 
*887,7583 
*891,9403 
*896,0000 
*899,9416 
*903,7691 
*907,4861 
*911,0961 
*914,6023 
*918,0078 
*921,3154 





| 


*895,8988 


| *902,6597 
*905,9398 


*909,1549 


| 
899,3132 | 


924.5280 
*927,6480 


-930,6780 
-933,6202 
56,4768 
*939,2500° 
‘941,9417 


I°I7 780,972 


*584,4589 
*618,8454 
*644,8257 
*666,3904 
*685,0941 
°701,7381 
*716,8013 
*730,5973 
*743,3452 
*755,2051 
*766,2990 
°776,7218 
*786,5497 
*795,8446 
*804,6580 


*813,0330 


-828,6101 
*835,8711 


*813,0495*] -842.8137 


"855.8258 
*861,9309 
*867,7894 
*873,4150 
“878.8199 
*884,0155 
*889,0120 
*893,8188 
*898,4447 


-902,8976 


*911,3139 
*915,2906 
*919,1213 


*922,8114 
*926,3663 
*929,7909 
*933,0900 
*936,2680 
*939,3290 
*942,2769 
*945,1156 
"947, 8486 
*950,4793 


55,4466 
‘957,7892 
*960,0417 
| *962,2061 





*500,0000 | 


*907,1850* 


4 


| 5 
*630,8254 
659, 1614 
-682,5600 
-702,7485~ 


*821,0065* 


*849,4585+ 


+ 


4 


my 


*953,0110 | 





5~| 1:0666,6667 


+500,0000 


93,1269 


720,6194 
-736,7071 
*751,3623 
*764,8306 


“ee 7,2922 


*788,8842 
*799,7141 
*809, 8678 
*819,4159 
*828,4168 
*836,9200 
*844,9674 
*852,5953 
*859,8353 
*866,7151 
*873,2594 
-879,4898 
*885,4260 
*891,0855* 
*896,4844 


*901,6370 
*906,5567 
*911,2556 
*915,7448 
*920,0347 
*924,1349 
*928,0542 
*931,8008 
*935,3826 
*938,8067 


“942.0800 
*945,2088 
*948,1991 
*951,0567 
*953,7868 
*956,3947 
*958,8850T 
*961,2625* 
*963,5315— 


| :965,6961 


‘967, 7603 
-969,7280 
-971,6028 
‘973,3881 
‘975,0874 


*9817,4770 


-500,0000 


*601,0142 
*641,6713 
*672,0739 
*697,0494 
*718,4861 


*737,3622 
*754,2646 
*769,5793 
*783,57 73 
-796,4581 
-808,3736 
*819,4433 
*829,7631 
839,4117 
*848,4547 
*856,9474 
*864,9373 
*872,4651 
*879,5668 
*886,2736 





"89261357 | 


*898,6113 


*904,2893 | 


-909,6677 
*914,7647 
*919,5969 
*924,1796 
*928,5267 
*932,6512 
‘936,5648 


‘940,2787 
-943, 8032 
‘947,1477 
-950,3213 
*953,3323 
*956,1886 
‘958,8976 
‘9614662 
-963,9010 
*966,2084 


-968,3940 
-970,4636 
*972,4224 
‘97427557 
-976,0276 


‘977,6834 
“979,2472 
-980,7231 
*982,1152 

*983,4272 
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TABLE I (continued). 




































































C= 2 3 4 5 | 6 7 8 
4(n-1)= 0°5 10 | 1% 20 | 25 3°0 3°5 
Rae eed | il 

— ' a ee | 
B (3,4 (n—1))= | 3°1415,9265+ | 2°0000,0000 | 1°5707,9633 | 1°3333,3333 | 1°1780,9725—| 1°0666,6667 -9817,4770 
ge ola = _| Ps — = 
a | 2 | } | 
ai 1-0000 | 750,000 *853,5534 | -909,1549 ‘941,9417 | *962,2061 | *975,0874 | *983,4272 
Oe DC ie | ae ey ene PRG, HEM 
‘1 | 104081 | -753,1833 | -857,0714 | -912,3064 | -944,5539 | -964,2866 | -976,7037 *984,6629 
52] 1°08333 | -756,3679 | °860,5551 | -915,3955- | -947,0884 | °966,2843 | -978,2403 | °985,8256 
53 | 1712766 | -759,5550* | -864,0055~— | -918,4232 | -949,5468 | -968,2019 | -979,7001 *986,9187 
‘54 1°17391 | -762,7460 | -867,4235- | -921,3908 | -951,9309 | -970,0419 | -981,0859 | °987,9455* 
55 ‘765,9421 | -870,8099 | -924,2993 | -954,2422 | *971,8065~ | *982,4005* | *988,9090 
“5A | = 1°2727: ‘874,1657 | -927,1496 | -956,4822 | -973,4977 | -983,6466 | *289,8122 
57 | 1732558 *877,4917 | -929,9426 | -958,6524 | -975,1177 | -984,8268 | “990,6580 
| -58| 1-38095+ | *880,7887 | *932,6793 | -960,7543 | ‘976,6685* | *985,9434 | *991,4489 
| *59| 143902 | *884,0573 | -935,3603 | -962,7890 | °978,1521 | *986,9990 | 992.1878 
| *60| 1:50000 | -782,0471 | °887,2982 | -937,9865- | -964,7580 | °979,5703 | °987,9959 | °992,8771 
| 61} 1°56410 | -785,3029 | -890,5125- | -940,5585- | -966,6624 | -980,9250~ | -988,9363 | *993,5193 
| *62}) 1°63158 | -788,5737 | -893,7004 | -943,0770 | -968,5035~ | *982,2179 | *989,8223 | *994,1167 
| °63| 1°70270 | -791,8613 *896,8627 *945,5427 970.2823 | °983,4507 | *990,6562 | °994,6715* 
| 64| 1°77778 | -795,1672 *900,0000 *947,9560 *972,0000 | °984,6253 *991,4400 "995, 1860 
| 65) 185714 | -798,4933 | -903,1129 | -950,3175~ | -973,6576 | *985,7431 | “992,1756 | “995,6623 
| -66| 1-94118 *801,8415~ | -906,2019 | -952,6276 | -975,2562 | -986,8058 | -992,8651 | -996,1023 
| -67| 203030 | -805,2135+ | -909,2676 | -954,8869 | -976,7968 | ‘987,8150* | *993,5103 | “996,5081 
| 68! 2°12500 | -808,6117 | -912,3106 | -957,0956 | -978,2803 | *988,7722 | *994,1130 | *996,8814 
| *69| 2°22581 | -812,0380 | -915,3312 | -959,2542 | ‘979,7075+ | *989,6789 | -994,6750t | *997,2242 
| -70} 2°33333 | -815,4949 | *918,3300 | -961,3629 | *981,0795* | °990,5364 | °995,1982 | *997,5381 
‘71 | 2°44828 | -818,9850- | -921,3075- | -963,4219 | -982,3971 | °991,3464 | *995,6841 | °997,8249 
‘72| 2°57143 | -822'5108 | -924.2641 | -965,4316 | -983,6610 | °992,1101 | °996,1344 | *998,0861 
‘73.| 2°70370 | -826,0753 | -927,2002 | -967,3920 | -984,8722 | °992,8290 | *996,5508 | *998,3234 
‘74| 2°84615+| -829:6817 | -930.1163 | -969,3033 | -986,0314 | °993,5044 | -996,9348 | -998,5382 
‘75 | 300000 | -833,3333 | -933,0127 | -971,1656 | -987,1393 | “994,1376 | *997,2880 | *998,7320 
| 
76 | 3°16667 | -837,0340 | -935,8899 | -972,9788 | -988,1967 | *994,7300 | *997,6119 | *998,9062 
77 | 3°34783 | -840,7879 | -938,7482 | -974,7430 | -989,2043 | °995,2828 | -997,9079 | *999,0621 
“78 | 3°54545*| -844,5994 | ‘941,5880 | -976,4581 | -990,1627 | *995,7974 | *998,1776 | *999,2011 
‘79 | -3°76190 | -848,4737 | -944,4097 | -978,1240 | -991,0727 | *996,2750+ | *998,4222 | *999,3244 
bed 400000 | -852,4164 | -947,2136 ‘979,7403 | -991,9350~ | *996,7169 | 998,6432 *999,4331 
‘81 | 4°26316 | -856,4337 | -950,0000 | -981,3070 | -992,7500¢ | *997,1242 | *998,8419 | *999,5285- 
82 | 4°55556 | -860,5328 | -952,7693 | -982,8235— | -993,5185- | *997,4984 | *999,0196 | *999,6116 
"83 | 4°88235+| -864,7219 | -955,5217 | -984,2895+ | -994,2410 | *997,8405+ | -999,1777 | *999,6834 
*84} 525000 | -869,0101 | -958,2576 | -985,7045- | -994,9182 | °998,1518 | *999,3174 | *999,7451 
“85 | 5°66667 | °873,4083 | -960,9772 | -987,0677 | -995,55057 | *998,4336 | -999,4400 | *999,7976 
"86 | 6-14286 | -877,9291 | -963,6809 | -988,3785* | -996,1386 | *998,6871 | *999,5466 | *999,8417 
87 | 6°69231 | -882,5873 | -966,3690 | -989,6360 | -996,6829 | *998,9135* | *999,6385* | *999,8784 
‘88 | 7°33333 | -887,4005*| -969,0416 | .990,8390 | -997,1841 | *999,1141 | -999,7169 | -999,9085+ 
*89 | 8:09091 | -892,3905- | -971,6991 | -991,9864 | -997,64257 | *999,2901 | *999,7828 | *999,9328 
‘90 | 9°00000 | -897,5836 | -974,3416 | -993,0766 | -998,0587 | *999,4428 | -999,8375* | “999,9521 
| | 
91 | 10°11111 | -903,0133 | -976,9696 | -994,1078 | -998,4332 | *999,5735~ | *999,8820 | *999,9670 
‘92 | 11°50000 | -908,7226 | -979,5832 | -995,0779 | -998,7665~ | “999,6835~ | “999,9175— | _-999,9782 
‘93 | 13°28571 | -914,7683 | -982,1825+| -995,9841 | -999,0589 | *999,7742 | *999,9449 | *999,9864 
‘94 | 15°66667 | -921,2288 | -984,7680 | -996,8232 | -999,3110 | *999,8470 | “999,9655~ | *999,9921 
95 | 19°00000 | -928,2169 | -987,3397 | -997,5909 | -999,5232 | °999,9034 | *999,9801 | *999,9959 
‘96 | 24-00000 | -935,9058 | ‘989,8979 | -998,2815+ | -999,6959 | *999,9449 | *999,9898 | *999,9981 
‘97 | 32°33333 | -944,5877 | -992,4429 | -998,8873 | -999,8295+ | -999,9732 | *999,9957 | *999,9993 
‘98 | 49°00000 | -954,8328 | -994,9747 | -999,3961 | -999,9245- | -999,9903 | *999,9987 | *999,9998 
‘99 | 99°00000 | -968,1157 | -997,4937 | -999,7872 | -999,9812 | -999,9983 | *999,9998 |1°000,6000 
on ea 1:000,0000 /|1-000,0000 |1-000,0000 1:000,0000 |1°000,0000 /|1°000,0000 
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TABLE I (continued). 














n= 
s(a—- l)= 
B (4, § (n—1) 
x | 22 
“00 | -00000 
‘Ol | ‘01010 
“02 | -02041 
03 | 03093 
*04 | -04167 
O5 | -05263 
06 | *06383 
*O7 | °07527 
O08 | -O8696 
09 | *O9890 
10} *1l1111 
*11 | *12360 
"12 | °13636 
"13 | °14943 
*14| 16279 
"15 | 17647 
“16 | *19048 
*17 | °20482 
18 | °21951 
19 | -23457 
*20 | *25000¢ 
*21 | *26582 
*22 | -28205+ 
23 | *29870 
24) °31579 
"25 | °33333 
°26 | °35135t 
27 | *36986 
28 | *38889 
29 | -40845+ 
30 | °42857 
“31 | *44928 
*32 | °47059 
*33 | *49254 
"B84 | *HIDLSt 
"35 | °538846 
"36 | °56250° 
*37 | °58730 
*38 | -61290 
*39 | -63934 
"40 | *66667 
$1 | *69492 
*42 | °72414 
*43 | *75439 
*44 | °7857] 
"45 | 81818 
"46 | *85185+ 
"47 | *88679 
*48 | -92308 
*49 | ‘96078 
*bO 


/1:00000 
| 


*QI42 ,8571 


| 
s an 
sal 
Sia 
| 


*500,0000 


*608,2878 
*651,6230 
*683,8613 
*710,2080 
*732,7039 
*752,40°6 
*769,9591 
°785,7758 
*800,1543 
°813, 3125+ 


*825,4173 
*836,5998 
*846,9657 
*856,6019 
*865,5809 
*873,9640 
*881,8039 
*889,1461 
*896,0306 
*902,4922 


*908,5623 
*914,2687 
*919,6362 
*924,. 6876 
929.4434 


*933,922 

*938,1410 
*942,1156 
“945.8606 
*949,3892 
*952,7140 
*955,8463 
*958,7969 

*961,5760 
*964,1927 


*966,6560 
*968,9741 
*971,1546 
*973,2051 
*975,1322 
*976,9426 
*978,6424 
*980,2374 
°981,7331 
*983,1348 
*984,4474 
*985,6757 
*986,8241 
*987,8968 
*988,8980 








10 


"8590,2924 


*500,0000 


*615,0625+ 
“660,845 1 
*694,7289 
ttesiaigatae 





*745,6768 
.766,0651 
*784,1281 
*800,3193 





*840,4705t 
*851,6675" 
*861,9880 
*871,5270 
*880,3638 
*888,5658 
*896,19085 
*903,2890 
*909,9040 
*916,0747 


53 
,2165 
*932,2459 
*936,9484 
*941,3466 


*945,4611 
*949,3108 
*952,9130 
*956,2834 
*959,4369 
*962,3870 
*965,1463 
*967,7266 
*970,1386 
"972 33927 

*974,4984 
*976,4644 
*978,2993 
*980,0108 
*981,6063 


*921, 83 
*927 


*983,0926 
*984,4764 
*985,7637 
*986,9604 
*988,0718 


989.1032 
-990,0594 
-990,9451 
‘991,7645 
92,5218 


*500,0000 
*669,4569 


-704,8254 


*841,6785" 
*853,8675— 


*875,20657 


*908,5564 


“987 





11 
50 


*8126,9841 


*621,4209 | 


*733,4323 
*757,6044 
°778,5552 
*797,0179 
*813,4786 
*828,2807 


*865,0019 


*884,5844 
-893,2216 


*901,1913 


*915,3714 
-921,6840 
*927,5362 
*932 9655 
*938,0052 
"942.6854 
*947,0330 
*951,0727 


*954,8267 
*958,3154 
"961 ,5575— 
*964,5700 
*967,3689 


"969,9686 





*974,6234 
*976,7026 
*978,6310 
*980,4186 
*982,0747 
*983,6080 
*985,0268 
*986,3385t 
,0505 
*988,6692 
‘989,7011 
“000,6519 
*991,5272 


-992,3321 
‘993,0714 
*993,7497 
‘994.3713 
*994,9402 








*500,0000 


*627 ,4250* 
67,5476 
*7 14,2626 
-743,8051 
*768,6378 
*790,0479 
*808,8153 
*825,4578 
*840,3423 
*853,7408 
*865,8628 
-876,8740 
*886,9085* 
*896,0772 
-904,4729 


*912,1742 
*919,2491 
*925,7561 
*931,7469 
*937,2666 
*942,3554 
*947,0494 
*951,3806 
*955,3780 
*959,0679 
*962,4741 
*965,6182 
*968,5201 
971,1980 
*973,6684 
*975,9467 
*978,0471 
*979,9824 
*981,7648 
*983,4054 


“984,9146 
-986,3019 
*987,5762 
*988,7459 
*989,8185 


-990,8012 
*991,7008 
'992,5233 
‘993,2746 
-993,9601 


‘994,5° 
*995,1532 
-995,6699 
*996,1389 
*996,5638 





*500,0000 


-633,1226 
“685, 1864 
723,1270 
-753,4981 
‘78,8943 


*800,6752 
*819,6662 
*836,4166 
*851,3163 
*864,6550T 
*876,6560 
887,4963 
*897,3191 
*906,2428 
-914,3668 
*921,7752 
“928.5406 
*934,72 56 
"940.3853 
*945,5678 


-950,3161 
*954,6683 
*958,6584 
*962,3173 
*965,6725— 
*968,7491 
*971,5700 
*974,1558 
°976,5253 
*978,6960 
*980,6837 
*982,5028 
*984,1668 
*985,6879 
*987,0774 
*988,3458 
*989,5027 
*990,5570 
*991,5169 
*992,3900 


*993,1833 

*993,9033 | 
*994,5560 | 
*995,1470 
*995,6814 
*996,1640 
*996,5992 
*996,9909 
*997,3431 
*997,6592 








14 15 
6°5 7°0 
-7086,9912 | *6819,8468 
*500,0000 | *500,0000 
*638,5513 | *643,7418 
*692,4281 | -699,3168 
°731,4877 739,4002 
*762,5930 | *771,1560 
*788,4677 | °797,4342 
*810,5424 819, 7353 


*829,6872 
*846,4828 
*861,3416 
*874,5708 


*886,4074 
*897,0391 
-906,6184 
°915,2711 
*923,1026 
*930,2024 
*936,6475* 
*942.5044 
*947,8311 
*952,6788 
*957,0926 
*961,1127 
*964,7748° 
*968,1112 
-971,1506 


*973,9191 
-976,4404 
*978,7358 
*980,8247 
*982,7249 
*984,4524 
-986,0221 
*987,4473 
*988,7405T 
*989,9129 
*990,97507 
-991,9361 











*870,5318 
*883,6106 


“895,247 
-905,6418 
*914,9538 
*92: 3, 3169 
-930,8424 
*937.6248 
“943.7452 
*949,2736 
*954,2710 
‘958,791 
-962,8809 
‘966,5824 
“969,9328 
‘972,9653 
‘975,7099 
-978,1932 


*980,4395+ 


*982,4706 
*984,3063 


*985,9643 | 


-987,4610 
-988,8111 
-990,0280 


| -991,1239 


| 
| 
| 


*992,8050* 


*993,5898 
*994,2979 
*994,9358 
*995,5100 
*996,0260 
-996,4891 
*996,9042 


“9972756 


‘997 ,6075— 
“997 ,9035- 


“998, 1670 
‘998,4011 


*992,1100 


-992,9964 
‘993,7924 
994,5063 
*995,1459 
-995,7182 
-996,2296 
-996,6860 
-997,0927 


*997,7758 


-998,0608 
-998,3131 
*998,5359 


-998,9054 





*997,4545— 


“998, 7325- 
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o= 9 
k(n-1)= 4-0 

B (3, 4(n—1))= "9142,8571 
50} 1-00000 | -988,8980 
“51 | 1:04081 | -989,8316 
*b2 | 1°08333 | -990,7011 
53. | 1°12766 | -991,5101 
*564| 1°17391 | -992,2620 
55 | 1°22992 | -992.9599 | 
56 | 1°27273 | -993,6069 | 
*57 | 1°32558 | -994.2059 
58 | 1°38095+| -994,7597 
59 | 143902 | -995,2708 
“60 | 1°50000 | -995,7419 
“61 | 1°56410 | -996,1753 
“62 | 1°63158 | -996,5733 

| °63]| 1°70270 | -996,9382 
*64| 1°77778 | -997,2720 
65 | 1°85714 | -997,5767 
66 | 1°94118 | -997,8543 
“67 | 2°03030 | -998,1065— 
68 | 2712500 | -998,3350+ 
“69 | 222581 | -998.5416 
°70 | 2°33333 | -998,7278 
"71 | 2°44828 | -998,8951 
‘72| 2°57143 | -999,0449 
73 | 2°70370 | -999,17857 
"74 | 2°84615*| -999,2972 
75 | 300000 | -999,4023 
‘76 | 3°16667 | -999,4949 
77 | 3°34783 | -999,5761 
‘78 | 3°54545*| -999,6469 
‘79°| 3°76190 | -999,7083 
*80 | 400000 | -999,7612 
*81| 4:26316 | -999,8064 
*82| 4°55556 | -999,8448 
*83 | 4°88235+| -999.8771 
*84| 5*25000 | -999,9040 
85 | 5°66667 | -999,9262 
"86 | 6°14286 | -999,9443 
‘87 | 6°69231 | -999,9587 
*88 | 7°33333 | -999,9702 
*89 | 8°09091 | -999,9790 
*90 | 9°00000 | -999,9857 
‘91 | 10°11111 | -999,9907 
“92 | 11°50000 | -999,9942 
93 | 13°28571 | -999,9966 
94 | 15°66667 | -999,9982 
*95 | 19°00000 | -999,9991 
*96 | 24°00000 | -999,9996 
‘97 | 32°33333 | -999,9999 
*98 | 49-00000 /1-000,0000 
*99 | 99-00000 

1:00 roa) 





*8590,2924 


-992,5218 


*993,2209 
*993,8654 
*994,4589 
*995,0047 
*995,5057 


*995,9651 
*996,3856 
*996,7699 
*997,1204 
*997,4395— 
*997,7294 
*997,9923 
*998,2301 
"998.4448 
*998,6380 


-998,8116 
998,9669 
*999,1057 
-999,2291 
*999,3385* 


-999,4352 
-999,5203 
-999,5949 
*999,6600 
-999,7165+ 


-999,7653 
“999,8072 
-999,8430 
‘999,8733 
-999,8988 


-999,9200 
-999,9376 
-999,9520 
‘999,9636 
-999,9729 


-999,9802 
-999,9859 
-999,9902 
-999,9934 
“9999957 


-999,9974 
-999,99845 
-999,9992 
-999,9996 
-999,9998 


-999,9999 
-000,0000 


11 
5°0 


*8126,9841 


-994,9402 


-995,4601 
-995,9346 
-996,3670 
-996,7604 
-997,1177 
-997,4416 
-997,7348 
-997,9996 
-998,2383 








*998,4530 
*998,6456 
- *998,8180 
998,9720 
*999,1091 
*999,2308 


-999,3386 
-999,4336 
-999,5172 
-999,5904 
-999,6543 
-999,7099 
“999,7579 
-999,7993 
*999,8347 
-999,8649 


-999,8904 
-999,9119 
-999,9298 
-999,9446 
-999,9568 


-999,9668 
-999,9748 
-999,9811 
-999,9861 
-999,9900 
-999,9930 
*999,9952 
-999,9968 
*999,9979 


| °999,9987 


-999,9992 
-999,9996 
-999,9998 
-999,9999 
1-000,0000 





| 
| 
| 


| 
| 





996,5638 


-996,9484 
-997,2958 
-997,6091 
-997,8911 
-998,1444 


998.3716 
*998,5749 
*998,7564 
*998,9180 
*999,0616 


*999,1889 
-999,3014 
*999,4005* 
999.4876 
*999,5638 


-999,6304 
*999,6882 
-999,7383 
*999,7815* 
-999,8186 
*999,8503 
-999,8773 
-999,9001 
*999,9193 
-999,9353 
“9999486 
*999,9595+ 
-999,9685— 
*999,9757 
-999,9815* 
*999,9861 
-999,9898 
-999,9926 
*999,9947 
-999,9963 


+999,9975- 
+999,9983 
-999,9989 
-999,9993 
-999,9996 
+999,9998 
+999,9999 
-999,9999 
1-000,0000 








*7388,1674 


-997,6592 


-997,9423 
*998,1955* 
99842157 
-998,6227 
-998,8016 


-998,9602 
-999,1005- 
-999,2243 
-999,3333 
-999,4289 


*999,5127 
999.5857 
*999,6492 
-999,7043 
-999,7518 
-999,7927 
-999,8278 
999.8577 
-999,8831 
-999,9045* 
*999,9225t 
-999,9376 
-999,9501 
-999,96045 
*999,9689 


-999,9758 
-999,9814 
-999,9858 
-999,9893 
-999,9921 


-999,9942 
-999,9958 
-999,9971 
-999,9980 
-999,9986 


-999,9991 
-999,9994 
-999,9996 
-999,9998 
-999,9999 


-999,9999 
1-000,0000 














14 15 
6°5 7°0 
-7086,9912 -6819,8468 
*998,4011 | °998,9054 
-998,6088 | -999,0573 
*998,7927 | -999,1903 
*998,9550t | -999,3066 
-999,0981 | -999,4080 
*999,2239 | -999,4962 
-999,3342 | -999,5727 
*999,4307 | -999,6388 
-999,5148 | -999,6958 
*999,5880 | -999,7448 
*999,6515* | -999,7868 
-999,7064 | -999,8226 
*999,7536 | -999,8531 
*999,7942 | °999,8789 
*999,8289 | -999,9007 
-999,8584 | -999,9190 
-999,8835- | -999,9343 
*999,9046 | *999,9470 
*999,9224 | -999,9576 
*999,9372 | °999,9662 
*999,9496 | *999,9733 
*999,9598 | -899,9791 
*999,9682 | *999,9837 
*999,97507 | -999,9875— 
*999,9806 | *999,9904 
*999,9850+ | -999,9928 
*999,9886 | *999,9946 
*999,9914 | *999,9960 
*999,9936 | °999,9971 
*999,9953 | -999,9979 
*999,9966 | -999,9985* 
*999,9976 | -999,9990 
-999,9983 | *999,9993 
*999,9988 | -999,9995T 
*999,9992 | °999,9997 
*999,9995- | -999,9998 
*999,9997 | *999,9999 
*999,9998 | -999,9999 
*999,9999 |1-000,0000 
*999,9999 
|i °000,0000 
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TABLE I (continued). 





Probability Integrals of Symmetrical Frequency Curves 











"00 | -00000 


‘Ol | 01010 


*O2 | ‘02041 
‘03 | -03093 
‘04 | 04167 
‘O05 | -05263 
‘06 | -06383 
‘O07 | ‘07527 
08 | -08696 
‘09 | -09890 
10 | *11111 


] *12360 
12 | -13636 
13 | +14943 
*14]| -16279 
1 


2 | *17647 
‘16 | -19048 
‘17 | -20482 
18 | -21951 
19 | -23457 

20 | 25000° 
‘21 | +26582 
"22 | -28205 
"23 | -29870 
“24 31579 
25 | -33333 
26 | -35135+ 
‘27 | -36986 
28 | -38889 
29 | -40845 
30 | *42857 


1 | -44928 
2| -47059 

*33 | *49254 
f | -51515+ 

5 | 53846 





‘36 | -56250¢ 
*37 | °58730 
38 | *61290 
39 | -63934 
10 ‘66667 
“41 “69492 
"42 | °72414 
‘43 | -75439 
"44 | “78571 
45 | -81818 
“46 *85185+ | 

| 47 | -88679 

| 48 "92308 
49 | ‘96078 
“50 |1°00000 


by bg 


*6580,7776 | 
| 
| 
*500,0000 


*648,7191 
-705,8891 
‘746,9108 
‘7792420 
*805,8570 





*847 "60507 
*864,3378 
*878,9811 
‘891,8758 








*903,2856 


‘913,4195-| 


| 922.4470 | 


— 5O81 

37,7198 
*944,1812 | 
*949,9774 
*955,1815+ 
*959,8572 | 
*964,0602 | 


“967, 


83957} 
°971,238% 





| *974,2951 





| -998,8082 


*977,0440 
*979,5155+ 


‘981.7370 





988,5767 
*989,8698 
*991,0279 
*992.0641 
*992,9903 
*993,8174 
*994,5552 
*995,2126 
*995,7975+ 
*996,3174 
*996,7787 








‘997,1876 
‘997,5494 
-997,8689 
‘993,1508 
-998,3989 


‘998,6170 


‘998,9756 
*999,1217 
‘999,2491 





y 


*6365,1904 


*500,0000 


*653,5039 
°712,1754 
*754,0578 
*786,8968 
*813,7891 
*836,3720 
*855,6473 
*872,2865+ 
*886,7689 
*899,4520 


*910,6124 
*920,4692 
*929,2002 
*936,9517 
*943,8463 
*949,9875 
"955.4636 
*960,3508 
*964,7151 
*968,6140 





,2116 


“984.6826 
*986,4518 
“988.0297 
9894361 
990,6887 
-991,8033 
*992,7 


7943 


2015+ 


5726 








*6169,4790 | 





*500,0000 


*658,1140 


*760,8738 
*794,1595- 
*821,2756 


-843,9267 
"863, 1575+ 
*879,6693 
*893,9628 
-906,4120 


“917, 
*926,8732 


| *935,2998 


"942.7383 


-949,3160 | 


*955,1406 
*960,3036 
*964,8837 
*968,9489 


| °972,5583 
*972,0980 | 
9 
*977,9939 
*980,4798 
“982.7002 


*975,7635-— 
*978,6098 
*981,1370 
*983,3803 
*985,3710 


*987,1365" 
*988,7015— 


| 990.0877 
| -991,3148 
-992,3999 


*993,3587 


| -994,2049 
*993,6745+| 
*994,4555- 
*995,1476 


-995,76025 
‘996,3019 
‘996,7800 
‘997, 
“997, 


‘997,8986 
-998,1847 
‘998,4353 
-998,6544 
‘998,8455- 


-999,0119 
999, 15657 
‘999,2819 
-999,3904 
*999,4840 


9949511 
‘995,6082 


| -996,1862 


-996,6938 
*997,1392 
*997,5292 
-997,8703 
“998, 1680 


-998,4276 
*998,6534 
*998,8494 
-999,0193 
-999,1662 


-999,2920 
-999,4021 
-999,4959 
-999,5762 
-999,6448 





3057 >® | 





19 
9°0 


-5990,7674 


*500,0000 


| 
| 6625644 
‘718,2015+| 


*723,9893 


“767, 3869 | 


*801 ,O¢ 





*828,3552 


*851,0331 


*870,1845*) 


*886,5399 


| -900,6211 


*912,8183 
°923,4323 


| -932,7019 


-940,8199 
*947,9448 
*954,2088 


*959,7231 
5820 | 


“964, 
*968,8664 


| 972.6460 
femvendl 


*978,9245" 
‘9815217 
-983,8130 

-985,8338 
-987,6152 


*989,1847 


*990,5665~| 


-991,7821 
‘992,8507 


| -993,7891 


-994,6123 
*995,3336 
-995,9650 
-996,5169 
-996,9986 


*997,4185* 


-997,7840 
‘9981016 
*998,3771 
-998,6156 
-998,8218 
*998,9997 
-999,1528 
-999,2843 
-999,3970 
-999,4934 
-999,5756 
999.6456 


*999,7050- 


*999,7552 











20 
9°5 


*5826,7301° | - 


*500,0000 


°729,5579 
°773,6213 
*807,6379 


| 
-666,8679 | 


*835,0616 
*857,7294 
*876,7706 
“892,9446 
-906,7943 
‘918,7250* 


*938,0160 
*945,8240 
*952,6376 
5931 
*963,8050 
*968,3702 | 
*972,3716 | 
*975,8800 
*978,9569 


| 
| 
| 
*929,0497 | 
| 
| 
| 
| 
| 


*958,: 


*981,6552 
*984,0213 
*986,0953 
*987,9127 
*989,5042 


*990,8971 
*992,1152 
*993,1795" 
"994, LO86 
*994,9187 


*995,6244 
*996,2383 
*996,7716 
*997,2344 
*997,6353 


*997,9820 | 
998, 2815+ 
*998,5397 
*998,7618 
*998,9526 
*999,1161 
*999,2560 
*999,3754 | 
| 


*999,4770 
*999,5634 
*999,6366 
*999,6984 
*999,7505+ 
-999,7944 
-999,8 311 





22 





*500,0000 | 


*671,0359 
-734,9237 


| *779,5979 


*813,9080 
*841,4242 
*864,0489 
*882,9530 
*898,9244 
-912,5264 
*924,1795+ 
“934, 2081° 
ae) 12’ 8686 
*950,3674 
*956,8737 
*962,5276 


| -967,4466 


°971,7298 
*975, 4613 


*978,7132 


‘981 


5476 


| °984,0178 


-986,1701 
*988,0448 
*989,6769 
*991,0967 


-992,3311 
*993,4033 
-994,3337 
*995,1408 
“995.8287 


*996,4428 
*996,26-44 
‘997, 4142 
*997,8018 
*998,1349 
*998,4209 
998.6659 
*998,8754 
*999,0543 
*999,2067 


“999 3362 


| -999,4461 


*999,5390 
-999,61757 
-999,6885" 


-999,7390 
-999,7854 
-999,8242 
-999,8565- 
-999,8833 


*500,0000 


*675,0782 
*740,1014 
*785,3355- 
*819,8961 
*847,4690 
*870,0211 
*888, 76457 
*904,5151 
*917,8563 
"929, 223% 





*938,9517 
*947,3056 
*954,4981 
*960,7029 
*966,06357 


-970,7000 


| -974,7131 


*978,1884 
*981,1987 
-983,8063 


| -986,0647 





*988,0201 
*989,7123 
*991,1760 
*992,4410 


*993,5335" 

*994,4761 
“995.2884 
*995,4878 
996.5891 


*997,1054 
*997,5481 
*997,9272 
*998,2512 
*998,5276 


-998,7631 
*998,9633 
‘9991332 
-999,2770 
-999,3985+ 
-999,5010 
+999,5871 
-999,6594 
-999,7199 
*999,7704 
*999,8123 
-999,8472 
-999,8760 
-999,8998 
‘999,9193 
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TABLE I (continued). 








n= 16 17 18 19 o | a | gs | 

$(n—1)= 7°5 80 | 85 | 9°0 9°5 | 10-0 | 105 | 

= aes ia Pees Fe 
j i 

B (4, $ (n—1))= *6580,7776 | -6365,1904 | -6169,4790 | -5990,7674 3826,730%° | 5675,4639 | *5535,3930 








2 





50 1°00000 | *999,2491 *999,4840 *999,6448 *999,7552 *999,8311 *999,8833 | *999,9193 





D1 1°04081 *999,3599 *999,56457 | -999,7033 *999,7976 999, 8617 *999,9054 *999,9353 
52 1°08333 | *999,4559 *999.6337 *999,7530 *999,8332 *999,8872 *999,9237 999,9483 | 
53 1°12766 | *999,5390 *999,6929 *999,7951 *999,8631 *999,9084 *999,9387 999,8589 | 
“54 1°17391 *999,6106 *999,7434 *999,8307 *999,8881 *999,9259 *999,9509 *999,9675— | 
*22222 | °999,6723 *999,7864 *999,8606 *999,9089 *999,9404 *999,9609 *999,9744 








1 
| +56] 1-27273 | -999,7252 | -999,8229 | -999,8857 | -999,9261 | -999,9522 | -999,9690 | -999,9799 
1 





| 
} *999,8089 *999,8797 *999,9242 *999,9521 *999,9697 *999,9808 *999,9879 | 
|} °59 1°43902 *999,8416 *999,9015+ | -999,9387 *999,9617 “999, 9761 
“60 1°50000 *999,8693 *999,9197 *999,9506 *999,9696 *999,9812 


| °5% *32558 *999,7704 *999,8537 *999,9067 *999,9404 “999.9619 “999.9756 *999,9843 
| *58| 1380957 





-999,9851 | “99,9906 | 
-999,9884 | °999,9928 | 
| 
| 





| 
| 





























| *61| 1°56410 | *999,8927 | *999,9349 | -999,9605~ | *999,9759 | *999,9853 | -999,9911 *999,9945+ | 
| 62] 1°63158 | °999,9123 *999,9475- | -999,9685+ | °999,9811 *999,9886 | -999,9932 *999,9959 
| “63 1°70270 | -999,9286 *999,9579 *999,9751 *999,9852 *999,9912 | -999,9948 | °999,9969 
| -64| 177778 | -999,9423 999,9664 | -999,9804 | °999,9885+ | -999,9933 | -999,9961 | °999,9977 | 
| -65| 1:85714 | -999.9536 | -999,9733 | -999,9847 | -999,9912 | -999,9949 | 999.9971 | -999,9983 
| i i 
| -66| 1°94118 | -999,9629 | -999,9790 | -999,9881 | -999,9932 | -999,9962 | -999,9978 | -999,9988 | 
"67 | 2°03030 | *999,9705+ | +999,9836 | -999,9908 | “999,9949 | “99,9971 | “99,9984 | “999,9991 | 
"68 | 2°12500 | *999,9767 | -999,9872 | -999,9930 | *999,9961 | “999,9979 *999,9988 | “998.9993 | 
“69 | 2°22581 | °999,9818 | °999,9902 | -999,9947 | *999,9971 | *999,9984 -999,9991 "999,9995° | 
‘70 | 2°33333 | *999,9858 | *999,9925~ | -999,9960 | “99,9979 | -999,9989 | -999,9994 | -999,9997 | 
{ | -71 2°44898 | °999,9891 *999,9943 *999,9970 *999,9984 | *999,9992 | -999,9996 | *999,9998 
*72 | 2°57143 | °999,9917 *999,9957 *999,9978 *999,9989 *999,9994 | -999,9997 | *999,9998 
ah 2°70370 | °999,9937 | °999,9968 *999,9984 *999,9992 | *999,9996 | -999,9998 | *999,9999 
°74| 2°84615+] °999,9953 *999,9977 *999,9988 *999,9994 | -999,9997 | -999,9¥99 *999,9999 
‘75 | 3°00000 | °999,9965- ] *999,9983 *999,9992 *999,9996 | *999,9998 *999,9999 |1°000,0000 
| -76| 3°16667 | °999,9974 | °999,9988 | -999,9994 "999,9997 | *999,9999 *999,9999 | 
| °77| 3°34783 | °999,9981 9999991 -999,9996 | -999,9998 | -999,9999  |1-000,0000 
‘78 3°54545+ *999,9987 | °999,9994 | -999,9997 -999,9999 | °999,9999 | 
‘79.| 3:76190 | *999,9991 *999,9996 *999,9998 *999,9999 —|1-000,0000 | 
*80 | 4:00000 | *999,9994 *999,9997 *999,9999 | -999,9999 | 
| 81 1°26316 | °999,9996 | -999,9998 | -999,9999 |1-000,0000 | 
| -82] 455556 | *999,9997 *999,9999 |1°000,0000 | | 
*83| 4°88235+| *999,9998 | °999,9999 | | 
"84 525000 | *999,9999 |1°000,0000 | 
°85 | 5°66667 | *999,9999 | 
*86 | 6°14286 |1°000,0000 
*87| 6°69231 | 
J 88 | 7°33333 | | 
89} 809091 | 
*90 | 9°00000 | 
‘91 | 10-1111 | | 














| ‘92 | 11°5000C 
93 | 13°28571 
‘94 | 15°66667 
“95 | 1900000 
‘96 | 24°00000 
‘97 | 32°33333 
98 | 4900000 
‘99 | 99-00000 

1:00 a 














Ew . - 
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TABLE I (continued). 














x a 

00 | -00000 
01 | -01010 
02 | -02041 
03 | 03093 
04 | -04167 
‘05 | *05263 
‘06 | °06383 
‘07 | 07527 
08 | -08696 
‘09 | “09890 
10} “11111 
‘11 | °12360 
12 | -13636 
13 | 14943 
14] -16275 
"15 | °17647 
16 | -19048 
17 | 20482 
"18 | °21951 
"19 | -23457 
20 | -25000* 
21] -26582 
22 | -28205+} 
23 | -29870 
24) -31579 
25 | +33333 
26 | °35135+ 
27 | -36986 
28 | -38889 | 
29 | -40845+| 
30) "42857 | 
‘B31 | -44928 
*32 | *47059 
33 | 49954 
*34 | -51515+| 
35 | 53846 | 
‘36 "562506 | 
‘37 | 58730 | 
38 | -61290 | 
39 | -63934 
bad ‘66667 
‘41 | 69492 | 
"42 | -72414 
"43 | “75439 | 
‘44 | °78571 
‘45 | 81818 | 
"46 | *85185+} 
‘47 | *88679 | 
"48 | -92308 
49 | -96078 


*50 |1°00000 
| 


| *995,3706 


| *997,6426 


-500,0000 


*679,0034 
*745, 1036 
°790,8504 
-825,6221 
*853,2190 
*875,6721 
*894,2340 
-909,74857 
*922,8185- 
‘933,8934 
‘943,3191 
‘951,3679 
*958,2584 
*964,1685+ 
‘9692451 
-973,6101 
*977,3658 
-980,5987 
"983, 38819 
*985,7780 
‘987,8403 
*989,6146 
-991,1404 
*992,4515+ 
*993,5773 
*994,5430 





*996,0791 
*996,6847 
'997,2018 


‘998,0179 | 
‘998,3869 
*998,6075- 
‘998,8366 


*999,0303 
*999,1937 
‘999,3312 
"999,4468 
'999,5436 


*999,6245+ 
*999,6920 
*999,74815 
*999,7947 
‘999,8332 


*999,8650- 
*999,8911 | 
*999,9124 
*999,9299 
*999,9441 





24 
11°5 


*5283,7848 


-500,0000 


-682,8193 
*749,9419 
-796,1572 
*831,1037 
“858,6947 
*881,0251 
-899,3876 
-914,6530 
‘927, 4435- 
938,222] 


*947,3448 
*955,0912 
-961,6852 
*967,3087 
*972,1110 
*976,2160 
‘979,7270 
*982,7311 
*985,3017 
*987,5011 


*989,3823 
-990,9906 
-992,3648 
‘993,5380 
‘9945388 
*995,39154 
-996,1174 
*996,7345+ 


"997,25 





| °997,7027 
| 

| *998,0787 
| *998,3964 
| *998,66457 


‘998,8903 
-999,0800 
*999,2392 
-999,3724 
*999,4836 
‘999,5763 
‘999,6534 


*999,7172 


| -999,7700 


‘999,8136 
-999,8494 
‘999,8788 


-999,9027 
‘999,9223 
-999,9381 
‘999,9509 
‘999,9613 


} 





25 
12°0 


*5170,1948 


*500,0000 


*686,5326 
*754,6265- 
*801,2691 
"836,3566 
*863,9147 
*886,1012 
*904,2485- 
‘919,2540 
‘931,7586 
"942.2386 
*951,0593 
*958,5074 
*964,81157 
‘970,1570 
*974,6954 
*978,5520 
-981,8311 
“9846198 
‘986,9917 
*989,0085+ 


‘990,7228 
‘992,1792 
*993,4156 
-994,4644 
-995,3532 
-996,1055- 
‘996,7415+ 
-997,2786 
‘997,7314 
‘998, 1126 


-998,4329 
998, 7017 
-998,9268 5 
‘999, 1150+ 
‘999,2720 


-999,4026 
‘999,5111 
-999,6010 
‘999,6753 
‘999,7365+ 
‘999,7869 
‘999,8282 
‘999,8619 
‘999,8895- 
‘999,9118 
-999,9299 
‘999,9445- 
‘999,9562 
‘999,9656 
-999,9731 





26 
12°5 


*5063,6271 


*500,0000 


°690,1497 
“759, 1664 
*806,1979 
"8413951 
*868,8955+ 


-890,9191 
-908,8376 
‘923,5744 
‘935,7884 
‘945,9688 
954,4899 
‘961,6446 
‘967,6662 
‘972,7428 
‘977,0279 
‘980,6480 
‘983,707 
‘986,2942 
*988,4807 
*990,3284 


‘991,8893 
-993,2069 
-994,3184 
‘995,2551 
‘996,0426 
‘996,7067 
‘997,2635+ 
‘997,7305- 
-998,1215- 
‘998,4483 


*998,7210 
*998,9482 
-999,1371 
*999,2938 
*999,4235- 


‘999,5306 
-999,6189 
‘999,6915- 
‘999,7510 
‘999,7996 


‘999,8393 
‘999,8715+ 
*999,8977 
‘999,9188 
‘999,9358 
999,9494 
*999,9603 
*999,9690 
*999,9759 
‘999,9814 








27 2 

13°0 13°5 
-4963,3870 | -4868,8722 
*500,0000 | *500,0000 
693,6760 | -697,1166 
*763,5700 | °767,8448 
*810,9542 | °815,5477 
"846,2322 | -850,8797 
*873,6523 | -878,1986 
*895,4961 | -899,8475t 
*913,1738 | -917,2745- 
*927,6348 | °931,4538 
*939,5551 | °943,0786 
*949,4362 | -952,6619 
957,6611 | °960,5947 
*964,5282 | -967,1810 


970,2752 
*975,0924 
*979,1351 
*982,5303 
*985,3828 
*987,7798 
*989,7937 
*991,4852 
*992,9051 
*994,0963 
*995,0946 
*995,9305- 
*996,6346 
*997,2135- 
‘997,7006 
*998,1062 
*998,44357 
*998,72357 


*998,9555+ 
*999,1474 
*999,3057 
‘999,4360 
*999,5432 
‘999,6310 
‘999,7027 
‘999,7613 
999,8089 
*999,8475- 
*999,8787 
‘999,9039 
*999,9241 
*999,9403 
*999,9532 
*999,9635+ 
999,9716 
*999,9781 
999,9831 
*999,9871 


*972,6615- 
‘97,2291 
*981,0401 
*984,2219 
*986,8794 
*989,0990 
*990,9526 
*992,4998 
*993,7906 
*994,8665— 
995,7625— 
-996,5079 
‘997,1271 
*997,6410 
*998,0667 
9984189 
998, 7097 
*998,9493 
*999,1465+ 
*999,3084 
‘999.4410 
9995494 
*999,6378 
*999,7097 
-999,7680 
*999,8152 
*999,8532 
‘999,8839 


*999,9084 
*999,9280 
*999,9437 
*999,9561 
999,9659 
‘999.9736 
*999,9797 


‘999,9881 
-999,9910 





499,9845- 





-500,0000 


-700,4760 


‘771,9976 
*819,9874 
°855,3482 
*882,5472 


*903,9876 


*921,1552 
*935,0485- 
*946,3770 
*955,6650- 
*963,3106 
“969.6230 
*974,8457 
*979,1737 
*982,7637 
*985,7435- 
*988,2174 
-990,2713 
*991,9761 
*993,3904 
*994,5629 
-995,5340 
‘996,3376 
*997,0018 
*997,5500t 


*998,0019 
‘9983737 
*998,6792 
*998,9297 
°999,1347 


9993022 
*999,4387 
*999,5497 
*999,6398 
*999,7127 
‘999,7715- 
999,8188 
*999,8568 
*999,8872 
999,9115+ 


‘999,9308 
‘999,9461 
‘999,9582 
‘999,9677 
‘999,9751 
‘999,9809 
‘999,9855- 
‘999,9890 
‘999,9917 
‘999,9937 
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TABLE I (continued). 
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n= 


$(n-1)= 


B (4, 3 (n—1))= 


9 


zc | i 

“50 | 100000 
— 

51 

*52 

*b3 

“54 | 

“55 | 

“56 | 

*57 

*58 | 1°38095+ 
59 | 1°43902 
“60 1°50000 
“61 | 1°56410 
62 1°63158 
63} 1°70270 
*64 1‘77778 
65 | 1°85714 
66 1°94118 
‘67 | 203030 
“68 2°12500 
69 | 2:22581 
70] 2°33333 
“71 | 2°44828 
72] 2°57143 
‘73.| 2°70370 
74] 2°846154 
75 | 3:00000 
76 | 3°16667 


“77 3°34783 


78 3°54545t 
‘79. 3°76190 
“80 4°00000 
81 4°26316 
*82 4°55556 
"8s 4°88235+ 
*84 5*25000 


ea 
on 
or 


*86 6°14286 
‘87 6°69231 
“88 7°33333 
“89 809091 
‘90 | 9:00000 
91] 10°11111 
‘92; 11°50000 
‘93 | 13°28571 
94] 15°66667 
‘95 | 19-00000 
‘96 | 24-00000 
‘97 | 32°33333 
‘98 | 49°00000 
*99 | 99-00000 


1°00 re) 








5°66667 








23 24 
11°0 11°5 
5405,2037 | -5283,7848 
‘999,9441 | -999,9613 


*999,9556 
-999,9649 
*999,9724 
-999,9784 
-999,9832 


-999,9870 
-999,9899 
-999,9923 
-999,9941 
-999,9956 


999,9967 
-999,9975+ 
*999,9982 
*999,9986 
*999,9990 
*999,9993 
*999,9995- 
*999,9996 
*999,9997 
-999,9998 
*999,9999 
-999,9999 
*999,9999 
1-000,0000 





-999,9696 
-999,9762 
-999,9815- 
*999,9856 
*999,9889 
‘999,9915+ 
-999,9935+ 
‘999,9951 
*999,9963 
-999,9973 
‘999,9980 
*999,9985 
*999,9989 
-999,9992 
-999,9994 


*999,9996 
*999,9997 
*999,9998 
*999,9999 
*999,9999 


*999,9999 
1-000,0000 





“5170,1948 


-999,9731 


*999,9791 
-999,9838 
*999,9875t 
-999,9905- 
*999,9927 
*999,9945—- 
*999,9958 
*999,9969 
*999,9977 
*999,9983 
*999,9988 
*999,9991 
*999,9993 
*999,9995+ 
999,9997 
*999,9998 
*999,9998 
*999,9999 
*999,9999 
*999,9999 
1-000,0000 





26 
12°5 


*5063,6271 


-999,9814 


‘999,9856 
-999,9890 
-999,9916 
-999,9936 
-999,9952 


-999,9964 
‘999,9973 
-999,9980 
-999,9985+ 
-999,9989 


*999,9992 
*999,9995- 
-999,9996 
*999,9997 
*999,9998 
*999,9999 
*999,9999 
*999,9999 
1-000,0000 





27 


13°0 


"4963,3870 


*999,9871 


*999,9901 
-999,9925+ 
*999,9944 
*999,9958 
-999,9968 
*999,9977 
*999,9983 
*999,9987 
-999,9991 
-999,9993 


-999,9995+ 
*999,9997 
*999,9998 
-999,9998 
-999,9999 
*999,9999 
-999,9999 
1-000,0000 





28 
13°5 


-999,9910 


*999,9932 
*999,9949 
-999,9962 
*999,9972 
*999,9979 
*999,9985— 
*999,9989 
*999,9992 
*999,9994 
9999996 
*999,9997 
-999,9998 
-999,9999 
*999,9999 
*999,9999 
1-000,0000 


29 
14°0 


*4779,5579 


*999,9937 


-999,9958 
-999,9965+ 
-999,9974 
-999,9981 
-999,9986 


-999,9990 
-999,9993 
*999,9995- 
*999,9996 
-999,9997 
*999,9998 
*999,9999 
*999,9999 
1-000,0000 
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TABLE I (continued). 





N= 


$(n—1)= 


| B (3, 4 (n—1)) 


‘Ol 
“02 
‘03 
“O04 


| 
| 


9 


“00000 


‘01010 
“02041 
03093 
°04167 
"05263 
"06383 
*07527 
“O8696 
“O9890 
‘11111 
*12360 
*13636 
*14943 
"16279 
*17647 
“19048 
*20482 
“21951 
°23457 
*25000* 





"26582 
*28205+ 
*29870 
*31579 
33333 
*B5135+ 
“36986 
“38889 
*40845+ 
"42857 
"44928 
"47059 
"49254 
*BL515+ 
"53846 








30 
14°5 


*4094,9540 


| 


*500,0000 


*703,7584 
*776,0346 
*824,2812 
*859,6477 
*886,7093 
*907,9293 
*924,8302 
*938,4343 
*949,4669 
*958,4627 
*965,8267 
*971,8725+ 
‘976,8464 
*980,9445- 
"9843242 
*987,1129 
*989,4145- 
*991,3138 
*992,8807 
*994,1726 


| 995.2369 


*996,1130 
*996,8333 
*997,4247 
*997,9097 
*998,3068 
‘998.6313 


| ‘998,8961 


*999,1118 
*999,2871 
*999,4292 
*999,5443 
*999,6371 
*999,7119 
*999,7719 








31 
15°0 


*4014,74557 


| *500,0000 


*706,9675+ 
*779,9617 


| *828,4366 


*863,7871 
*890,6955* 
*911,6846 
*928,3127 


Normal n= | 30 | 31 | Normal 
Curve $(n-1)= | 14°5 | 15°0 Curve 
; r ek 1 
S.D.= B (3,4 (—1))= | -4694,9840 | -4614,7455+ | S.D.=—— 
28 | 28 
N } N 
2 2 eee 
| *800,0000 7°35 | °53846 | °999,7719 | *999,8189 | °999,9484 
~ | | 
*702,5733 1°36) °56250°| -999,8200 "999,8582 | *999,9639 
775,1541 § °37 "58730 *999,8584 *999,8893 | °999,9750- | 
*823,9646 [1°38 | 61290 | -999.8890 *999,9140 *999,9828 
*859,9564 |°39 |} °63934 | -999,9133 *999,9333 *999,9884 
*887,6174 | 40) °66667 | -999,9325+ | -999,9485+ | *999,9922 
*909,3682 J °41 | °69492 | *999,9477 *999,9604 *999,9948 


| 


*941,6255-| 


952,3633 
*961,0707 
*968,1592 
61 





*988,3462 
*990,4861 
*992,2414 
*993,6807 
-994,8601 


*995,8257 


| *996,6154 
| °997,2606 
| ‘997,7870 


*998,2157 
*998,5645- 
‘998.8476 
*999,0770 
“9992626 
*999,4123 


| -999,5329 


| *999,6298 


*999,7074 
*999,7694 
*999,8189 





















926,7120 | -42| ‘72414 | -999,9596 
940,6649 | -43 | °75439 | -999,9689 
*951,9538 | 44 | 71 *999,9762 
‘961,1200 }-45| -81818 | -999,9819 


*999,9697 
*999,9769 | 
*999,9825- 
*999,9867 


*999,9966 
*999,9978 
*999,9986 
*999,9992 





‘968.5777 | °46 *85185+| -999,9862 
| *974,6504 | °47/| ‘88679 | -999,9896 | -999,9925+ | -999,9997 
°979,5952 | -48| -92308 | -999,9922 *999,9944 *999,9998 


| *983,6187 
| ‘986,8879 | 50 | 1:00000 | -999,9957 


| °991,6847 | °52 


| °997,5248 9°57 | 


| 
| 
| 
| 


| °999,3547 | 62 | 1°63158 *999,9999 


| *999,6400 


| °999,8979 


*49 “96078 *999,9942 *999,9959 


-999,9970 


*999,9999 


| 
| 
-999,9900 | -999,9995- 
} 
| 
| 
| *999,9999 


*999,9978 |1-000,0000 


*989,5393 59 | | 
*999,9984 | 


1°04081 *999,9968 

108333 *999,9976 
*993,4158 7°53) 1°12766 | -999,9983 “999.9988 

l *999,9992 

l "999,9994 | 


*994,8083 °17391 *999,9987 
*995,9245-4 °55 *22222 *999,9991 


*996,8159 | °56 | 1°27273 | -999,9994 *999,9996 

1°32558 | *999,9995t | -999,9997 

*998,0860 }°58 | 1°38095+| -999,9997 ‘999,9998 

*998,5282 1°43902 | ‘999,9998 *999,9999 
| 


*998,8749 | °60 “50000 | 999.9998 *999,9999 


*999,1452 | 61 | 1°56410 *999,9999 *999,9999 
1-000,0000 
*999,5163 [°63 | 1°70270 |1°000,0000 /|1°000,0000 


*999,7340 
*999,8050- 


*999,8583 | 


*999,9271 
*999,9484 




















00) 1 
01) 1 
02/1 
03 | 1 
04} 1 
05} 1 
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TABLE II. Values of ¥,(n) and &Y, (n) from «="00 to ‘10. 
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00 | 
‘01 | 
02 | 








‘10 | 


00 


01 
I 
1-03 
|o4 
405 
106 
107 

O08 


09 
10 


) 


l 
] 
1 


1 


-318,3099 
-318,8428 
‘3193806 
*319,9233 
-320,4711 
*321,0240 
*321,5821 
*322,1456 
*322,7145+ 
-323,2889 
*323,8690 


n=8& 


*018,5916 
*010,1415+ 


001, 7675+ 
-993,4694 
*985,2468 
977,0995+ 
-969,0273 
*961,0297 
*953,1067 
*945,2578 
-937,4828 


n=14 


*411,0360 


01 | 1-385,5134 
)02 | 1°360,6719 


03 | 








‘04 | 


| 
1 


1 
1 
1 
1 
1 
1 


11 
|1 
| & 
|] 


1 


— a | 


1 


*336,4947 
‘312.9651 
I: 

1°2 
1’ 
1° 
1° 
1°184,4970 


290,0668 
67,7839 
246,1006 
225,0017 
204,4720 


n=20 


*716,2284 
668,6793 
*623,2193 
*579,7531 
*538,1894 
“498.4410 
*460,4243 
*424.0591 


389,2691 


‘355,9809 
*324,1247 


n=26 


*974,8689 
‘901 4972 
832.5 





767.8342 


*706,9755+ 


£05 | 1-649,7509 


06 
07 | 









1°545,2 2607 


08 | 1°497,5617 


” 
| 


| 1: 
l 


452.6281 
“410,277 72 


2 


6986 
6812 
6642 
6476 
6313 
6153 
5997 
5843 
5693 
5546 
5402 


& 


21886 
20891 
19938 
19026 
18152 
17316 
16516 
15751 
15019 
14319 
13650+ 


82 
47711 
44578 
41647 
38905+ 


36341 
33943 
31703 


29609 
27654 
25828 


24123 


pd feed fod fmf 


i ee ae 








n=3 32 
*500,0000 0 
*500,0000 0 | 
*500,0000 0 | 
*500,0000 0 | 
-500,0000 0 | 
*500,0000 0 
*500,0000 0 
-500,0000 0 | 
-500,0000 0 | 
-500,0000 0 
*500,0000 0 

ou € 

u=9 82 | 
°093,7500 1312 
082,8780 1303 
°072,1362 1294 
°061,5239 1284 
*051,0400  =1275 
-040,6836 1266 

1°030,4538 1256 
1°020,3495+ 1247 
1°010,3700 1237 
1°000,5142 1228 
*990,7812 1219 
n=15 32 
-446,3086 8799 
°437,4182 8550- 
*409,3827 8307 
*382,1780 8070 | 
*355,7802 7839 
330, 1664 7613 
-305,3138 7392 
°281,2005- 7177 
*257,8049 6967 
*235,1059 6762 
*213,0852 6562 
n=21 52 
1°761,9705* 25379 
1°710,3591 24138 
1°661,1615+ 22955- 
1°614,2594 21827 
1°569,5399 20751 
1°526,8955- 197257 
1:486,2236 18747 
1°447,4264 17816 
1°410,4108 16928 
1°375,0880 16083 


-014,7532 


-341,3735- 15278 


n=27 


& 


53212 


1-936,7603 49541 
1:863,7216 46120 
1°795,2948 42932 
1°731,1612 39962 
1°671,0237 37196 
1°614,6059 34622 
1°561,6503 32225+ 
1°511,9172 29996 
1°465,1836 27921 | 
1°421,2422 


25992 








n=4 


*636,6198 
*635,5572 
634,4913 
*633,4222 
*632,3498 
-631,2741 
*630,1950+ 
°629,1125+ 
*628,0266 
*626,9372 
625,8443 


n=10 


"164,1047 
*150,6250 
-137,3468 
-124,2680 
-111,3864 
-098,6998 


086,2062 
-073,9033 
°061,7891 
-049,8615- 
*038,1182 


n=16 


°519,5773 


“487, 1906 
8560 





*425,5400 
*396,2100 
*367,8343 


'340,3820 


*313,8232 
288, 1287 
-263,2702 
-239,2201 


n= 22 


*806,5563 
*750,7817 
*697,7730 
‘647, 3852 
*599,4806 
*553,9286 
*5 10,6049 
*469,3916 
*430,1769 
*392,8545- 
*357,3237 


n=28 


*053,8637 
-971,1660 
*893,9489 
*821,8157 
*754,3985- 
*691,3557 


632,3706 


*577,1493 


525,4195- 


-476,9286 
-431,4428 





2037 | 
2015+ 
1994 | 
1972 
1951 
1929 
1908 
1887 
1865+ 
1844 
1823 


ge | 


10866 

10521 

10186 
9860 
9543 
9234 
8934 
8643 
8360 
8085- 
7817 


82 
29182 
27658 

26 209 


21104 
19985+ 
18924 
17917 
16961 


& 


59075- 
54805+ 
50840 
47160 
43744 
40576 
37638 
34915- 
32390 
30050+| 
27883 | 





pt peed ped fd ped pee | 


n=5 


$2 
| *750,0000 0 
*747,5000 0 
*745,0000 0 
*742,5000 0 
*740,0000 0 
*737,5000 0 
*735,0000 0 
*732,5000 0 
*730,0000 0 
*727,5000 0 
*725,0000 0 
n=11 32 
-230,4688 2953 
°214,2095- 2911 
*198,2413 2869 
"182.5600 2828 
*167,1616 2787 
"152,0419 2746 
*137,1968 2706 
"122,6223 2666 
"108.3144 2626 
°094,2690 2587 
“0804824 2548 
017 32 
1°571,0449 13198 
1°535,0392 12734 
1°500,3070 12284 
1°466,8031 11848 
1°434,4841 11426 
1°403,3077 11017 
1°373,2330 10621 
1°344,2204 10238 
1°316,2317 9867 
1°289,2296 9508 
1°263,1782 9160 
n= 23 32 
1°850,0690 33310 
1°790,0339 31458 
1°733,1444 29704 
1°679,2253 28044 
1°628,1107 26473 
1°579,6433 24988 
1°533,6748 23583 
1°490,0645+ 22255- 
1°448,6788 21000 
1°409,3950- 19814 
1°372,0916 18693 
n=29 o2 
2°092,2437 65310 
2°004,7599 60375- 
1°923,3135+ 55809 
1°847,4480 51587 
1°776,7412 47685- 
1°710,8029 44079 
1°649,2725+ 40748 
1°591,8169 37672 
1°538,1286 34832 
1°487,9234 32210 
1°440,9392 29799 





1 
1 
1 
1 
1 


‘848,8264 
“844.5886 
“840.3636 
*836,1515—- 
*831,9% 
*827,7658 





*823,5924 
*819,4320 
*815,2847 
*811,1505+ 
*807,0295-— 


n=12 


293,4497 
274,2505- 


*255,4514 
*237,0455- 
*219,0255 ¢ 
*201,3846 


*184,1157 
“167, 
*150,6672 
*134,4742 
*118,6265+ 


2122 


620, 8824 


581,1403 


*542,9177 


506,1557 


"470,7975— 
-436,7882 
-404,0749 
*372,6065- 
‘3423338 
*313,2094 
-285,1876 


*709,8644 
*655,5183 
-604,1316 
“555, 5285 ° 
*509,5432 
*466,0199 
424, 8115+ 
*385,7800 


n=30 


*129,9327 
(037,5836 
*951,8597 
*872,2384 


798,2384 
729,4164 


*665,3645+ 
“605, 7073 
*590,0994 
*498,2231 
449, 7862 


15808 
1512+ 
14606 
14038 
13489 
12960 


12449 
11957 
11483 
11025+ 
10585- 


82 


37768 
35541 
33440 
31460 
29594 
27835+ 
26178 
24619 
23150*% 
21768 
20468 


§ 
71925- 
66252 
61026 
56213 
51780 
47701 
43947 
40493 
37316 
34395+ 
31709 


82 
*937,5000 375 
*931,2688 375 
*925,0750 375 
“918.9188 375 
*§12,8000 375 
*906,7188 375 
*900,6750 375 
*894,6688 375 
*888 7000 375 
*882,7688 375 
"876,87: 50 375 
n=13 32 
1°353,5156 5415 
1°331,2258 5299 
1°309,4659 5186 
1°288,2246 5074 
1°267,4907 4964 
1°247,2532 4856 
1°227,5014 4750+ 
1°208,2245+ 4645+ 
|} 1°189,4123 4543 
1°171,0543 4441 
1°153,1404 4342 
n ve ” 32 
1°669,2352 18698 
1°625,6438 17912 
1°583,8437 17156 
1°543,7591 16430 
1°505,3176 15731 
1°468,4491 15060 
1°433,0868 14416 
1°399,1659 13797 
1°366,6248 13202 
1°335,4038 12631 
1°305,4459 12083 
n= 25 











1°934,1631 42566 
1°865,3265- 39913 
1°800,4812 37421 
1°739,3779 35081 
1°681,7828 32884 
1°627,4760 30822 


1°576,2515- 28887 
1°527,9156 27072 
1°482,2869 25370 
1°439,1953  23775+ 
1°398,4812 22280 


n=31 82 
2°1 166,9667 78923 
2°069,6752 72442 
1°979,6279 66493 
1°896,2299 61034 
1°818,9353 56028 
1°747,2434 51437 
1°680,6952 47229 
1°618,8699 43372 
1°561,3818 39838 
1°507,8776 36601 
1°458,0335- 33636 























ON THE APPLICATION OF CONTINUED FRACTIONS 

TO THE EVALUATION OF CERTAIN INTEGRALS, WITH 

SPECIAL REFERENCE TO THE INCOMPLETE BETA- 
FUNCTION. 


By J. H. MULLER, MSc. 


(i) THE subject of the present short paper was suggested by the lectures of 
Professor Pearson on “ Laplace.” 
eo 


Laplace considers | e-“ dt or the incomplete integral of a normal curve whose 
t 


= a ] 
area = Var and standard deviation = =>: 
V2 2 


Let z ‘e-@ dt 


lf 


Peg er..1.8.¢° 3.3:5.6° . 3.8.5 Tr 
— 94 ~ Bat ox re 

e* | 1 Rue  £co.o (-1)'1.3.5...(2r—-1) 
= 1 : 

2t | eT (2p (208 baci! (2¢)° 

(—1)*#1.3...(2r+t-1) . 
+ Qrtte a < — ; 
put q= oa 





lh=- = (L-g+1.3.q-1.3.5.¢4...} 
er 


This is the series considered by Laplace. It is ultimately divergent, but, for 
large values of ¢ or small values of g, a very accurate approximation to Ig may be 
obtained by summing the terms before the point of divergence is reached. 


We write S=1-—q4+1.3.@—1.3.5.9'+.... 
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l q L.3.¢ \ 
Let t) = .(1- Ke SD Pare A), 
ra —w - d tie 
= Yx+ Yet + y3t* ee + You + Yoiot**t Te sew ‘nahonankemal (B). 
_ l 
From (B) q ae = Yo t+ Wyst + ... +(H+1) GYxpeb? +... ..cceeccesseceees (C). 
q 1.3.¢ 1.3.5.¢ 


; dd 
From (A) i a—-t (— tat (1 —t)® 


=1-(1-t)¢(¢) 
= 1—(1—t) {yt yott+ ys? t+... + yey l® +...} eee. (D), 


equating coefficients of ¢” in (C) and (D). 





. GCG 1) Yuse™ — Yost + Ye --e.eseccccecsssccrecses (E). 
Yx ~ 1 +q (a+ 1) 222. 
Ya re | Yat 
Yutt age 1 
Ux 1 = q (a oe 1) Yu+2 
Yu+l 
Wy 1 
== tf 
Y 1+ a 2q 9 
+ L+ eq 
i ee 
y1 is the term in (A) or (B) independent of ¢ 
=] —q+1.3.¢- Joe See 
In (E) put q=0. .. yo= Yo = 1. 
9 
S a T. k (F). 


a ES ee 


This is the continued fraction obtained by Laplace : 





4 . e . 
= = “" in the usual notation, 


1 
4(l-a,) 1 , 1 
or 2 *"=—.S, where q=>- 
Sn x x 
This form of the continued fraction (F) has recently been employed in the 
Biometric Laboratory, in checking tables of 


4 (1 —-a@,) 


Biometrika xxi . 19 











286 Application of Continued Fractions to Certain Integrals 


When #=4, —.S = 236,652,383 correct to 9 places is obtained by using 
a d 
15 convergents of (F). 


A well-known method of converting series of such a type as S into a continued 
fraction is the following : 


Let s =(—1)'H41.3... (2r+ 1) qg7™4+(- 1771.3... (2r4+3) qr? +..., 
Spy = (— 1) 1.3... (2r +38) grt? + (— 181.3... (2r +5) gr +.... 
8p — Spy =(—1)711.3...(2r +1) q**, 
and 8,4 — S$ =(—1)"1.8...(2r—1)¢. 


8, — Sy 
rt? = —(2r +1)¢. 


Sy—1 — Sr 
Sy41 (Sp1 
y — 8 (2p 41 +4}. 
S; ( * q\ S> / 
cs (27+ 1) q 
= Sr41- 
ua (2r+1)q-1 i Bee 
49 39 Be te nentaenen (G) 
S_1 = a | q 7 
ag ~- i+ Bq — i+ q 
iq 1+ 
So = —q+1.3.¢@—...=S-1, 
sy=1—q4+1.3.¢ =N. 
ok 
S IS given by ( 1). 
S= qd Bq 
1—q-1+ 


3g —1+... 
This type of continued fraction may be termed the “ equivalent” fraction. 


The n“ convergent of this continued fraction exactly reproduces n terms of the 
series. 

(ii) Besides the Incomplete Normal Curve Integral, two other most interesting 
functions in statistical analysis are the incomplete Beta and Gamma functions. 

Series and their equivalent fractions, analogous to (G), may easily be found for 
these functions. 


Let Fi(n ) = | e “ada “aw>dod 
“x 


=e -*y" +n F(n —1) 


=¢e~* x" I) + : + = x . sy ote nis on! enh =a "eal dal. 
| x a* ern" Ja ) 
' ] 
Consider S=1+nt+n(n—1)#+..., where t= 


av 
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This is a terminating series if x be integral, but ultimately diverges if n be 
o fo} J > 
n) 


fractional. If # is large compared to n a very good approximation to 
5 J 5 eta" 





may be 


obtained by summation of the terms before the point of divergence is reached. 


Let Ss =n(n—1)...Qn—r +1) 4+n(n—-1)...(Qn—rjytts.... 


wa cin ~ ot Tt 
Sp-1— Sy, 
(n—r+1)t22=(n—-1 sist ==, 
Sy; Ss; 
Sy (n—r+1)t 
=> —_ Syi1- 
S41 1l+(n—r+1)t—- 
‘ S; 
S=l+ntt+tn(n—1)?+..., 
$1 = Sg— 1. 
put r=1. 
So—1_ nt (n—1)¢é sel... (H), 
So l+nt—1l4+(n—1)t-—14+(n—-2)t—- 
1 
and So = : 
1-—(H) 
(ii) Let B..(u, v) = a1(1 —2x) "dx 
/~ 0 
a oe | rx 
=- (1— 2) - ‘| a (l—a) dx 
u u Io 
a —1 
=— (l—«2)1+ ae B,(u+1, v-1); 
u u 
x B,.(u, v 
put l-—z=y, ae and J,,(u,v)= ca ° 
gey j—J (v—1)(v— 2). 
Hence ti i A 2 
om = (%, ¥) uBy(u, v) | + oat * (w41) (u +2) 


y— 1) (v—-—2)...(0—s 4+ 1) ) 
(2 dQ \...(v—st+ etal iute, ee 


(w+1)(w+2)...(u+s—1) j 
If v be an integer (s) the series terminates after s terms and [,,(u, v) becomes 


aty (v —1)(v—2)...2.1 ~ 2 (1); 


‘ii v—1 
——t+... aes 
ub, (u, 7 * el a * +1)(w+2)...(u+v—1) ) 
put k=u+v-—1, then the first » terms of 


k} 


k—2 5,2 
j1a-g)" ¥t 


(x + yy _— ak + kak-ly 4 
kh} gk-v+8 yr? k! 
; ‘ £ ak +1, v—1 
+ —2)1(k—-v4+2)! (v—1)!(k-v+1)! J 


19—2 
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Writing the terms backwards, the first v terms 


bag ki! 
ial (v—l1)!u! 
v—I (v—1)(v—2},, (v—1)! vant 
+1 t P+..4+- r. 
a ees, + (u+1)(u+2) (w+1)(u+2)...(utu—1) } 


Hence if v is an integer 
I, (u, v) = first v terms of (a+ y), 
where k=ut+v-1, y=1-z. 
(See Karl Pearson, Biometrika, Vol. Xv1. p. 202, and Soper in Tracts for Computers, 
No. vii.) 
vy v(v—-1) v(v—1)...(v-—9r 
Let f= -+ ( t+ ...+ ( ( dire. 
u u(ut+il) u(w+1)...(u+r) 
v(v—1)...(e- ) v(v—1)...v—r—- L) ett 
u(ut+l)...(u+r) u(wt+tl)...(u+r4+1) 
v(v- 1). W=7) » 


ee 

















Sp— Sp = 
u(wtl)... (utr) 
v(v—1)...(v—r4t+]) a 
Sp-1 >= \ t" 
u(u+1)...(u+r—1) 
7 _ Srtt v—7 ‘(= - 1) 
S> + FT S; , 
v—? 
S, wut+r 
or = 
Sy—1 doa Sr+1 
utr S, 
v-l, v—] 
. ——9 5 
= = say 
So v—1 So 1 i 
+ == 
u+] Sy 
Ss=s’ and ae —-. 
u 
y—] 2 
u+] vu 
| — =— 
A So 
—1 
a ut+] v (So+1 
Bi - 
“u A =( So 
z y—1 y—2 
—— t 
So u u+ u+2 (J) 
l+% 1, - bo toe ? 0-2, p eee coscccececes Jv). 
u ut+l  w+2 
s F 
If =F, then y= 


f ; 
1+ 5, 1-F 
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It is therefore seen that continued fractions (G), (H) and (1) of the “ Equivalent” 
type are obtained for the “Normal Integral,” the “Gamma Function” and the 
“Beta Function” series. In the Normal series, another type of continued fraction 
(F) was obtained by Laplace. It appeared desirable to investigate whether a 
similar type to (F) also exists for the Gamma and Beta Function series. 

In my investigations I found that another class had actually been found for the 
Gamma Function (De Morgan, Differential Calculus, p. 590). 


De Morgan finds for 


n n(n—-1 n(n—1)(n— 2) 
Pee tek ts Fh : + 
x x” x 
the continued fraction 
n 1 l—-n 2 2-n 38 3-—n 
Ee Ae a S.. e- ..(R). 
1l- ] l + 1 1+ 14+1+ 


Finally I came across an important paper of Thomas Muir, “New General 
Formulae for the Transformation of Infinite Series into Continued Fractions,” 
Transactions of the Royai Society of Edinburgh, Vol. Xxvul. p. 467. 

F 1 x Sf 
Assume 14+ Byaet+ Boat t+...= ees 
y+ Ag+ Ugt+ 
where @, dg,... are independent of a. a, dz,... are then obtained in the form of 
determinants in B,, By, ... by equating coefficients of like powers of z. Thus 
1+ Bye t+ Boa*® + Bga? +... 
ian 7 Bit Box Bsa By Bye Prise Bs Bex BaBzx 
l1—1—~i-PBe— Bs— Ba-— Bs— Be- 
where the values of 8;, 82, 83, Ba, ... are given by 
B,, | 1B F B, Be), 1 B, Be), | By Be Bs}, 
| | | 
B, Bg | | Bs Bs | | B, Bs Bs | | Bs Bs B, 
B, Bz By} | 


..(L), 








| 

By Bs Bs By | By B, RB, B, | 
By Bs B, B; | | Bs By Bs Bs | 
| Bs B, B,; Be| | By By Be By | 


This method I applied to the Normal series 
S=1—#4+1.32*-1.3. 5a°+..., 
and found B,=-—1, B,=1.3, 
Bz=-1.3.5 B= 1.3.6.7 
B= = 1 S.507 S. d= 1.5.5.0 9.48, 
The values found from the determinants were 
1=1, Bo=2, Bs=6, Bi=48, PB; =—45.16, Bg=45.48.16, A, = 28.34. 5%. 


to 
~I 
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On substituting these values and simplifying, 
1 aw Qe 3a 4x 5x 
ey Si +e isieie” 

i.e. the same form as Laplace’s. Compare (F). 

This method was next applied to the Gamma Function series 

S=lL+nt+n(n-—1)?+n(n—-1)(m—2)@+.... 

Hence By=n, By=n(n—1), Bgs=n(n—1)(n— 2),.... 

The values found from the determinants were 


Bi=n, Be=—n, Bs=—n?(n—1), Bya=—2n?(n—-1), B5=—2n3?(n—1)? (n— 2). 
: , , l : 
Substituting these values, and putting t=—, we find 
£ 


nm 11—-n 2 2—n 
[2s @ 2 2 sf 
1-34 4s 0% F% 14+ 
which is the same as De Morgan’s form. Compare (K). 

Tables of the Incomplete Beta Function B,(u,v) are at present being com- 
puted ; such tables are of necessity limited, and it therefore seems highly important 
to investigate every channel which may lead to values of this function, as such 
may be of assistance in the actual computation of the tables, or in obtaining values 
outside their range. 

Attempts to obtain a continued fraction of Laplace’s or De Morgan’s type, by 
employing their methods, were unsuccessful. Muir's method was then applied to 


the series (see (1) above) 


: aan _—— 
ead ois ae, | 
u+ | (w+ 1)(u+2) 
x Hi . 
where ba mae ? 


Further let k=u+tv-—1, w= on . 
utr 


The following values were found: 


(k+1)uy 
(u+l)(u+2) 
(ki +1) 2,7 U0 
Bs = — —— : 
(w+ 2)(w+3) 
2(k+1)? (k+ 2) uy? Ue 


fe. am 
v 


2 


Pi = M4, 
! 


Aa= — (w+ 1)(u+ 2? (u+3)(u+4)’ 

) 2 (hk +1)? (kh + 2) ug3 us? ug 

aad (u+2)(u+3)(u+ 4)? (ut 5)’ 

Bs 2. 3. (k+1(k+22(k +3) uPutus 


~ (ut L)(u +2) (wu +3) (ut+ 43 (u+ 5? (u4+ 6)’ 
BAB RAL (+2) (E+ 8) urd ug? ug? ng 
st (U2) (Wt BP (+ 43 (w+ 58 (a + 6) (U+ 7) 








Se 
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Substituting these values in (L) we find if 


[ v"1(1-—2) dx 





l= Bey pl 
1( > | a1] —azyodax 
#70 
ae by bs bs by 
that | ey n= 0| ] + 1 + i — SOrerrrrrrrrr errr ret et (M), 
shar te an y" — wt »,0—1 P(k+ 1) 
where "Sea y D(ut+1)P(v)’ 
by = i. 
bo = — uyt, 
(k+1) 
3 


~ (a +1) (u +2) ; 
(uw+1)(u+2) 
J 





_ 


— +——_—__—— tgt, 
(u+2)(u+3) ~ 

- 2(k + 2) 

o (wu +3) (ut 4)” 
(u+2)(u+3) 

be = — =, Usl, 
(w+ 4)(u+5) 

; 3(k+3) 

dy = > 

“(w+ 5)(ut+ 6) 
(u+3)(u+4) 

bg = — 5 — ugt, 
(u+6) (w+ 7) 

oe (utr—1)(ut+r) a 


? 
= (u+2r—2)(u+2r—1) 
I r(k+r) 

er+1 = ; 
(w+ 2r—1)(uw+2r) 

This I believe to be a new expression for the Incomplete B-function. In com- 
puting any value /,(u, v), there is an alternative given by I, (u, v)=1—T,(v, u). 
From general considerations it appears that the particular form to be selected 
should be that which does not require the binomial (a+y)* to be summed 
through its largest term. 

The largest term of this binomial is the (r+1)", where r is the greatest 
integer consistent with 

y(k+1) 
: > 
“+y 
With integration to the mode, there are two courses, (a) from the left of the 


mode, (b) from the right of the mode. Consider 


r or y(ut+r)>?r, since «+y=l1. 


I,(u, v) and [,(v, vw), w<v (u,v >1). 
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In the associated frequency distribution of J, (wu, v), the mode is between the 
origin and the mean, and the distance of the mode from the origin is 


u—1 ante 

ies oy 

(v—1)(u+v) _ 2(v—1) 
y(ut+v)= ea = ‘ta 


=v +a positive fraction. 
Therefore the (v+1)™ term is the largest in the binomial. 
Considering J, (v, u), the mean is between the mode and the origin. If integra- 
tion to the mode be attempted, the greatest term of the binomial is given by 





2(u—1) 
u—1+—— >, 
utu—2 
i.e. u—a positive fraction >r. 


Therefore the u‘ term is the largest. 

In computing the value of J,,(u, v) from the continued fraction, it is necessary 
first to calculate the values of the b’s; this is very simply done on a calculating 
machine. Since 

(w+r)(utr—1)=(utr—1)(utr—2)4+2(u4+r—-1), 
the denominators of bs, by, ... can be computed continuously for a long series, 


° ° ° : xv . 
and each value so obtained multiplied by 1 —«, since t= i ; this stage completes 


the calculation of denominators. wu, contains a factor u+7, which cancels out. 
The numerators will be already in part found, or can be easily calculated. 
If the xn convergent of the continued fraction be Pn 
dn 
n=l, pe=1, a= i, g2=1+ be; 
further values are given by pp = Pn—1+ OnPn—2z and Gn = Jn—1 t+ On dn-z- 
Successive values of p, and q, are therefore continuously obtained. In the 
other or “equivalent” type of continued fraction 
in by bs 


3 


[+3,-144,-144-°"" compare (J). 


It is easily seen that A= bi, n= l +b, p2o= by ( 1 + be), q2= 1 + pa, and generally 
Qn = 1+ pn. 
. , . , 
The n™ convergent | Pn_ Pn 


and the series to 2 terms is 


1 am a . Pa> 


where Pn = (1 + bn) Pra — On pune 
Pa-1 +O, (pr 1— Pn-2), 
put gol 
and [,(u, v) = — Y x Pe, 


~ v. By (a, v) 


if n terms of the series be taken to represent J, (u, v) approximately. 
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In the Tables on pp. 293 


the values found by “Weddling.” 


Application of Continued Fractions to Certain Integrals 


detail. 








4 I have compared the convergence of the two types 
of continued fractions (distinguished as the “ New” and “ Equivalent” Types*) to 


Other Illustrations of the Degree of Approximation of the method. 


First values given by Weddling: 


New (3 


Equiv. ,, 


New (4) 
Equiv. , 
New (7) 
Equiv. ,, 
New (8 
Equiv. _,, 
New (9 
Equiv. ” 
” \ 12 
* (15 


7.,(113, 101 


New 3 
Equiv. s 
New (4 
Equiv. 

New 7 
Equiv. 

New 8 
Equiv. 

New (Ill 
Equiv. ,, 


New (12 
Equiv. ,, 
New (15 
Equiv. , 
New 16 
Equiv. ,, 
New 19 


Equiv. 
- (25 
(30 
I. (81, 21) 
New 3 
Equiv. 
New | 
Equiv. , 
New (7 
Equiv. 


equivalent to summing a series in which the function is expanded. 


In one case the computation is illustrated in 


“ New,” “ Equiv.” = values given by New and Equivalent Types of Continued Fractions. 
(n) denotes number of convergents. 


‘0013 3410 


‘0013 7 
‘OO11 1 


‘0013 30 


‘0012 2 


‘0013 3425 


‘0013 20 


‘0013 3407 


“0013 28 


0013 3409 
“0013 312 
‘0013 339 
‘0013 3409 


2055 0427 


"2687 
‘O97 
‘1778 
"126 
*2108 
"163 
*2028 
"178 
"2059 
“196 
*2053 
“1988 
*2055 3 
*2036 


*2055 49 


210426 


"2055 O45 


*2052 1 


*2054 95 


*2055 040 


‘0000 1221 


‘0000 1227 
‘0000 1175 
“0000 1219 
“0000 1207 
“0000 1220 
“0000 1220 








Ty (21, 81) 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiy. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


” 


[., (81, 2 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


Equiv. 


New 


° 


"4376 
“4606 
"4567 
*4603 
"4585 
*4604 01 
“4602 1 
*4603 9773 
*4603 2 
*4603 9834 
*4603 66 
*4603 9824 


"DAD 
"284 
*263 
“3600 
*D99 
497 
“494 
‘D17 
"543 
"538 
537 
"D388 6 
"5397 2 
"D395 86 
“D395 0 
*5395 98 
"5396 038 
5396 O1D4 
"5395 9982 
*5396 O154 
*5396 0129 


“4603 9850 


*5396 O150 





Tigg (55, 91 
New (3) 
» & 
- (7) 
= (8) 
on VER 

» (12) 

-, tee 
ww. tee 
= (aan 
9, (20) 
ag (ae 
(24 


*5381 5900 


1°63 





*DB81 595 
"D381 587 


“4618 4100 


"46150 
“4618 7 
‘4618 24 
"4618 416 
‘4618 402 
“4618 408 


“1017 1400 
“1161 
“0966 5 
°1022 5 
“10149 
*1017 32 
*1017 033 
“1017 144 
“1017 1374 
“1017 1398 








New (3) 
, 
i AS 
ee 
(8 
os * 
«. TR) 
» (12 
ws. Cee 
” (16) 
» (19) 
4.7 (81, 21 
New (3) 
» (4) 
we ORE 
» (8) 
» (ll 
wy» em) 
T42 (21, 81 
New (3) 
= 
(7 
8 
(9) 
+ (eo 
» (LI 
12) 


*O141 902 


01469 
‘01408 
*0141 935 
“O141 892 
‘0141 9018 
“0141 9015 


“0081 6185 


‘0083 
*OO81 5 
‘0081 6204 
‘OO81L 6182 
*OO81 6184 
“OOSL 6185 5 
‘OO81 6185 41 | 
0081 6185 38 | 


The term “Equivalent” is used to denote that the continued fraction method applied is really 


means of achieving this. 


It merely provides an orderly 
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v—-r+l1 


— t, see (J). 
u+tr—l » Bee (4) 


In the Equivalent Type, db; = ~ , = 


The value of b, in the New Type is given by (M). 
The frequency distributions considered were given by 
y= yoo" (1-2), 


where u= 91, v= 55, Mode=°625, Mean=°623, s.p.=°040, 











u=113, v=101l, Mode=°5283, Mean=°5280, s.p.=°034, 
( 
u= 81, v= 21, Mode='800, Mean="794, s.p.='040. 
: For J(u, v) as the sum of the first » terms of (# + y)"*"" I have taken 
x | 308 | 332 | 38; °5 | 572) 62) 5 | 2) 6) 7 | 81°12 
| | w| 55 | 55 | 55] 91 | 91 | 91]113| 21/81] 81 |81| 21 
v| 91 | 91 | 91| 55 | 55 | 55/101 | 81) 21) 21 | 21) 81 
No. of largest | 73 | | 112 | 
term of the 102 | 98 | 91 land} 63 | 56 | and | 82 | 62) 31 | 21/| 90 
, binomial | | 74 113 | 
Vis = N . the? a 
l Dist. from Lode \ 15 1 0 3 i 1 s|lolslaslols3 
in terms of S.D. | | 
{ It will also be noticed that the values obtained by the New Type of c.r. are 
in pairs less and greater than J, (u, v). 
The following convergents are above the true value: 2, 3, 6, 7, 10, 11, 14, 15, 
18, 19, 22, 23, ete. 
The other convergents are below the true value. This is a necessary con- 
l ; : : ; oe b, be db: , 
{ sequence of the form of the continued fraction 1 2 “S .. when the even b’s 
1+1+1+ 
— are negative and less than unity. As we do not integrate beyond the mode of the 
7 | , eT ’ u—I —— : : x u—tl 
5 | distribution # = , it follows that the maximum value of ¢ or ~= i 
: utv—2 y vw 
t] ‘ 
38 | ; v—l-e v—l1)(u-—1l) u-1 
‘ . Max. value of | be| = m. ( = 2a: 
utly (ut+tI1)(~~-1) wt] 
| ] .". In all cases | be | et. 
[ .. All even |bs|< a 
Tt is a great advantage of the New Type that narrow limits, within which J, 
lies, are soon obtained. 
To illustrate the application of the New Type of continued fraction, I have 
} chosen the more difficult examples ; in several cases I have integrated the distri- 
bution as far as the mode; in one case, Igg (55, 91), slightly beyond the mode. 
My attempts to find a value of the remainder after computing n convergents 
have not been successful. 
| Turning to the expression (L) it will be noticed that if By, Baia, Baye, ... =0 
the continued fraction terminates. The influence of the vanishing of B,, Bass, ..., 
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is felt in the (n +1)" convergent and onward, i.e. in By, Bny1, ---, but not till we 
reach Bon_1, Sen—2, --. are these constants actually zero, and the continued fraction 
only terminates after 2n — 1 convergents. Hence if the series has n terms, the New 
Type of continued fraction terminates after 2n — 1 convergents, though the effect 
after the n™ of zero 8-terms is already felt in the (n + 1) convergent. 

The continued fraction terminating after 2n—1 convergents will exactly 
reproduce the series. In taking n convergents of the continued fraction, exactly 
n terms of the series are reproduced, together with an approximation for the 
further terms, this approximation depending on the form of the terms of the series, 
previous to n. 

In the Equivalent Type, the n convergent exactly reproduces n terms and no 
approximation to further terms (supposing them to exist) is obtained. If the 
series has only n terms, n terms of this type of C.F. exactly reproduce the series. 

In terminating series, a point is thus ultimately reached after which the 
Equivalent Type converges more rapidly to the true value than the New Type 
does, Such a point may, however, be so far off that less convergents of the New 
Type may be necessary in order to obtain the required degree of accuracy. 

In the foregoing, it has been assumed that wu and v are integral. If v be not 
integral the expansion of I, (u, v) (by integration by parts, raising u and lowering v) 
ultimately diverges for « >}, if continued ad infinitum. 

Another expansion, “raising u,” may be obtained, 

I ™ C(ut+v) yf utv  (utv(ut+v+l), \ 
a (u,v = Pat lr)" y | me otis aid by 
which converges for all values of # in the range 0 to 1. 

Suppose after a certain number of reductions by “Parts” we are left with 
[,,(u+ 8, v—s), before negative indices start entering. We are summing along the 
decreasing direction of the expansion, hence 


v-—S & u+s u+v 
—<l, or >«, or e< I. 

u+tsl—z U+vV Uuts 

Put w+ s=u'—1,v—s=v0'+1. By “raising” w’ we obtain 
I (u’ +0’) a! yet F ‘ u’' +y' aa (w’ + v’) (ul +’ +1) 24 ‘i 
I (u’) P(v' +1) : u’ u’ (w’ +1) ae 
= C.S’ (say) 
U+Y w’ +o’ wu’ +y’ 
a 1, 1e > e< 1, or p< 
Uu+s n —] u 
u’ +’ +0 y’ ys, wu +o’ 

Also ; =1+—,——_-< 1+ |, Le < ——s 

w+tw wu +w u u 

ul + y’ 
put r= =— & 
u 
O(14+7r4+277+...0)>C.8'’ >C(1+a2+4+47+...0), 
OC : C 
or soe > ; 
l-r l-—«z 
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; C Ie. 9G ye : 
or I, (u+s, v—s) lies between and , in value. It is simple to estimate 
—s = 
from tables of log '(«) and of ordinary logarithms whether J, (wu +s, v—s) may be 
negligible or not, within the accuracy desired for J, (w, v). 
Hence if v be not an integer, it may be advisable to estimate J, (u +s, v—s) 
v—s>O, if v=s-+a fraction. 


> 


It will be found in most cases that if u,v > 20, I, (w+ s, v—s) will prove to be 
negligible, with the proviso that we do not integrate through the mode of the 
distribution. 

If ,(u+s, v—s) be not negligible, it is not advisable to use the New Type as 
the remainder has not been found. 

A concluding remark may be made here, the two expansions for evaluating the 
Incomplete B-function due to Wishart*, while good in the neighbourhood of the 
mode or for the tails, do not give very satisfactory results for the range 1°5 to 3 times 
the standard deviation from the mode, and it is for this range that the new con- 
tinued fraction appears to give good results with fairly low convergents. 


Biometrika, Vol. x1x. p. 29, Formula (27) for areas near mode; p. 23, Formula (25) for areas near 
the tail. 














FURTHER NOTES ON THE ,? DISTRIBUTION. 


By J. NEYMAN, Pu.D. (Nencki Institute, Warsaw Scientific Society) AND 
E. S. PEARSON, D.Sc. (Galton Laboratory, University of London). 


IN a previous paper* we have discussed certain aspects of the (P, x”) Tests for 
Goodness of Fit; the following notes form an addition to that paper. They fall 
under three heads: 

(1) Use of the previous sampling results to throw light on the way in which 
the distribution of y;? is modified when certain of the groups used in the process of 
fitting a theoretical distribution to the observations are combined together in 
calculating x3. 

(2) An experimental examination of the adequacy of the y* integral in a case 
of very small samples. 

(3) The correction of an error introduced into the earlier paper in the section 
dealing with the comparison of two samples. 


In the notation previously used it is supposed that a sample of WV is classed 
into & groups containing frequencies 1, nz, ... mg, While my, mg, ... mz are a series 
of frequencies following the law 


> My tee 


m,= Nf(s; G1, de, ... &) (s=1,2 eee 
whose values depend upon the ¢ constants @, @&, ... @.; these are determined by 
fitting (1) to the sample observations. Then 


If the method of fitting be such as to make y,? a minimum, then it may be shown 
that upon certain conditions the sampling distribution of this quantity will follow 
approximately the law 
k ce 3 
 (x:”) dx:* = constant (yi) 2 e * dy? 

Two of these conditions are as follows: 

(a) That none of the expected frequencies m, shall be too small. 

(b) That the number of groups used in the process of fitting shall be the same 


as those used in calculating x”. 


Biometrika, Vol. xx4. pp. 263—294, ‘‘On the Use and Interpretation of Certain Test Criteria for 
purposes of Statistical Inference, Part II.” Dr W. F. Sheppard in a paper of about the same date published 
in the Philosophical Transactions of the Royal Society, Vol. 228 A, pp. 115—150 has also discussed very 
fully the validity of the law of equation (3), and the assumptions upon which it is based. 
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It often happens that some of the frequency groups contain very few observa- 
tions—as in the tails of many curves—yet for convenience in practice we use the 
full number of observed groups in the fitting. For simplicity this is almost essen- 
tial when using the method of moments. We are therefore placed in a dilemma. 
It is true that if we regard our problem as that of testing the hypothesis that the 
observed sample has arisen in random sampling from a population whose group 
proportions are actually the values p,=m,/N determined by fitting, then no error 
is involved in calculating x? from a reduced number of groups, say k’, and entering 
the (P, x?) Tables with n’=k’. But if we look at the problem from the point of 
view of testing the adequacy of the law of equation (1) then we must decide the 
following point. Is less error involved by taking y;? from the full number of 
groups of which some are very small (neglecting condition (a)), and referring it to 
the distribution (3), i.e. entering Elderton’s Tables with n’ =k—c; or by taking a 
x1" from a smaller number of clubbed groups, k’, of which none is too small, and 
entering the Tables with n’ =k’ —c (neglecting condition (b))? We do not propose 
to enter into the general theoretical problem, but believe as is so often the case 
that a discussion of some experimental results will throw light on the issues 
involved. 

(1) The Effect of combining Groups. 

In section (4) of our previous paper a sampling experiment was described in 
which the population law followed a cubic (c =3), and the area under the curve 
was broken into 8 groups (k =8). Random samples of 200 were drawn, the expected 
frequencies being 

Group 1 2 3 4 5 6. 
104 128 170 22: 


7 8 Total 

2 278 330 372 396 2000 
A cubic was fitted by the method of moments to each sample, the frequencies 
Mm, Mg, ... Mg Obtained, and the resulting distribution of yx," found. Within the 
errors of sampling this agreed satisfactorily with the distribution of equation (3), 
putting k=8, c=3. Suppose now that we use the same values of m obtained by 
fitting to 8 groups, but in calculating yi? club the groups together as follows : 

Case (a); k’ 

Case (b); k’ =6, groups, m+ me, m3 + mg, M5, Mg, Mz, Ng. 
<4 


Case (c); k’ =5, groups, my + mg, mg + mq, ms + Ng, Mz, Ms. 


q> 


7, groups, 221 + Mg, Mg, M4, M5, Mg, Mz, Ms. 


The resulting x3? distributions are shown in Table I, together with the theoretical 
distributions which would hold if we might use equation (3) with k=k'’, ¢=3. 
First consider the mean values of y;"; if the theory were adequate we should have 

Case (a). Mean y;2=k’ —c—1=3:000; standard error for 208 samples = 07170. 
Observed mean = 3'289. 


Case (b). Mean y,;*=k’ —c —-1=2-000 n a ee » 0139. 
Observed mean = 2311. 
Case (c). Mean y;?=k’ —-c—1=1:000 “ 5g ar »  =0098. 


Observed mean = 1°471. 











| 
z | 
x? Observation Theory | Observation Theory | Observation Theory 
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The observed values are significantly and increasingly too great. If we examine 
Table I it is seen that this shows itself most clearly in a shortage of very small 
values of x;2, At the other end of the distributions where a knowledge of the form 
of the curve is the more important in practical testing, the disagreement is not so 
marked. If we level up the most serious discrepancy by combining the first two 
groups and test for goodness of fit with the groups indicated by the bracketings, 
the values of P given at the bottom of the Table are obtained. 


TABLE I. Sampling Experiment ; Effect of combining certain Groups. 


-_ 7 
| 
| 
| 


7 Groups 6 Groups 5 Groups 


— 
1c 
'o 
—— 
~~ 
— Oo 
ww bo 
—— 
~I1 
uo 
ww 





0d ite) ie 3 
I— 3 38 37°6 | 36°5 22 5-4 
3—4 30 27°1 | 23 10 78 
4—5 21 | 18°7 | 7 5) 4-2 
5—G 16 12°5 5 | 2 a 2°3 ‘ 
6—} 8) 15 83 13-7 | af 13 2 > 13 1:3 > OD 
ie 7J an a it ie oe 5J ie) 
8—9 5 3°5 ) | 1}9 
9—10 3| 2:2 | | } | | 
10—-11 2>11 1°94 }+9°5 | | 
11—12 0| |} 9 
12-13 | A | 
| : oS fate ee 
Goodness x" 3°52 6°77 5°60 | 
of v 7 6 1 | 
Fit yg "740 °24] 136 


| 


These discrepancies are of course of the type we should expect to meet. An 
essential condition for entering the y? Tables with n’=k—c is that the y,* used 
shall be approximately the minimum value that can be obtained in fitting a distri- 
bution of the form of equation (1) to the observed frequencies classed into k groups. 
The observed values of y;? shown in Table I may now differ considerably from 
minimum values owing to our reducing the number of groups after the process of 
fitting. It is clear that some danger is involved in this procedure. 

In the paper referred to above Sheppard has specially mentioned this pointf, 
and suggested that the value of the constants found from the original tabulation 
may be used as first approximations in obtaining the values corresponding to the 
reduced grouping system. This is the ideal procedure, but it can rarely be followed 
in the course of ordinary work where a rough appreciation of the adequacy of the 
fit is all that is required. It should in fact be remembered that the groups we 
have combined in the illustration contain a large portion of the total frequency; in 
practice it is only the small tail groups of a fitted frequency curve that are usually 


* These frequencies correspond to the remaining tail area of the theoretical curves. 
+ Loe. cit. p. 144. 
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clubbed together, and the y,;? calculated from the resulting &’ groups may still 
remain nearly the minimum x;" for the new system of grouping. If so, no serious 
error is involved in entering the Tables for Goodness of Fit with this x1 and 
n’ =k’ —c. In any case we may be certain on one point—that if this process shows 
a reasonable fit we may be content, since the true minimum y;’ would show a 
better fit still. 


(2) The Case of very small Samples. 

The manner in which the x? integral fails when the group frequencies become 
very small is a problem not yet fully explored. Each worker has no doubt his own 
lower limit—10, 8, 5 ?—for the size he will allow an expected frequency group, but 
he is probably not very clear why he has chosen that limit or what errors will be 
involved if it be exceeded. The following simple example is perhaps therefore of 
interest. 

Suppose that repeated samples of 10 be taken from a population divided into 
3 groups in proportions p;=0°2, p2=0°5, ps=0°3. The expected frequencies will 
be m= 2, m,=5, ms=3. There will be 66 possible types of sample nj, ng, ns, and 
for each of these it is easy to calculate 

(a) The chance of occurrence, or 


al 


. N! 
C= gi (P™ CRORES. ciredivivrsnnnencndeal (4). 


ny! ng! 
(b) The value of x, or 
— fie ae 
P Ny — ™4)" Ng— Mz)" | (sy — Msz)* 
nin He OF, = MF , CS 
my, Ng m3 
(c) The likelihood as previously defined, or 
my Ny ‘Ms Ng Ms Ng 
hn ( ab ere tS (6). 
Ny \ Ne, Ng 
These possible samples may be represented by 66 discrete points in a two- 
dimensioned space, with each of which is associated a value of C. When dealing 
with large samples these points increase in number and become so closely packed, 
that we can represent them and their associated C’s by a continuous density field, 
~ 1+? 
Pee |: sidiicicncetneae AP} 
In this field the contours of x* correspond closely to the levels both of con- 
stant C and of constant X. But we may ask how far in the case of samples of 10 
is the x? integral of any value? The position is indicated in Table II. The 66 types 
of sample have been arranged in descending order of C, and for each we give : 
(a) P., the sum of the values of C lower than that associated with the sample, 
or the chance of drawing a less probable sample. 
° » . -iy? *y° 
(b) Px, which for three groups is e~?*, or the value of the y? probability 
integral that would ordinarily be obtained from the Tables in the case of larger 
samples. 
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TABLE II. Measures of Probability in very small Samples. 








Ny Ny Ny Py, | Pe Py Ny Ry Ny fof Pye Yo 
353 “915 1-000 “915 a. 027 "022 "053 
Ss 3 3 "844 “766 *724 o 9 I "023 “035 006 
= @& 3 for “705 *653 73 O *020 ‘O17 “012 | 
44823 £-700 | "766 "795 0 5 5 “018 “024 | 010 | 
45 1 (°709 *GA9 *532 . 2 23 {18 "035 x “034 
3 4 3 “589 "705 "858 5 1 4 “O15 “038 x *043 
12 & 8 { *659 “596 ree “O11 “006 *025 
= eo *442 "448 : 3 3 “0090 “0066 *0266 
& <4 4 “362 *409 4.3 4 ‘0073 “0180 x *0229 
43 3 |} °442 “498 7 2 "0058 0140 x *O155 
ea | °344 "262 010 O “0048 -0067 “0013 
1 6 3 | *362 “319 0 4 6 -0039 *0037 -0036 
5 3 32] 344 | 379 $8 3 O -0032 | +0023 -0025 
944 282 | 350 13 1 6! -0025 0937 “0050 
it € 6 "282 "149 Sf 3 ‘0019 -0024 “0044 
a 3 6 *247 *114 ES *OO15 “0004 , *0033 
3 3 4 *247 “296 6 0 4 “0013 -0067 ‘OO11 
kt 8 I "163 *195 7 0 8 “0011 -0044 “0007 
5 5 O “189 “095 - % 9 -0008 8 -0003 3 -0023 1 
rt 8 4 | +189 244 75 0 5| -00068 0044 4 0008 9 
$ 8 0 °127 “O67 0 3 7 *0004 9 -0002 9 | -0004 9 
Se 2 1 “116 *228 $0 3 -0003 7 ‘0012 7 | *0002 6 
5 2 3 *163 x “216 40 6 “0002 6 ‘0012 7 -0003 8 
f @9@ 4 °127 "185 > i 8 “0001 6 -0001 8 -0001 6 
6 4 0 ‘O74 "057 3 0 7 -0001 2 *OOOL 6 “0000 9 
6 2 2 “O91 "140 9 O 1 0000 84 “0001 58 “0000 49 
23 5 “060 “176 s&s “0000 49 “0000 13 ‘0001 30 
lh 4 & “049 “O88 0 2 8 “0000 20 “0000 11 “0000 20 
0 7s ‘116 x "046 20 8 *0000 10 *0000 09 -0000 10 
0 8 2 “O91 x ‘036 flO O O -0000 O04 “0000 09 *0000 02 | 
1 9 O *038 “O17 ots? “0000 02 “0000 002 | *0000 07 | 
. 2.¢@ ‘043 “O82 Ll os “0000 001 *0000 002 | +0000 001 
0 6 4 “O74 x "028 0 010 * Bil “0000 0000 2 nil | 











(c) Px, the chance of obtaining a sample with a value of X lower than that 
observed, 

It will be seen that Py: is on the whole a better approximation to P, than to 
P,. In the most important region for tests of significance, namely between 
P ="10 and ‘01, a x indicates the cases of worst agreement between P, and P,2, 
but throughout the whole range the order of the values of the three P’s can hardly 
be said to differ. Whether or no the x* approximation will be considered here as 
satisfactory depends upon the degree of expectation entertained by the reader and 
the faith he has already placed in the test when dealing with very small samples, but 
the present authors must confess themselves pleasantly surprised to find so close 
an agreement in this rather extreme case. 

(3) The Value of Minimum xy? in the Case of two Samples. 

It is necessary to correct an error which was introduced into section (6) of our 
earlier paper. The problem was that of testing the hypothesis that two samples: 

the first of size N with group frequencies ny , re, ... Me, 


the second of size NV’ ,, e :; Ny’, Ng, +. Me, 


- ee i ee a 


oo eee —— 


Two Sample Test: Comparison of values of y2 and P. 
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have been drawn from the same population, and we considered the deduction of 
the usual test from the point of view of the method of likelihood. In the notation 
employed, © is the set of all possible pairs of populations with group proportions 
ps and p,’ (s=1, 2, ... ¢), while @ is the subset of Q in which the pairs are 
identical, or p,= ps’ = qs (s=1, 2, ... t). Then the likelihood that the samples have 
come from some particular member of @ is 


C, t (Nq;\"s (N'qs\"s’ 
= 2 =  E- i) (= I) Jf sittaktbmieeae 8). 
C'(Omax.) s=1 ( Ns Ns. “) 


The expression (8) takes a maximum value when 
Ge=(n, tn, )(N+N’)=Q, (s=1, 2,... t)...... (9). 


If the sample group frequencies, however, are not too small, then the » of (8) 
becomes approximately 


where yr = S 


The values of g, which make y,;? a minimum, and therefore the » of (10) a 
maximum, are not as we stated by an oversight those of (9), but may be easily 
shown to be 


2 72, ,; t 2 2 
am (V5 + )/(3 N+ 8) 


22 ‘ee xe ) 
=Q, /i4 ha 18 (@ J <r re 2 
vs \ NN Q:/ Sat v \ + N N a3) Q, (1 ), 
where ns=NQ,+2,, Ms = N'Q, — a5. 
These values lead to 
pod t 2 72) 2 
Minimum x? = |S J + wT a, er, aa meme. (13). 


If the sample group frequencies be not too small, «2 will be small compared with 
NN’Q.?, at any rate for deviations lying within the region of significant frequency. 
It follows that Q, (9), and Q,’ (12), will not differ greatly, and the true minimum 
x1" of (13) will be almost the same as that ordinarily used in applying this test, 
namely 


(ny 


9 3 { TurqQ? Ns’ ’ / , ) 
x2 = sia N' (+ - 7) / (etme dt den (14), 


which is obtained by taking g,= Q, =(ns + n,’)/(N + N’), the value really maximis- 
ing the » of (8) not that of (10). The difference is of the order of approximation 
necessarily involved in any use of the x? test. The numerical examples given in 
Table III, p. 303, illustrate this point ; the difference between the two x1°’s is 
greatest when there are many groups, but it is clear that no error of importance 
would arise by using one value of P rather than the other. 
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Summary. 


There are several ways by which to approach and to interpret the x? Tests for 
Goodness of Fit; in all cases the use of the final integral can be considered only as 
an approximation. In our previous paper we discussed the use of the method of 
likelihood and emphasised the difference between testing a simple and testing a 
composite hypothesis. In the first case we obtain an answer to the question, 
“could this sample have come from a certain exactly specified population?” In 
the second, to a somewhat different question, “could it have come from a popula- 
tion whose distribution follows a law of a certain type depending on several 
undetermined parameters?” In the latter case the scheme of the test does not 
allow for the frequency groups being clubbed together after the process of fitting 
has been carried out. We have illustrated the effect of this clubbing on the 
distribution of x? on the data of our previous sampling experiment. In general it 
would not be easy to gauge numerically the extent of the error involved, but it 
will probably not be large if, as is customary, the groups which are combined 
contain only a small portion of the total frequency. 


2 


The point at which the x* distribution becomes inadequate to express the 
sampling variation when dealing with very small frequency groups has not yet 
been fully investigated. The result of an examination of the position in the case 
of a sample of 10 drawn from a population divided into 3 groups, suggests that the 
approximation is much more satisfactory than might have been expected. 

In a final section we have corrected an earlier misstatement, in connection with 
the test for comparing two samples, and shown in a few numerical examples how 
the difference between minimum x? and the x? of maximum likelihood is not of 


real significance—is in fact of the general order of the x? approximations. 














TABLE OF THE VALUES OF THE DIFFERENCES 
OF THE POWERS OF ZERO. 


By ETHEL M. ELDERTON, assistep sy MARGARET MOUL. 


AT the time when the first quarter of this table was originally worked (for 
a special problem during the War) the authors* of it were unaware of Cayley’s 
papert. Later being informed of it, they checked the original work by reduction 
from Cayley’s numbers, he tabling A”0"/T (m+ 1), while they had tabled 


Av 0e+8/T (p +8 + 1). 


Of the 100 entries six were found in error in the twelfth decimal place, two differed 
by one unit in that place, three differed by two units and one—the last entry in the 
table—by 5}. Cayley takes in our notation A?0?**/['(p +1) from p=1 to 20 and 
p+s from 1 to 20. Hence by reduction from Cayley’s table E. M. Elderton and 
M. Moul were able to add half as much again to the original table in Biometrika, 
i.e. to take p=11 to 20 as long as p+s did not exceed 20. Then, using Cayley’s 
method, they extended his table and reduced from this extension a complete table 
for p=1 to 20 and s=1 to 20. Thus the table now includes all values of 


AO" i iy (m+ 1) 


from m=0 to 20 and n=0 to 40, and is probably the most extensive table of the 
differences of the powers of zero yet published. 


Laplace has indicated the importance of the differences of the powers of zero in 
the theory of probability for problems allied to that of De Moivre, and further 
illustrations will be given in the forthcoming Part II of the Book of Tables for 
Statisticians and Biometricians. 

* K. P. and KE. M. E., Biometrika, Vol. xv. p. 200. 


+ Trans. Camb. Phil. Soc. Vol. xm. Part I (1881), pp. 1—4. 
t 8°826,386,039,207 instead of the correct value 8°826,386,039,212. 


| 
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Valnes of gs. 








Values of the Differences of the Powers of Zero. 
APoPts 


Table of q¢ (p, s)= r(p+s4l) from p=1 to 20 and s =0 to 20. 


Values of p. 


| | 8 1 2 3 





Y 5 





1-000,000,000,000 
*500,000,000,000 
*166,666,666,667 
-041,666,666,667 
008,333,333,333 
‘001,388,888,889 
000, 198,412,698 
000,024 801,587 
000,002,755,732 
000,000,275,573 
*000,000,025,052 


1°000,000,000,000 
1°000,000,000,000 
‘583,333,333,333 
*250,000,000,000 
086,111,111,111 
*025,000,000,000 
006,299,603, 175 
001,405,423, 280 
000,281,635,802 
°000,051,256,614 
*000,008,546,944 


| 1°000,000,000,000 


1:500,000,000,000 
1-250,000,000,000 
*750,000,000,000 
*358,333,333,333 
*143,750,000,000 
050,016,534,392 
015,426,587,302 
004,284,060,847 
°001,083,829,365 
°000,252,086,841 





1-000,000,000,000 
2-000,000,000,000 
2°166,666,666,667 
1-666,666,666,667 
1-°012,500,000,000 
-513,888,888,889 
*225,562, 169,312 
"087,632,275, 132 
°030,638,778,660 
009,760,802,469 
002,860,825,517 





1-000,000,000,000 
2-500,000,000,000 
3°333,333,333,333 
3°125,000,000,000 
2°298,611,111,111 
1-406,250,000,000 
*741,732,804,233 
345,568,783,069 
*144,695,216,049 
055,162,863,757 
019,341,229,758 



































4 
j ] i ] : 
| s 6 | 7 | 8 | 9 10 
— : = : —_ se ee 
| 0 | 1:000,000,000,000 1°000,000,000,000 | 1:000,000,000,000 | 1-000,000,000,000 1-000,000,000,000 | 
| J | 3:000,000,000,000 3°500,000,000,000 | 4-000,000,000,000 4-500,000,000,000 | 5°000,000,000,000 | 
| 2 4-750,000,000,000 6°416,666,666,667 | 8°333,333,333,333 |10°500,¢ 100,000,000 | 12°916,666,666,667 | 
| 3 | 5:250,000,600,000 | 8:166,666,666,667 |12°000,000,000,000 | 16°875,000,000,000 | 22°916,666,666,667 | 
4 | 4°529,166,666,667 8:079,166,666,667 |13°386,111,111,111 20°950,000,000,000 = 31°333,333,333,333 
5 | 3°237,500,000,000 6°601,388,888,889 |12°300,000,000,000 |21°375,000,000,000 =| 35°138,888,888,889 | 
6 | 1°989,616,402,116 4°625,925,925,926 | 9°671,957,671,958 | 18°628,174,603,175— |33°604,414,682,540 
| 7 | 1077,777,777,778 2°851,851,851,852 | 6°679,365,079,365+ \1 4°235,491,071,429 |28°141,121,031,746 
‘ 1 2 523,916,997,354 1°575,358,796,296 | 4:127,361,937,83! 9°721,510,416,667 |21°034,795,249,118 
% | 9 *231,631,944,444 °790,558,449,074 | 2°314,315,476,150 6°017,912,946,429 | 14°238,267,471,340 
eo | 20 094,114,940,326 *364,277,277,988 | 1-190,485,668,524 | 3°414,504,607,083 8°826,386,039,212 * 
= od | 
’ 5 any 
os . ? 1 7 
SS s 1 Z 3 4 5 
| 11 *000,000,002,088 000,001,315,236 000,054,300,445- 000,777, 366,923 006,287 ,061,463 
12 | -000,000,000,161 000,000, 187,914 000,010,897 ,672 000,197,066, 149 001,907,096,356 | 
13 *000,000,000,01 1 000,000,025,057 000,002,048,012 000,046,850,391 000,542,762,985* | 
| I4 000,000,000,001 000,000,003, 132 *000,000,361,967 °000,010,491,635- 000,145,593,321 | 
| 15 *000,000,000,000 *000,000,000,368 000,000,060,389 000,002, 221,479 000,036,953, 700 
| 16 °000,000,000,000 °000,000,000,041 “000,000,009 542 “000,000,446, 204 000,008,904,739 
17 000,000,000,000 000,000,000,004 000,000,001 432 000,000,085, 264 000,002,043, 183 
*000,000,000,000 °000,000,000,000 000,000 ,000,205— *000,000,015,540 000,000, 447,548 


-000,000,000,000 -000,000,000,000 -000,000,000,028 000,000,002, 707 -000,000,093,803 














20 | *000,000,000,000 000,000,000,000 000,000,000,000 000,000,000,452 000,000,018,851 | 
! - 
) 
s | 6 | 7 8 9 10 
i 11 | °035,436,000,631 155,444,052,796 | °566,707,251,082 1°791,545,336,174 | 5°056,157,797,803 
: | 12 | -012,447,698,996 | -061,854,855,924 "251,424,842,802 *875,558,648,133 | 2°696,234,748,153 
| 13 | -004,102,251,152 | 023,084,987,476 | *104,575,173,440 ‘400,963,836,098 | 1°346,608,080,109 
| 14 ‘001,274,353,342 | -008,119,780,273 | -040,979,983,168 "172,934,537,974 633, 142,757,534 
15 | -000,374,659,155- | -002,702,776,182 015, 194,003,252 070,548, 202,960 *281,476,384,198 


16 | -000,104,608,335- 
17 | °000,027,822,135— | 
‘000,007,067,421 | 
19 | -000,001,718,694 | 
20 | -000,000,400,972 


000,854,421,374 
(000,257 ,321,024 
-000,07 4,028, 765— 
000,020,393,546 
000,005,391,171 


005,349,474,876 
001,794,174,688 
°000,574,831,831 
000, 176,363,075— 
000,051,929, 785— 


°027,323,164,021 
010,079,078, 784 
003,551,303,538 
*001,198,178,554 
000,387,964,657 


*118,769,057,007 
047,721,531,774 
-018,311,726,897 
-006,727,553,604 
(002,37 1,839,420 














* The table thus far was computed by K.P. and E. M. E, from the formula 


a (p, 8) =F {a (8-4 (P- Ls) 
and checked by the formula 


1) 


; »! 
- (p-r)!r! 


It was calculated for a special investigation, but it was thought that it might be of value to other 


AP OPHO — pPH0 — py (p — 1)P* 10. P(P— (p—2)Pto— (p—ryPt+ 


computers, and was accordingly published in Biometrika. 
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Values of the Differences of the Powers of Zero 


Values of p. 


Table of the Differences of the Powers of Zero (continued). 








11 


1:000,000,000,000 


5°500,000,000,000 
5°583,333,333,333 
30°250,000,000,000 
45°161,111,111,111 





5g 206,2 Ze 50, OOO. 000 
57°46: 5.724, 206, 349 
52°315,294,312,169 
12°465,841,324,956 
31°187,259,837,963 
20°959,528,792,806 
13°007,843,295,304 
7°510,646,020,784 
4:059,574,796,242 
2 064.7 95,723,662 

992.6! 53,584,094 





*452,801,816,745- 


"196,634,172,633 
081,531,203,270 
‘032,361,544, 187 
012,324,749,022 


12 


1°000,000,000,000 
6-000,600,000,000 
18°500,000,000,000 
39°000,000,000,000 
63°120,8% 33, 333,33¢ 
83°525,\ 100,000, 000 
93°993,8 16,137,566 
92°405,753 968,254 
80°922,957, 175,926 
64-:062,981, 150,794 
46°375,914,514,691 
30°982,830,161,736 
19°246,738,091,260 
11°187,030,186,001 
6°116,227,342,921 
3°159,592,634,229 
1°548,130,478,989 
721,971,579,981 
*321,401,113,301 
*136,940,383,544 
°055,974,424,712 








1°000,06 0,000,000 
6°500,000,000,000 
21°666,666,666,667 
19-291,666,666,667 
85°962,500,000,000 
122°407,638,888,889 
148:064,153,439,153 


156°305,439,814,815— 


146°855,674,327,601 
124°633,7! 50,964, 506 
°657,637,009,981 
69°1 38. 586,: 384,680 
15°960,368, 727,489 








16°702,557,347,988 
9°221,670,706,029 


1°827,841,910,525+ 


2°404,919,179,220 
1-143,295,606,541 
*520,095,870,972 
*226,936,783,148 


73,699,456,745+ 


14 


15 





1:000,000,000,000 
7-000,00( apr enge 0 
25°083,333,333,333 
61°2 sacs 
114° 498,611,111, 111 
174°562,500,000,000 
225°838,657,407,407 
254°762,731,481,481 
255°575,349, 151,235- 
231°431,626,157,407 
191°385,403,514,310 
145°893,434,343,434 
3°305,893,961,266 
32,011,401,932 
12,,284,374,960 
24°989,495,556,339 
13°914,757,484,537 
7 -370,176,5 557,826 
3°724,644,07 1'910 
1-800,798,763,647 
*834,949,931,033 






1-000,000,000,000 
7°500,000,000,000 
28°750,000,000,000 
75°000,000,000,000 
149°604, 166,666,667 
243°125,000,000,000 
334-974,041,005,291 
402-093, 253,968,2 254 
128°914,306,382,2757 
412° 716,207, 837,302 {| 
362°460,966,810,967 f 
293°281,3: 854 
220°326, 266,245,918 
154°665,148,739,919 
102°003,844,714,593 
63°496,670, 135,466 
37°457, 142,396,776 
21-012,805,759,969 
11°244, 295,378,127 
5°755,188,591,959 
2°824 345,081,282 














16 


1-000,000,000,000 
8:000,000,000,000 
32°666,666,666,667 
90°666,666,666,667 
192°216,666,666,667 
331°688,888,888,889 
184°845,767,195,767 
617°001,058,201,058 
6S I7 ‘276, 909, 722 999 


ee, 


710°395,59: 5238, 095+ 


660°219,422,799,423 
565°037,515,899,738 
148°779,304,083,232 
332°934,870,523,118 
231°967,314,793,446 
152°497,540,608,471 
94°977,341 502,623 
56°237,647, 157,621 
31°756,208,252,117 
17°148,067,128,720 
8°875,627,648,890 


17 


1°000,000,000,000 
8:500,000,000,000 
36°833,333,333,333 
108°375,000,000,000 
243°336,111,111,111 
7,500,000,000 
87,632,275,132 
923°516,989,087,302 
1102°139,851,190,476 
1185°119,330,357,143 
1161°879,955,691,171 
1048°485,607,751,623 
877°707,017,282,501 
686°030, 403, s089,¢ 851 
503°418,103, 
348°455,18 
228°43 one 39014 49 








142°336,292,746,885— 


84°559,214,770,943 
48-028, 438,674,841 
26°145,571,013,606 
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1:000,000,000,000 
9-000,000,000,000 
41°250,000,000,000 
128°250,000,000,000 
304°025,000,000,000 
585°675,000,000,000 
954°346,97 4,206,349 


1352°062,053,571,429 
1699-062 
1922-788, 125,000,000 
1983°000,909,015,753 
1881°612,320,752,165— 
1655°591,602,820,799 
1359°651,487,302,958 
1047 976,644, 745,302 





57,142,857 


761°690,089,418,773 
524°183,838,223,194 





342°781.781.641,755- 


213°670,498, 206,349 
*312,996,320,579 
690,900,316, 193 
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1°000,000,000,000 
9°500,000,000,000 
15°916,666,666,667 
150°416,666,666,667 
375° 408, 333, 333,333 





1940°643.601, 190, 176 


2561°274,915,123,457 
3042°757,062,940,917 
3292°737,981,626,784 
3277°088,524,840,001 
3023°2 
2602°351,060,591,725* 
2101°703,830,345,561 





5,562,114,684 


1600°131,896,338,893 
1153°199,970, 190,847 
789 °545,924,578,318 
515°165,190,078,613 
321°239,093, 199,596 
191°914,612,225,641 





20) 


106 10, ( Y00,000,000 
10°000,000,006 ),000 
50°833,333,333,333 

175°000,000,000,000 
158°673,611,111,111 
5°625,000,000,000 
1753°215,773,809,524 | 
2736'192,129.629,630 | 






3783°905,031,966,490 


4708°042,824,074,074 
5333°8 


80 7U,: £67,239 





5361°688,917,977,¢ 99 
1826°690,896, 102,75 ath) 
1075°526,309,675,48) 
3243°233,260,579,6 40 
2442°462,905,982,605- 
1747°031,800,303,742 
1190°629,994,938,081 
775°317,481,096,245- 
183°616,046,660,943 












| ON THE RELATION OF THE DURATION OF PREGNANCY 
<a TO SIZE OF LITTER AND OTHER CHARACTERS IN 











ere BITCHES*. 
,000,000 si ~ 4 oe il ala 
000,000 sy MARGARET anp KARL PEARSON. 
,000,000 
000,000 (1) (i) THE following data relate to the duration of pregnancy, the age of the 
666,667 | ; ; : 2 ; 
000,000 bitch, the size of litter, the order of the pregnancy, etc. in small dogs bred in the 
, : ) 
ee Biometric Laboratory, partly pure Pekinese and partly hybrids from the cross 
968,254 : . ae a is . 
"382. 275+ Pekinese x Pomeranian. The material is more sparse than we had hoped for, since 
382,27: 
,837,302 | about half the whole series of dogs were bred by Dr Usher in Scotland, and we 
310,967 . ~ rs . . . 
981 385+ found on examining the Scottish schedules that most of the dates of mating had 
,281,3857 § £ 
245,918 not been entered, only the dates of littering; the mating books themselves had 
.739,919 . . : ; 7 ERE: 
214593 disappeared during Dr Usher’s absence on war-service in Greece. It was therefore 
] = . a ° . ° = 
,135,466 only possible to use for this enquiry the data for dogs bred in England. 
396,776 ; - ‘ em e 
59.969 The data must necessarily be of an approximate nature, because (i) if a bitch 
5] bast endian 7 
,378,127 | be lined only once there is less chance of obtaining a litter than if she be served 
591,959 ; "hs ‘ gt, 4 . ‘ 
081/989 twice, and in our experimental work the chief aim is to obtain a litter. The cost 
> 7a 
‘ of keeping dogs which fail to litter, and there are many slips, is already too heavy for 
¥ & poor institution. And (ii) the date of littering is that of the day when the bitch 


was found to have puppies. With our Pekinese and Pekinese hybrids we have 
noted a marked objection to littering in the presence of anyone; they cry and whine 








conaee and will not attend to business+. The bitches as a rule litter during the night, mest 
333,333 probably in the early morning, for this is the time the attendant usually finds that 
tart | the bitch has just littered but has not yet cleaned up, or is just littering. Accord- 
000,000 ingly the date of littering is in this paper taken to be the day on which she is 
‘oan 630 } known to have littered, or the day on which she is found with puppies, although 
,966,490 these might in some cases have been born actually twelve hours earlier. 

aT St As to the date of mating, when it has occurred twice, for the most part the 
640,832 mid-date between the two matings has been taken. By duration of pregnancy we 
102750 understand accordingly here the time which has elapsed between this mid-date and 
675, 48%, \ the day on which the bitch is known to have littered, or has been found to have 
romped puppies. This is not of course the period of true pregnancy, for we do not know 
),303,742 the time at which the spermatozoon comes into conjunction with the ovum, nor 
Meee 340- | to a few hours the time of the littering, indeed the latter sometimes lasts several 
3,660,943 | hours. But it is as close as we can get by aid of experimental work, not intended 








solely for the present investigation, and it is close enough to give results of value 
for practical breeding. 

* Acknowledgment must be made of assistance from the Royal Society Government Grant received on 
several occasions during the course of these experiments. 


+ Ihave sat up in my early days hours with a bitch, but to no purpose. Half-an-hour after I had 
left her in despair, she would have her pups without more fuss! K.P. 


Kn 
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The purpose of the experiments being to study hybridisation we had relatively 
few pure-bred dogs, and rarely bred Pekinese with Pekinese, or Pomeranian with 
Pomeranian. The hybrid was termed a “ Pompek,” and for shortness we may speak 
of Poms and Peks. It is possible that Peks in pure breeding and Poms in pure 
breeding have different durations of pregnancy, but our experiments are not 
adequate to determine a slight difference if it exists. 

Pure Pom bitches had an average duration of 60-1 days of pregnancy, whatever 
the sire. When mated with Pom sires 60°2 days’ duration. When mated with Pek 
sires 60°0 days. When mated with Pompeks 61:0 days. These are all on relatively 
few numbers, and the results do not suggest that the period of pregnancy of a pure 
Pom bitch is influenced by the race of the sire. 

Turning to Peks the pure Pek bitch, whatever the sire, had an average duration 
of 61°4 days. When mated with a pure Pek the duration was 62°6 days, with a pure 
Pom 61:3, and with a Pompek 59°9 days. It may be asked why the sire should 
affect the period of pregnancy of the bitch? The answer is that the period of 
pregnancy is influenced by the nature of the litter, e.g. the larger the litter (and 
the heavier probably) the shorter is the pregnancy. It may be that the number of 
the litter depends entirely on the bitch, but it is not impossible that it depends in 
part also on the sire*. Hence it by no means follows that the duration of pregnancy 
will be the same with a cross and with a pure mating. Our results do not indicate 
any such relation in the averages for pure Pom bitches. More might be read into 
the case of the pure Pek bitches, but when we see that the duration of pregnancy 
can vary from 55 to 68 days, we are not inclined to lay any stress on differences 
such as the above, which have in fact probable errors of the order of one day. We 
shall see that the mean duration of pregnancy for all available material is 60°76 
days, and we are not able on the basis of our material to lay any stress on the 
difference involved in a Pom 69:4 and a Pek 61°4 days’ duration. It seems probable 
that the age of the bitch, the order of the pregnancy and the size of the litter have 
more to do with the duration of pregnancy than the race of bitch or dog in these 
small dogs. 

(ii) One grave difficulty in our breeding work has been the lengthy period which 
in certain cases has elapsed before the bitch showed the smallest sign of heat. In 
one case 44 years, and in seven cases three or more years out of a total of 54 first 
litters for which data were available. It will be observed how very much ; adds 
to the cost of experiments of this nature, if a mating which is desired has to be 
postponed for two or even more years. As a rule after the first pregnancy the bitch 
comes into season twice a year, but by no means at fixed intervals; to what extent 
these are varied by (i) the absence of mating‘, (ii) the length of suckling, (iii) the 
failure to have a litter after mating, or (iv) the age of the bitch, has not been 
adequately determined. The period of suckling, 4 to 6 weeks, depends largely on 
the size of the litter and the age of the bitch, but also on the condition at littering 

* There is some evidence to indicate that in man twinning may arise from the Father’s side. 
+ In some cases it was thought desirable owing to the youth of the bitch, or her non-recovery after 
the previous litter to full health and strength, to allow the heat to pass without mating. 
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| and the food she will consent to take*. As a rule, howéver, there is a season at 
the end of spring and another at the beginning of winter. The following is a 

| typical example: 
Setie: born Oct. 8, 1923. 1st heat, Oct. 1924; 2nd, June 1925; 3rd, Dec. 1925; 


4th, July 1926; 5th, March 1927 ; 6th, Oct. 1927; 7th, June 1928; 8th, Nov. 1928 ; 
9th, July 1929. She was mated on all nine occasions and gave birth to 29 puppies. 
She was parted with after the 9th litter. 
Here is another illustration : 
| Meg bhan: born May 3, 1913. 1st heat, Feb. 1914; 2nd, Aug. 1914 (no litter) ; 
3rd, March 1915; 4th, April 1916; 5th, Nov. 1916; 6th, June 1917; 7th, Nov. 
1918; 8th, Feb. 1920; 9th, Oct. 1921. She had to be destroyed in 1922, having 
also given birth to 29 puppies. The occurrence of heat is here more irregular, but 
may reasonably be associated with difficulties as to food during the War. 
One last case: 
Strt: born July 28, 1915. 1st heat, Aug. 1916 (no litter); 2nd, March 1917; 
3rd, Oct. 1917; 4th, May 1918; 5th, Nov. 1919; 6th, May 1920; 7th, June 1921. 
Total number of puppies born 23. 
Irregularities chiefly occur when the bitch is very young or old, but a general 
discussion of the intervals between heats would require more data, especially with 





regard to suckling period and food, than our records provide. 
t (2) We will deal in the first place with the first litter, which usually, but not 
invariably, corresponds with the first heat and the first mating. We have only 
TABLE I. Age at First Littering and Duration of Pregnancy. 


Age of Bitch at First Littering (Central Values in Months). 
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* Pekinese and Pekinese hybrids will often both before and after littering refuse cows’ milk, or can 
caly be induced to take it, if sponge cake be soaked with it! 
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TABLE II. Age at First Littering and Size of Litter. 


Age of Bitch at First Littering (Central Values in Months) 
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37 cases in which the duration of pregnancy is provided for the age of mother at 


first litter. We have 54 cases in which the number of puppies is known for age of 


mother at first litter (see Tables I and II). 


The average age of the mother at first litter is 20°33 months* in the first table 
and 19°95 in the second table. The average duration of first pregnancy is 60°86 days, 


while the average duration of all pregnancies is 60°76 days. There is nothing very 


different in the first pregnancy as far as its average duration is concerned from the 


average duration of later pregnancies. 


The number of puppies in the first litter averages 3°37, while the average 
number for all litters is 3°22. This does not, of course, prove that the first litter 
is the most numerous, but only that it has somewhat more than the average 


number of puppies. We shall return to this point later. 


The constants of the two tables are as follows: 


Table I 


Table II. 


Mean age of Mother at first litter 20°33 months 
Standard Deviation = 9°156 months 
Mean Length of Pregnancy 60°86 days 
Standard Deviation = 3:112 days 


Mean age of Mother at first litter 19°95 months 
Standard Deviation = 9°567 months 
Mean number of Puppies 3°37 

Standard Deviation = 1:365 puppies 


| 
| 


— 347 + 081 


1O 


Correlation 
143 +°109 


rreiation 


The latter correlation is significant, the former cannot be said to be. The general 
meaning if both were significant would be that: 


The older the bitch at first pregnancy the fewer puppies she will have, and the 
longer the pregnancy. 


* By a ‘‘month” in this paper is to be understood an average calendar month of 30°4 days. 


| 
| 
| 
| 
| 
| 
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That the pregnancy is longer may merely arise from the fact that the litter is 
smaller, the fertility of the bitch depending upon her age. The following results 
are suggestive : 





Age of Bitch in Mean Length of Mean Number 


Months 1st Pregnancy of Puppies 
8—13 60°75 3°38 
14—19 60°80 3°57 
20-—25 60°56 3°55 
Above 25 62°40 2°81 





The average age at first litter being almost exactly twenty months, and the 
duration of first pregnancy almost exactly two months, we conclude that in these 
bitches the first heat occurred on the average at 18 months with a variability of 
9-4 months, the distribution of this onset of puberty being very skew. 

(3) After the above consideration of the first pregnancy, based admittedly on 
very slender data, we turn to the general relations between the four variates: Age 
of Mother (a), Size of Litter (1), Order of Pregnancy (@), and Duration of Preg- 
nancy (d; Our data are arranged in the six correlation tables, Tables TI—VIII, 
to be found on this and the following pages. 


TABLE III. Order of Pregnancy and Size of Litter. 


Order of Pregnancy. 











I rf III | IV V VI | VIL | VUII} IX fTotals 

= 1 2 4 4 5 2 — 2 19 
£| 2 17 9 6 | 2 3 2 1 2 12 
“=| 2 14 15 7 5 2 2 1 i 46 
<i ae 11 6 10 2 4 3 1 — | 37 
7 5 9 6 3 3 2 1 24 
2) «& 2 1 3 1 1 = a 9 
et 9 2 = _ = - 2 

Totals] 57 1 31 | 20 12 8 6 3 1 179 




















Table III provides che relation between the order of pregnancy and the size of 
the litter. Matings not followed by pregnancy are omitted; one first pregnancy 
which was a miscarriuge, and one second pregnancy in which the total number of 
puppies born was nct recorded, have been disregarded. Table III contains 179 
pregnancies leading co 577 puppies. The following are the constants of the table: 

t= Mean No. of Puppies = 3°22 + ‘071, 
o, = Standard Deviation of No. of Puppies = 14084 + °050, 
@= Mean No. of Pregnancies = 2°77 + ‘093, ; 
o = Standard Deviation of No. of Pregnancies = 1°8402 + ‘066, 
Tw = Correlation of Order of Pregnancy and Size of Litter = —°0509 + 0503. 
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Accordingly if we could trust to the regression being linear, there would appear 
to be no significant relation between the order of the pregnancy and the size of 
the litter. We must accordingly investigate the means of each array. We have: 





| 
Order of Pregnancy Ll i u ILI IV | V_ | VI—IX | Mean all Pregnancies 
Size of Litter ... | 3°39 | 3°10 | 3°16 | 3°25 | 3°00 | 3°22 3°22 


| | 





Although this appears to make the litter at first pregnancy the largest, the actual 
value in this case is 3°387 +126, which does not indicate any significant difference 
from the general mean 3°223. 

This result appears to contradict the ordinary impression, which we ourselves 
have shared, that the litters of the first and of the last one or two pregnancies are 
smaller than the average. The source of this apparent paradox may lie in the fact 
that we are not dealing with nine successive pregnancies of the same bitches; we 
are clubbing bitches of varied degrees of fertility together, and ibe horizontal 
margin shows that many bitches drop out after the first two or three matings. 
st was only those of the greater experimental interest that could be preserved to 
the last stages of their reproductive powers, and this was peculiarly the case during 
the War years, when, owing to the scarcity and cost of food, the sole aim was to 
keep enough dogs alive to continue the work when peace came *, 

We pass next to the duration of the pregnancy and the size of the litter. We 
have already drawn attention to the fact that the dates of mating have not always 
been recorded. Further, there were not always two matings, and if there were, they 
might be on successive days, or there might be an intervening day. We have 
the following results according as we measure the pregnancy from the day of the 
first mating, from the day of the second mating or from the midday between: 





Ist Mating Midday | 2nd Mating 


Mean Duration of Pregnancy 61-41 | 60°76 59°74 
| 


Standard Deviation is 3°0846 | 3°1825 | 3°1969 





all in days. 

It is clear that there was an interval of about 1°7 days between the two matings. 
The midday is not midway between the first and second matings, because the first 
mating includes all those cases in which there was only a single mating. Examining 
the standard deviations, it will be seen that the duration of pregnancy varies least 
about the mean duration from first mating to littering. It seems probable therefore 
that in most cases the first mating is successful. For practical purposes therefore 
we may say that a bitch of these breeds will litter after an interval of 61:41 + 2°14 
days from first mating, or that a bitch is very unlikely to have a litter at all if it 

* Even at present the size of our Animal House and the extent of our funds do not permit of more 
than 15 to 20 adult dogs being kept at one time. 
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does not occur between the 55th and 68th* days from first mating, the 6lst to 62nd 
| days being the most probable days for littering. If there has been a double mating 
then the bitch will litter most probably 60°76 + 2°15 days from the midday between 
| the two matings. If a bitch does not litter between the 54th and 67th days from 
the midday of mating, she is very unlikely to have a litter+. Our actual experience 
has been one bitch littering on the 55th day and two on the 68th day. 


TABLE IV. Duration of Pregnancy and Size of Litter. 











! , " - 
Duration of Pregnancy in Days. 
55 | 56 | 57 | 58 | 59 | GO| 61 | G2 | 63 | 64 | G5 | 66 | 6Y | 68 {Totals 
=| 1 “ 1 1|1 ~) 2 8 
= e -- 2 l 2 3 4 2 1 4 4 2 25 
{ = 3 at a eT aa ae ee Se 1 2 i2 35 
—i @ SORE E SE SESE SESE SE DE 19 
3 5 ae} J Si“wis Sit ia l 8 16 
4 2 6 l l 2 2 l 7 
m=) : 1 < - 1 
Totals 2 Se | BS) 36 tf 27 SS OF Stik} 4 6 2 4110 
| 











In Table IV the length of pregnancy is measured from the first mating and the 
‘ constants of the table are as follows: 
l= Mean Size of Litter = 3-300, 
o,= Standard Deviation = 1°3655, 
d= Mean Duration of Pregnancy = 61°409, 
oq=Standard Deviation = 30846, 
rq = Correlation of Size of Litter and Duration of 
Pregnancy = — *4479 + 0514. 
There is thus a significant and quite considerable negative correlation between 
size of litter and duration of pregnancy. This correlation may be illustrated by the 
following mean values: 





| Mean Duration of Pregnancy 


Size of Litter in days 


l 63°13 
2 62°96 
3 61°97 
4 59°47 
5 60°27 
b 59°29 


7 58°00 











* This is based on plus and minus three times the probable error from the mean. 
+ In some cases a bitch after mating makes up her mind that she will litter, she develops, and 
} sometimes shows signs of milk, and finally may even prepare her lair, without having any puppies. 
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The corresponding prediction formulae are : 
d,= probable duration of pregnancy for given size of litter /= 64°75 — 1°012 l, 
or pregnancy is delayed about one day for each decrease of one in the litter. 
1, = probable litter for given duration of pregnancy d= 15°48 — -i98 d, 


or five days’ delay in littering would on the average denote a reduction of two in 
the litter. 


We now turn to Table V, which gives the relation between the duration and 
order of pregnancy. 
TABLE V. Duration of Pregnancy and Order of Pregnancy. 


Duration of Pregnancy in Days. 














| 

| | 

| 55 | 56 | 57 | 58 | 59 | 60 | 61 | 62 | 63 | G4 | 65 | 66 | 67 | 68 |Totals| 

| 

| I Pi Si sisvliei¢ae ( Sisaiitlsirisar sas | 

ai 2 e—j|1),2)]38)]3) 3 6/2;3,),4;)2)]1]- 29 | 
S| III o) 2) 2s. S/R PR. 17 

2] IV 1/3/}/1/1] 1 1] 1 l 10 | 

Ay ¥ l l I 2)};—|— l — 6 | 
om | VI rirzjrj—fja1] { 

° | VU mh SLE) Oe het 2 5 | 
& | VII we an ot 1 

E | Ix _ | _ 1 | 

O | | 

Totals} 1 2 5 |} 13/14) 17| 9 | 10] 7 9/11 1 6 2 7 110 | 








The constants of the table are as follows: 
d= Mean Duration of Pregnancy = 61°409 + 198, 
oqg=Standard Deviation of d = 3:'0849 + *1403, 
@ = Mean Order of Pregnancy = 2°6546 + °1187, 
o. = Standard Deviation of w = 1°8461 + °0839, 
Yao = Correlation of Duration with Order of 
Pregnancy = ‘1780 + :0623. 
There is thus a positive correlation between the order of pregnancy and its dura- 
tion; it is rather small but is probably significant. As the regression is unlikely 
to be linear we determined the correlation ratio of duration of pregnancy on order 
of pregnancy and found 
Naw = "3785, 
indicating an association more than double that determined for the correlation 
coefficient. 
Our data are too scant to give a close approximation to the manner in which 
the duration changes with the order of pregnancy, but the following series of mean 
durations: 
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Order of Pregnancy Mean Duration 
I 60°86 
i 61°76 
Ii 61°47 
IV 61°40 
V 59°17 
VI 60°75 
Vii—IX 64°71 
All Pregnancies 61°41 


suggest that the first pregnancy has a duration rather below the mean; the dura- 
tion rises above the mean in the second and third pregnancies, sinks below the 
mean again in the fourth and fifth to become very protracted in the extreme 
pregnancies. This is only a suggestion, but it seems not out of accord with probable 
physiological changes. 

The partial correlations roa2, Tod and rig» are not without some interest, 
although they will not bear much stressing. Thus 

Tod =°1780, but r.4¢2=°1738, 
and we see that the observed relation between the order and duration of pregnancy 
is little influenced by the fact that the duration depends upon the size of the litter. 
Again, 
Tol = — 0509, but Tol.d = + 0323 ; 

accordingly such little relation as there exists between the order of the pregnancy 
and the size of the litter is reversed, or is practically zero, when we take a constant 
duration of pregnancy. 

Finally, 

ria=— 4479, but Tid. = — 4.465 ; 
thus the association of a long duration of pregnancy with a small litter is practically 
independent of the order of pregnancy. These are all points concerning which it 
would be desirable to collect more ample data. 

(4) We will now consider what effect the age of the bitch has on the size of 
the litter and the duration of pregnancy; it will clearly be of necessity fairly highly 
correlated with the order of pregnancy. Now the age of the bitch may be con- 
sidered with relation to the mating or the littering. Table VI“ (see p. 317) provides 
the relation of the size of the litter (1) to the age of the bitch (a) at mating, and 
Table VI® that of the size of the litter with the age of the mother sé littering (a’). 


The constants of these two tables are given below : 


Table VIA, Table VI*. 
@ =34205 +1:241 months, @ =37:115 +1:040 months, 
oq=19'4772 + ‘8778 months, oy =19'2670 + °7462 months, 
l= 3277 + ‘088, t= 3160 + 074, 
o,= 1:3772+ ‘0620, o,= 13753 + °0525, 
Tat = — 1722+ 0618. rat =— 1468 + 0528. 
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The relation between the age at mating and the size-of the litter, the number 
of puppies being smaller the older the bitch, is probably significant, but is not very 
considerable ; it is larger than the correlation between order of pregnancy and size 
of the litter (—-0509). It is probably reduced in experimental breeding because 
when the bitch’s fertility is reduced, ie. when she, although mated, produces no 
litter or only one or two puppies, she is discarded for stud purposes*. The difference 
between the bitches’ ages at mating and pregnancy = @’ —@ = 2910 months = 88°5 
days. This is not the average duration of pregnancy because the second series of 
dogs is not identical with the first, there are 44 additional entries principally due 
to the records of C. H. Usher, which provide dates of littering but not those of 
mating. Even allowing for an average period of 60°8 days for pregnancy, it will be 
seen that the Aberdeen dogs were on the whole mated to greater ages than the London 
dogs. As to the remainder of the constants there is no difference of practical 
importar:e between them. Accordingly, as the only advantage of taking age of 
bitch at litter over age at mating lies in the increase of entries, and as this involves 
a risk of heterogeneity (as Usher introduced new Pom blood while Pearson, after 
the first cross of Pekinese with Pompeks, continued to inbreed), we shall for the 
remainder of this paper confine our attention to Age of Mother at Mating. 

Table VII (p. 320) shows the relationship between Age of Bitch at mating and 
Order of Pregnancy. The very appearance of the table indicates how considerable 
the correlation is, a result which it was easy to predict. 

The constants of Table VII are as follows: 

@= Mean Age at Mating = 34-289 + 1-237 months, 
_ = Standard Deviation of Age = 19°5756 + °8744 months, 
@ = Mean Order of Pregnancy = 2°632 + °1167, 
o» = Standard Deviation of Order = 1°8461 + :0825, 
Ya» = Correlation of Age and Order = *7967 + °0231. 
The following table shows the average age at each pregnancy : 





Smovthed Values from 


Order of Pregnancy Observed Age Dievessien Ede 
I 17°76 months | 20°50 months 

I] 29°36 ‘ 28°95 = 

I] 10°65 37°40 i 

IV | 51°33 pe | 45°85 me 

J 53°50 me 54°29 a 

Vi | 57°60 a | 62°74 » 

Vil 64:80 - 71°19 ss 

VIII and IX 68-00 _ 83°86 = 


That the observed ages at later pregnancics fall so much below those calculated 
from the correlation formula is no doubt due to the fact that the more fecund 
bitches had litters earlier and rarely missed a mating. There are, however, only 

* Matings leading to no litters have been excluded from these tables. It is not possible in such cases 
to determine whether the dog or bitch is at fault, 
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‘ 


three bitches who reached the VIII and IX pregnancies, and these count very 
little in the determination of the correlation. The correlation-ratio of @ on a does 
not differ sensibly from rr... 

The average interval between pregnancies is 8°45 months. The physiological 
interval is about 6 months, and the observed increase is due to matings which 
were omitted or failed when the bitch was in season. It has been observed also 
that an aged bitch may occasionally omit one or more heats. 

The regression equation giving the probable age (@) at a given pregnancy @ is 

& = 12°054 + 84480. 

The other constants of Table VII, considering how the total numbers vary from 
table to table owing to one or another omission in the record, are in reasonable 
accordance with those of Tables IIT and VY. 

We now turn to Table VIII, associating the Age of the Bitch at mating with 
the Duration of Pregnancy. 

The constants of this table are as follows: 

a= Mean Age of Bitch at Mating = 33°56 + 1-272 months, 
,= Standard Deviation of Age = 19°5119 + ‘8997 months, 
d= Duration of Pregnancy = 60°66 + °198 days, 
oq = Standard Deviation of Duration = 30434 + °1403 days, 
Yaa = Correlation between Age at Mating and Duration of 
Pregnancy = "1547 + ‘0636. 

The first four constants are within their probable errors of the like characters 
previously determined. The correlation is small but probably just significant. It is 
noteworthy that while the correlations of duration of pregnancy with age and with 
order of pregnancy are both small and positive the latter appears to be somewhat 
the larger. 

The difficulty, however, with practical breeding lies in the economic factor, that 
matings in the case of such expensive animals as dogs will no longer be made 
(unless the bitch is of especial value or interest) after the fecundity has begun 
seriously to diminish. 

The regression equation of Duration of Pregnancy on Age at Mating is 

d = 024130 + 59°85. 
Hence if we take the lowest age of the first heat at 9 months and the highest age 
of last pregnancy at 84 months=7 years*, we have for the corresponding durations 
60°07 and 61°88 days, or age would have a maximum range of influence of 2 days 
only on period of pregnancy. 

If we take the correlation of Age and Duration of Pregnancy for constant Order, 
and the correlation of Order and Duration of Pregnancy for constant Age, we have 
Pate = OLGA, 

Tuaeg = 0918, 


* Our experience seems to show that these dogs have on the average a life of nine years or even less, 
and that few bitches are of use for breeding purposes beyond six or seven years. 
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and these seem to indicate, taken at their face values, that the number of the 
pregnancy is more important than the age of the bitch for the duration. But the 
data are too slender, and the artificial selection of bitches for stud purposes too 
great, for any stress—other than that of suggestion—to be placed on this result. 


(5) Conclusions. It seems worth while publishing these results. It is true that 
the disappearance during the War of the mating books of the Scottish bred dogs, 
before the dates of mating had been recorded on the schedules, has much reduced 
the available materia]. Further, the experiments were not made directly to deter- 
mine problems regarding gestation in dogs ; their primary purpose was to investigate 
as economically as possible the inheritance of certain characters in dogs. 

Thus the bitches were not retained in the kennels long after their period of 
maximum fecundity was passed. Again, in London kennels with only yard exercise, 
general fitness is far less than can be maintained in the country, or even in a London 
home with daily walks. However, the general results seem suggestive enough to 
make further research worth while. The principal correlations are : 

Vdw = + ‘1780, 

va=— ‘44.79, Tie =— 0509, Tig = 73. 

Taw = +°7967, %aa= +°1547. 
Thus the three factors, increasing duration of pregnancy, increasing number of 
pregnancies, increasing age, all tend to decrease the size of the litter. In the first 
case it is probable that it is the size of the litter which is the causal factor and 
hastens the end of gestation. This gives the most marked correlation, and it would 
be of interest to determine—size of litter being associated with weight—whether 
in other mammals the average period of gestation is less for male than for female 
offspring, and less for twins than for single births. We have seen that the correla- 
tion coefficient between the duration and order of pregnancy is small, because the 
relationship is not linear. It is hardly possible to account for the small coefficient 
of age and size of litter on similar grounds*, but it may be possible to do so on the 
ground of artificial selection. Probably the fertility of the bitch is not diminished 
until she is over five years of age. Further, we cannot attribute the small relation- 
ship between age and duration of pregnancy to markedly curved regression+. The 


* The relationship is as follows: 


| Age in months 6—22 23—40 41—58 59—82 | 

| | 

| Size of Litter | 342 | 330 | 3-64 aa | 
bs ee 


+ There is a fairly continuous increase thus : 





| Age in months 6—16 17—28 29—46 47—64 65 and over 


| 
4 | 


Duration of Pregnancy 60-06 60°63 | 60°69 61:03 | 61-20 
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multiple-regression equation of Duration of Pregnancy on Order of Pregnancy and 
Age at start of Pregnancy is 
d—d o—@ _.a- 
: = "1499 + 0353 


Cad Tw Ca 


a 

’ 
which indicates that with equally likely deviations from the mean order of preg- 
nancy and mean age, the former, the order of the pregnancy, will be more than four 
times as influential as the age *. 

The fact remains that none of the factors we have taken into consideration 
suffices to provide a causal explanation for the duration of pregnancy varying from 
55 to 68 days. Can it be that this duration is individual and possibly an inherited 
character? If so it would be of evolutionary importance. The evidence as to this 
possibility must be discussed on another occasion. 

No one can recognise more clearly than the writers the paucity of their data, but 
this field of investigation is of considerable interest. It is possible that an appeal 
to large breeders of dogs might produce more ample data as the variates we are 
dealing with must have been recorded in many cases. We shall be content if the 
present paper leads others to collect and reduce material on a wider basis, dealing 
if possible with small dogs of a single species; for comparative purposes Pekinese 
or Pomeranians would be most serviceable. 

* The actual numerical equation to determine the probable duration of pregnancy d, in days, for 
a bitch in her wth pregnancy and of age a months is 

d=60°557 + -2505w + °005,581a. 
Thus a bitch in her fifth pregnancy and four years old—i.e. o=5 and a=48—would have a probable 
duration of pregnancy d given by 


d= 60-557 + 1-2525 + -2679 = 62-08 days. 











ON THE ASYMMETRY OF THE HUMAN SKULL. 


By T. L. WOO, Pu.D. Lond., Research Fellow of the China Foundation 
for the Promotion of Education and Culture. 


(1) Muc# has been written about the quantitative asymmetry of the brain, on 
the assumption that ditferentiated functioning of the right and left hemispheres 
might (or must) be manifested by differentiated size. On such a hypothesis the bony 
skull developing so as to fit the growing brain should exhibit significant evidence 
of this asymmetry. Reasoning in this way there is nothing in the least absurd in 
the fundamental conceptions of phrenology. What has been the misfortune of that 
science was the premature localisation of certain mental and sensory activities 
before any adequate statistical evidence was forthcoming (or had at least been 
published) for each such local assignment. Since in the case of a sensory or mental 
activity we might on the above hypothesis anticipate an exaggerated or at least 
a marked development of the brain and a correlated development of the skull, the 
question of the asymmetry of the latter becomes one of great importance. If it be 
possible to demonstrate that some well-used mental or sensory activity is controlled 
generally from a centre on one side of the brain and there is no correlated increase 
in skull size in that region, i.e. that there is no resulting asymmetry, we shall have 
a strong argument—it may not necessarily be a conclusive one—that this emphasised 
local brain activity is not highly correlated with size. To the same extent we weaken 
the standpoint of the phrenologist that a cranial “bump” which to a large extent 
connotes asymmetry* marks the special development of a local centre of brain 
activity. 


(2) Most measurements of the skull have hitherto been taken in the service of 


anthropology, i.e. with a view to finding the differentiated characteristics of various 
races. Racial differences were first approached from the standpoint of appearance, 
in other words from the conception of portraiture. Anthropometricians endeavoured 
to give quantitative value to the differences that were obvious to them at first sight. 
They observed the roundness of the head, the breadth of the forehead, the height 
of the face, the ellipticity of the orbit and so forth. Such measurements are usually 
composite, covering more than one bone of the skull, and are generally far from 
suitable for testing the asymmetry of the skull. Indeed they often cover both the 
homologous bones the difference in the sizes of which leads to the asymmetry, or 
again are worthless for our purpose because the measurements are taken in the 
median sagittal plane. 


% 


Always supposing that the homologous region—i.e. from the phrenologist’s standpoint an 
independent mental or emotional trait—does not chance to be equally developed. 
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However valuable the present measures of the anthropologists may be for the 
purpose for which they were devised, it is clear that they can give no final answer 
to many important problems, and one of these is the asymmetry of the skull. For 
this purpose we need measurements on the individual bones of the skull, taken in 
homologous pairs. A special advantage of taking measurements on the individual 
bones of the skull is that we thus get some idea of the size and shape of relatively 
small regions, not indeed coinciding with the phrenological areas, but giving us 
a better appreciation of local asymmetries than the run of anthropometric measure- 
ments can. I think it might be useful to distinguish the two types of measurements 
as ethnometric and morphometric, for both are actually anthropometric. The 
division really refers to the purposes which they are to serve; for while some few 
ethnometric characters have morphometric value, the bulk of the latter could be 
used for ethnometric distinctions, and will undoubtedly be more and more so used 
in the future developments of anthropometry, i.e. we shall gradually come to the 
study of the ethnic differences of the individual bones of the skull, rather than 
those of its composite characters—just as a study of the individual long bones has 
greater ethnic value than a study merely of stature. 


(3) Having need for one of the important morphometric problems to which 
I have referred to study the characters of the individual cranial bones, I took 
a number of measurements of each of these. I did this on the long series of 
Egyptian skulls, 26th to 30th dynasties (Series E), in the Biometric Laboratory, 
confining my attention to those classed as male, amounting to about 800 in 
number*, On the separate bones I took 63 measurements, partly chordal and 
partly arcual. Of these 63 measurements, 50 were corresponding measurements 
on homologous bones, and accordingly of value for determining the degree of 
asymmetry in the two sides of the skull, and for measuring what regions were in 
excess on the right or on the left side with the amount of that excess. 

The following are the 25 measurements which were taken bilaterally (Figs. 1 
and 2): 

(a) Frontal Bone. F,= minimum arc from a point on the coronal suture 
equidistant from the bregma and stephanion to the upper border of the orbit 
immediately outside the supra-orbital notch. The line of the coronal suture is 
marked in pencil to indicate its general direction, so no account is taken of a local 
indentation in determining the terminal of this measurement. The point equidistant 
from the bregma and stephanion can be found with the aid of coordinate callipers, 
or with small dividers. Although the supra-orbital notch is very variable in form, 
there is no difficulty in making the steel-tape pass immediately outside it. 


F,=are from ophryon to stephanion. The ophryon is defined, for this purpose, 
to be the intersection of the minimum are from nasion to bregma and the 
minimum are (marked in pencil) between the temporal lines. 


* Some 53,400 measurements were taken, and as each skull took over an hour to measure, it 
required a year’s work to complete the series. 
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b) Parietal Bone. P.=arc from bregma to sphenion* along the line of the 
2 fe) oD 
coronal suture. 


P;= minimum are from bregma to asterion. 


P,=wminimum are from sphenion to lambda, avoiding the temporal squama so 
that the are falls entirely on the parietal bone+. This measurement is generally 
close to, but not identical with, the geodesic line. 


(c) Occipital Bone. O;=are from lambda to asterion along the line of the 
lambdoid suture. This may diverge appreciably from the geodesic line between 


the points. 
f ~*~ AST: asterion. 


woe *s AUR-auricular point, 
i (martin porion) 
A+brepma. 
K: krotaphion. 
As lambda. 
o-ophryon. 
a PT =post-molary point 
Pe dk SN«superior nasal point 
DPHIY: sphrenion 
STs stephanion. 
ZIT= 3ypomaczillare 





Fig. 1. 


Og = are from the median line of the occipital bone to the asterion. The median 
line is defined, for this purpose, by the minimum are from opisthion to lambda, and 
the join of this line with the geodesic between the asteria gives the terminal, The 
measurement is then taken along that geodesic. The opisthion is here defined to 
be the point where the extension of the external occipital crest meets the border 
of the foramen magnum. 


If there be an epipteric bone at the pterion in contact with the frontal bone, the sphenion is 
supposed indeterminate, 

t If there be an ossicle of the bregma, that “ point”’ is accepted as the intersection of the lines (traced 
in pencil) marking the general] direction of the corcnal and sagittal sutures. The lambda and asterion 
are defined in a similar way, if supernumerary bones are present, though less exactly since each is 
defined to be the join of three sutural lines and, if it is necessary to continue them, they may not meet 
in a unique point. If the sutures round the lambda are very complex it may be necessary to use the 
same method. 
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» = chord from basion to asterion. 


(d) Temporal Bone. T;=maximum chord from the asterion to the anterior 
border of the temporal bone. When the anterior border—i.e. the spheno-squamous 
suture—is deeply dentated, but not otherwise, the anterior terminal is taken on 





the pencil line which marks its general direction. The point appears to be 
invariably above the zygomatic arch and it may be close to the pterion. 


A§STsasierion. 
AUR:-auricular point, 
(martin's porier 
BA: basion. 
OPTS opisthion . 
PI-post-molary point 
SPHN: spheno-basion 
ZM-5ypomaxillare 


moc ccc ce= APCD. 
—-—— —chords 





Fig. 2. 


T,=chord from the auricular point to the point where the minimum are from 
the auricular point to the bregma meets the upper border of the temporal squama, 
In doubtful cases only (as when the margin is slightly broken, or when there is 
a clear spinous process) the squamous border is marked in pencil to indicate its 
general direction. The auricular point is defined to be the point on the upper 
margin of the auricular passage which lies in the plane bisecting the orifice 
transversely *. It can generally be found in practice by continuing forward the 
curve of the thin lip of bone which terminates posteriorly in a well-marked notch 
on the upper part of the posterior wall of the passage. 


* This point is Martin’s ‘‘ porion.” 
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T;= maximum chord from the point where the backward extension of the 
temporal ridge meets the parietal bone to the anterior border of the squama. This 
measurement is not entirely satisfactory, but it would be difficult to devise a better 
measure of the antero-posterior length of the temporal squama. The temporal ridge 
is generally blunt, and in continuing it as a pencil line to meet the parieto-squamous 
suture considerable differences might be made by different workers*. When the 
spheno-squamous suture is deeply dentated, but not otherwise, the anterior terminal 
is taken on the pencil line which marks its general direction. 


7,;= minimum are from asterion, above the auricular passage, along the upper 
border of the zygomatic ridge to the suture with the malar bone. This passes 
through the point on the temporal ridge, at the root of the zygomatic process, 
which is in the plane bisecting the auricular orifice transversely, i.e. the “auriculare” 
of Martin, the “point sus-auriculaire” of the French. 


T 
5 


ll 


chord from the asterion to the auricular point. 


7,= maximum chord from a point on the suture with the parietal bone, 
equidistant from the asterion and the point where the temporal ridge meets the 
parietal bone, to the tip of the mastoid process. The suture in question is made up 
of parieto-squamous and parieto-mastoid portions and it is often irregular. The 
terminal is a point on the pencil line which indicates its general direction without 
regard to local indentations. Its position is somewhat uncertain owing to the fact 
that the point where the temporal ridge meets the parietal bone in some cases 
cannot be found precisely (see the definition of 7’3). 


T;= maximum chord from Martin’s “auriculare” (see the definition of 7) to 
the most remote part of the mastoid process. The mastoid terminals of the 
measurements 7 and 7; are not coincident. 


(e) Maailla. Ma,=chord from the point where the frontal, nasal and maxillary 
Lones meet (the superior nasal point) to the lowest point on the alveolar process 
between the central incisors. If the alveolar processes of the two maxillae are 
cciapletely fused the lower terminal will coincide with the alveolar point, but 
if they are slightly separated at the tips, as is often found, the two points will 
be distinct. 


Ma, = chord from the lowest point on the alveolar process between the central 
incisors (as for Ma,) to the “postreme point” on the alveolar process behind the 
last molar—the “ post-molary point.” The last molar is normally the third, but 
fully adult specimens for which no third molars have erupted are measured. The 
measurement cannot be taken, however, if the third molar was lost before death, 
or if the alveolar process was appreciably deformed by the loss of other teeth. 

Ma;=chord from the lowest point on the malar-maxillary suture (Martin’s 
“zygomaxillare”) to the mid-point of the alveolar margin of the second premolar. 


For the purpose of the present study male skulls only were dealt with and the point in question 
would certainly be more difficult to determine on female specimens. 
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Ma,= chord from the lowest point on the malar-maxillary suture to the post- 
molary point. 


(f) Malar Bone. Ml,= minimum arc from the point where the malar-maxillary 
suture crosses the lower border of the orbit to the lowest point on the zygomatic 
suture which is still on the lateral surface of the arch. 

Ml, = minimum are from the point where the malar ridge meets the fronto-malar 
suture to the lowest point on the malar-maxillary suture. 


temporal bones meet (Martin’s “krotaphion ”) to the point in the median sagittal 


(qg) Sphenoid Bone. S,=chord from the point where the frontal, sphenoid and 


plane on the union of the basi-occipital and sphenoid bones (Martin’s “spheno- 
basion.”) The synchondrised basal suture can be marked by a pencil line witi 
a close approach to accuracy in most cases. 

S;=chord from the most posterior point of the sphenoid exposed on the base 
of the skull to the spheno-basion. The point is on the spina anguluris which 
occupies the angle between the petrous and squamous portions of the temporal 
bone. This process is extremely variable in form, but the most posterior point on 
it can almost invariably be found without ambiguity. 

S;=chord from the postreme point of the sphenoid exposed on the base of the 
skull to the krotaphion. 


Se=chord from the spheno-basion to the lowest point on the suture between 
the medial pterygoid plate and the palate bone. 


’ 


when much 
indented is to be understood a smooth line drawn midwise across the indentations. 


By a minimum arc a geodesic is to be understood. By a “suture’ 


Arcs were measured to the nearest half millimetre and chords to the nearest ;jth 
millimetre. 


(4) Having reduced my measurements I computed the means, standard 
deviations and coefticients of variation of each of the 50 measurements with their 
probable errors; also the coefficients of correlation of each of the 25 pairs 
of homologous measurements. The latter I obtained in two different ways as 
a check on my results, namely (i) by the usual product moment method for which 
the 25 correlation tables are given below, and (ii) by the well-known formula: 


which involves a knowledge of the standard deviation of the difference of the two 
characters. The two methods should give identical results if we do not group 
x, y and #— y, but doing so and correcting for grouping we get slight differences 
in our results for r,,.. The two methods, however, give results sufficiently close to 
check the arithmetic, 

Table I (p. 330) contains the values of the constants thus determined, the units 
being millimetres. In Table IT (p. 333), I have arranged in order of significance 
those measurements in which the right and the left sides respectively are dominant. 
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TABLE I. Constants 


Measurements in millimetres. 
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* The upper of the two correlations is found by the direct product moment method, the lower by the 


| formula based on the three standard deviations, 
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Differences of Homologous Bones of the Human Skull. 
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Measurements in millimetres. 
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It will be seen that of the 25 characters we can only say of four that no definite 
asymmetry is indicated. Further, of these four measurements none is of first-class 
importance so far as the brain is concerned, that of most interest being the chord 
from asterion to auricular point. A noteworthy fact is that none of the measure- 
ments gives us differences of right and left measurements lying between two and 
three times their probable errors—the region in which significance is doubtful. No 
less than 14 of the measurements fall into the markedly significant group, while 
another seven are with high probability significant. We conclude therefore that 
the human skull from its very nature (like the internal organs of the human body) 


is asymmetrical; it is not a question of asymmetry in the individual, but of 


asymmetry in the type. The sculptor who desires to form not a portrait, but 
a typical representative of man (or of a god in the image of man) must model the 
head asymmetrically *. The leading feature of this asymmetry is the predominance 
of the right-hand side. Examining Table II we find that the right side bones 
are predominant in 16 of the 25 measurements, as against nine on the left 
side. The table indicates further that the average measure of significance is 
8°66 on the right as against 7°49 only on the left. Of the eight most significant 
differences, six are on the right side, only two on the left. Add the measurements 
of the frontal and parietal bones show marked excess on the right side. They thus 
confirm the conclusion already reached in this journalt that the right cerebral 
hemisphere is the larger. Even with the sphenoid bone three out of the four 
measurements are predominant on the right, but the fourth measurement, the 
distance from the postreme point of the sphenoid to the spheno-basion, is 
markedly significané, and predominant on the left. The malar bone, so far as we 
can judge from two measurements, is predominant on the left side. The marked 
right predominance of the fundamental vertical measurement (Jf%) of the maxillary 
bone possibly accounts for the nasal wryness which is so common, Le. the slight 
drawing up of the nasal ala or even the mouth on the left. On the other hand, the 
horizontal Mz is larger on the left, indicating that the left upper jaw is larger than 
the right. It is therefore possible that a correlated predominance of the left side 
of the mandible exists, and this point would be worth investigating. 

Of the seven measurements of the temporal bone, one difference is practically of 
no significance, the distance from asterion to auricular point, 7’; being practically 
symmetrical. 

Of the remaining six measurements four are predominant on the right side and 
two of these very markedly so. The two measurements predominant on the left— 
both vertical measurements—are significant but neither very markedly so. On the 
whole the temporal bone while not entirely dominant on the right side must be 
considered as part of that system of frontal and parietal bones which gives pre- 
eminence to the right side. 

* Quite recently an obtuse writer laboriously measured the heads of Greek statues, and accused the 
sculptors of the Periclean age of making their gods asymmetrical! 


+ Hoadley and Pearson: ‘On Measurement of the Internal Diameters of the Skull.” Biometrika, 
Vol. xxi. pp. 85—123. 
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TABLE II. Dominance of Right and Left Cranial Bones, estimated by Average Size. 
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Now it is somewhat difficult to realise how predominance of one side can 
arise without a counterbalancing predominance somewhere else on the other. 
We might possibly anticipate a greater predominance of the left side on the 
cerebellar and basal portions of the skull. The occipital arc, from lambda to 
asterion, O,, is very significantly greater on the left, but not so the lower are, Og, 
nor the chord from basion to asterion, Oy. S3 is again, however, greater on the left. 
It is clear that we cannot state any rule as to left predominance compensating for 
right predominance owing to their balancing on the skull. The asymmetries of the 
cranial bones do not equalise each other, so as to produce a symmetrical total head 
form, rather they tend to give a distorted form to the skull as a whole. 

We can examine the problem from another standpoint, that of the percentage 
of cases on either side in which the right or left measurement is in excess. The 
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two methods, that of predominance of mean size, and that of predominance in 
number of individuals, need not necessarily lead to the same results. The reduced 
data will be found in Table III. It is needful, however, to consider first what 
is the probable error of the difference of two percentages in a gogper gh Let 
the numbers corresponding to the two percentages p, and pm be nm, and m in 
a population of size V; then if ps, be the percentage difference 

Ps=100n;/N, py = 100n;/N, 

100 100 n 

Pst = (ns — m) and p+ = y er Ne) 3 


thus Sps—t = —ap (ns — Sr), 


: 100\2. , 
on 2 = N pan F o nt 2On, Fn, Tngnz)- 


> 9 ~ iis’ 2 ~ Ny 
But o*,, = hs (1 - v)> o*n, =he (1 — vy)? 


Ng iy 
Ng Ng — — N > 
where 7i,, 7%, are the reduced parent population values which for want of better 
information we put equal to the sample values. Thus 


100 Ne — Te)? 

7, =( y y (7. tia (Ns 7) 
_ 100 | 

="W (7. +h 100? - jn’). 


P I bl f ad = ( ) ny 
‘obabdie error ) =- . + - 
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approximately, substituting the observed values. 


and on.o 


ig net 


r 


1 


2 


We can now form Table IV (p. 336), corresponding to Table II, and arranged 
according to the significance of percentage differences. There is not much change in 
the order or magnitude of the significance of the several cranial lengths, whether we 
judge dominance by average size or relative percentage of excess, The tendency when 
using percentage excess of size is to somewhat reduce the position of the measure- 
ments. Taking, however, the “significant” and “ markedly significant ” differences 
17 out of 18 remain in the same group; only the sphenoidal length S, has dropped 
out of the “significant” into the “ probably significant” category. JJ/zs has passed 
from “non-significant” dominance on the left to the same category on the right ; 
no other measurement has changed its dominance. In other words, whether we 
judge by percentage of excess in size, or by mean size, the bones on the right side 
of the skull possess a dominance in the ratio of about 12 to 5 in the classes where 
significance may be taken to be certain. Why the antero-posterior lengths of 
malar and occipital bones should be so markedly greater on the left, Iam unable 
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TABLE III. Percentages and Significance of their Differences. 
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Nos. 153 255 409 | | g 210° _ 17-26 
mh GAN) { ti 1873+ °92 | 31:°2141°09 | 50:064+1°18 | f cae — sidleas 
aay, ATOR 239 197 282 : : 
Mlz (718) ‘ ae — 5: 2°138 — 2°80 
Mls (71s) { °/, | 33294119 | 27444112 | 39-2741-23 J ded _— 
: Nos. 246 315 131 - ; 
i », (692) 365 “8438 9°0 
Mz, (692) 35°55 + 1-23 | 45°524+1-28 | 1893+1-00 | \ +1662 stan sl tas 
No OS. 124 197 196 ee ; 
2 (5 ~13°9: 2296 ~ 6°06 
Mery (517) 4°)” | o3.9841-97 | 38:11+1-44 | 37-9141-44 \ 13°93 - Sia 
" Nos. 149 156 146 an a 0°36 
Msg casi) {?* » | 38044149 | 34594151 | 32°3741-49 '} + 0°64 ewese a il 
> Nos. 193 175 177 > J 272K 25 
day (Oe Ye 2°3789 1°23 
as (909) { 35°41+1°38 | 32°1141:35 | 32-484+1-29 + 2°04 ‘ ad 
RRA cach Tea is i ae = Lae 
1 
inf Nos. 262 77 525 _ eG 
864 - 30° 2-0 — 14°6¢f 
U7; (864) { */, | 30334106 | 891+ -65 | 60764112 aonee ree = 
WT | « © 
15g) J Nos. 110 | 125 | 323 . 2°1158 + 4°79 | 
| ae ){ °/ 7794115 | 14 7+ 81 | 37644112 | es _— e - 
no, { Nos. 388 16 | 304 = 2-059 476 | 
| Oy (S08) { 15224115 | 19° be 91 | 35434110 } +o alsa _— | 
a ee a SS Sa ee Sn ee x Se ae Road 
‘ * These are the percentages of the characters equal, not to the unit of measurement, but to the unit 


of grouping used in the correlation tables. The grouping unit was 1 mm. in 21 cases, 0°6 mm. in 2 cases 
(S, and S,) and 0°5 mm, in 2 cases (7, and T,). 
22—2 
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TABLE IV. Dominance of Right and Left Cranial Bones, 
estimated by Percentage Excess. 















































Right Percentage Excess Left Percentage Excess 
Sa Se —- — =_ z 
| An... Ay, - 
Bone | Length ProPr Bone Length PR — Pr 
| p.e. of A p.e. of A 
Parietal P; | +19°38 _ — 
re) — a Malar Mi, — 17°29 
= Temporal 7 |} +15°54 s a == 
e Frontal F, | +15°16 an — 
a =e — | dost Occipital 0; — 14°66 
= Parietal Fr, | +13°40 foes mal Fe 
ib Parietal Py | +11°28 = = = 
z Maxillary Mz, | + 9°01 an Peek ce 
~ Temporal T, | + 8:46 = = ; 
& Frontal F, | & 7} A — 
= - — | = Sphenoid Ss po a PGE. 
_ — | Maxillary May — 6°06 
= eae | = LS) eee. De am _ 
2 Sphenoid S; r + 6°70 ja ene — 
5 : _— Temporal T; — 5°55 
= Occipital Og ; + 4°79 _- 
= Occipital Oy | + 4°76 - | —_ | — 
oP Temporal f. | + 4°43 as 
| i | | 
Sphenoid So + 3°97 | 
. Temporal Ts — 3°75 
S . Malar | Ml, -- 2°80 
a0) a Temporal T, + 2°65 -- — 
; 
| » 
= Maxillary | Ma, | + 1°23 —_ 
& 3 - } — Temporal T; | — 0°59 
Y= | Maxillary | Mv. + 0°36 zs as . 
| Ss + 0:20 as 
| 6 | + 2 
Mean Dominance Right + 7°54 Mean Dominance Left — 7°29) | 





to say. The value of Ml,+ 7,+0;, which is very nearly the whole are from sub- 
orbital point to lambda, via the asterion, is 1°62 mm. greater on the left than on 
the right side, while the parietal arc, Py, from lambda to sphenion, is greater by 
1-41 mm. on the right; this would seem to indicate that the dominance on the 
left, side, if due at all to brain growth, is cerebellar, as the malar length can be less 
influenced by such growth. 

It is one thing for homologous lengths to differ in mean size, another for 
homologous lengths to be highly correlated, which signifies that their deviations 
from their respective means are closely related. It will be now of interest to 


arrange the twenty-five pairs of homologous lengths in their order of correlation. 
it a : 
his is done in Table V. 
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The main feature of this table is that the facial lengths are those most highly 
correlated, while those of the temporal, occipital and parietal regions are less 
closely associated. Suppose a type skull formed with the average asymmetries we 
have shown to exist, then if any individual skull deviated from these type 
asymmetries on the right side, there would be a correlated deviation in the same 
sense on the left side, and these deviations would be in closer accordance on the 
anterior or facial portion of the cranium than on parts posterior to the coronal 
suture. 


TABLE V. Correlations of Homologous Lengths in order of Intensity. 




















Length | Correlation Length Correlation Length Correlation 
| 
| | | 
Mx, | “9766 T. *8503 P, “7909 j 
Ml, | “9399 Sy “8315 S; “W771 
Fy “9384 T> “8145 Ts “7748 
May | 9278 7; | 8133 P, 7112 
Mi, 9219 T; 8061 Py 6738 
Mx. | 9134 S; 7962 T. } 6729 
. 9059 0- 794 0 5379 
Ss “S776 T; “7937 
Vay “S616 Ov 7928 
' 


(5) Variation. 

If the right side of the cranium is on the whole significantly dominant in size, 
it remains to consider the distribution of the variability, absolute and relative, of 
the skull. Is the right or the left side the more subject to limitation in its 
variation ; is either by reason of its functions more stringently bound to type than 
its opposite? Or, shall we find equality of variability in homologous lengths 
notwithstanding their divergence in size ? 

The data for answering this problem are provided by the last six columns of 
Table I. In the first three of these columns absolute variabilities are dealt with. 
We have the difference of the standard deviations on the right and the left, then 
the standard error of this difference, which is provided by the formula* 

1 


Ccp—c;, = 
ROL On 


Vo? + 0,7 — 2rprogey, 


and in the third column we have the ratio of the difference of the standard 
deviations to its probable error (i.e. 67449 x standard error). In the last three 
columns relative variabilities are dealt with. In the first we have the difference 
of the coefficients of variation for the right and left homologous lengths; in the 
second of these three columns we have the standard error of the difference of these 
coefficients provided by the formula* 

ee 


1 

Y ¢ y 9 9,2 a r r 94 217 2 = 
= —=4V;2 + Vz?—- 2° VR V, (Vat + Vit—2rV2 V2} > 

* NWVQn( 


9 
* (100) 


* Here r is the correlation of the right and left homologous lengths. Of course these formulae are 
only approximations suitable to large samples, such as they are in our case. 


oV,-V1 
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and the last column gives the ratio of the difference of the coefficients of variation 
to the probable error of that difference. 


From the ratio columns, Table VI has been drawn up. We can draw at once 
certain conclusions from Table VI. It will be seen that the cases of marked 
significance, which were so noteworthy when we considered dominance of size, do 
not occur at all. In other words, laterality is not a marked feature of variability 
either relative or absolute. Again, while the size dominance was on the right in 
the proportion of 16 to 9, the dominance of variability is on the left in the 


TABLE VI. Significance of the differences of Relative and Absolute Variability 
on the two sides of the skull. 
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Absolute Variability 
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Occipital 
Frontal 
Malar 


Malar 
Occipital 
Sphenoid 
Temporal 
Occipital 
Maxillary 


Maxillary 
Parietal 
Temporal 


Sphenoid 
Temporal 
Sphenoid 
Parietal 

Parietal 

Temporal 
Maxillary 
Frontal 

Maxillary 
Temporal 
Temporal 
Temporal 
Sphenoid 





Length 





Ratio 


Right 
in excess 


+5°80 


+2°89 





Left 


in excess 





Relative Variability 











Ratio 
3one Length i nee 
Right Left 
in excess | in excess 

Frontal Fy - — 5°94 
Occipital Oz + 5°42 - 
Malar Ml, os — 4°21 
Temporal 7; : — 2°98 
Occipital 0 +2°59 - 
Maxillary Mxs — 2°43 
Maxillary Mx, 2°36 
Sphenoid Ss — 2°27 
Parietal P, — 2°15 
Malar Mi, —2°01 
Parietal P, --- — 1°83 
Temporal T, +1°72 — 
Temporal T2 +1°71 — 
Sphenoid S> — — 1°68 
Sphenoid So — 1°66 
Occipital 0; — —1°63 
Parietal Po +1°53 — 
Temporal T, +0°74 — 
Sphenoid Ss — —0°53 
Maxillary Mx, +0°46 a 
Frontal F, +0°44 — 
Temporal 7, +0°35 — 
Temporal T: — —0°29 
Maxillary M22 — —0°27 
Temporal T; — — 0°26 
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proportion of 15 to 10. Out of those cases for which dominance is either 
significant or possibly significant the ratio in favour of the left side is 7 to 2 for 
absolute and 8 to 2 for relative variability, giving a 15 to 4 proportion instead of 
15 to 10. There seems little doubt therefore that the left side is somewhat less 
limited to type than the right side of the skull*. Confining our attention to the 
really significant group we remark that the chance of equalling or exceeding 
+421 times the probable error in one trial is only about 5},, and therefore the 
probability that in 50 trials we should get six such values is exceedingly small. 

We see that the undoubtedly significant group consists solely of three lengths, 
one from the occipital with right dominance, two with left dominance from the 
frontal and malar bones. With one exception, 73, the lengths with dominance for 
absolute variability have the same laterality for relative variability, so that we 
need not distinguish between the two. Of the 25 characters the dominances in 
size and absolute variability have the same laterality in 15 cases, the opposite 
laterality in 10 cases, Of these 10 cases (judged by variability) the difference is 
markedly significant in one, F2, possibly significant in two, 7’; and May, and non- 
significant in seven. In May the size difference is non-significant, but it is significant 
in F, and 7,. Of the 15 cases in which the dominance in size and in variability 
has the same laterality, Og has significance for both, the malar bone measurement, 
Ml,, has significance for both, Ml, has marked significance for size, and doubtful 
significance for variability; of the six quantities which are possibly or just possibly 
significant for variability, P,, S;, 0, and Og are markedly significant for size, 7; is 
probably significant for size and May is non-significant for size. There are six cases 
in which the variability dominance has no significance. Thus in the case where the 
dominances are of unlike sense there are only two measurements, F, and 7, in which 
it is almost certainly significant for both size and variability. In the case where the 
dominance is of like sense, the lengths Og and Ml, have adequate significance for 
both size and variability; 0,, Og, Ss and Ml, have doubtful significance for one or 
other character, and P:, T, have extremely doubtful significance for variability. 
Accordingly we have left four lengths distributed over four bones, F:, 7, Ml, and 
Og, two of which have unlike and two like dominance in size and variability. Thus 
it seems idle to argue from these as to any correlation, positive or negative, 
existing between dominance in size and in variabilityt. It is clear that laterality 
has far less influence on variability than it has on size, and less on relative 
variability than on absolute variability. 

(6) The conclusions of this paper are of the following kind: 

(i) The human skull is definitely and markedly asymmetrical. It is not 
a question of the bones of individual crania differing from a symmetrical type, 
but the type cranium is itself asymmetrical. 


* The odds against such an excess o* dominance on the left are about 29 to 1. 


+ The ratios of significance for size and for absolute variability were correlated and gave the result 
0:2939 + +1232. Thus significant greater variability was associated with significant greater size, and not, 
as one might a priori suppose, a stringent predominance of size with a lesser variability. But the 
correlation is under 2°5 times its probable error, and it is too doubtful in itself for one to say more than 
that there is not sufficient evidence to indicate a relation between dominance in size and variability. 
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(ii) Some dimensions of the cranial bones have dominance on the right side, 
some on the left, but on the whole the right side for size has dominance over the 
left. This is especially true for the frontal and parietal bones; the malar bone is 
the only cas¢ in which the left side has dominance for all measurements taken, 
and this bone has less relation to brain development. 

(iii) The anterior homologous lengths, particularly those of the face and 
forehead, are those most highly correlated, right and left. 


(iv) The order of absolute variability is much the same as that of relative 


variability. There are no cases of markedly significant differences in variability of 


right and left bones, There are only three cases of definitely significant differences 
of variability, one on the right and two on the left. No relation of any importance 
was discovered between dominance in size and dominance in variability. 

(v) Whatever causes, associated with brain growth, or otherwise, lead to 
dominance in size of certain lateral portions of the skull, these do not appear to 
restrict the variability of those portions in any sensible degree. That is to say, 
type is differentiated laterally, but not deviations from type. 


F,. (Central Values.) Left. 


Frontal Bone, 


(Central Values.) Left. 


Frontal Bone, F,. 





T. L. Woo 341 


TABLE VII. 
Frontal Are Measurement F,. 


Frontal Bone, F,. (Central Values.) Right. 
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TABLE VIII: 
Frontal Arc Measurement Fy. 


Frontal Bone, F,. (Central Values.) Right. 
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TABLE IX. 


Parietal Arc Measurement P,. 
. (Central Values.) Right. 
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TABLE X. 
Parietal Arc Measurement P,. 


Parietal Bone, P;. (Central Values.) Right. 
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TABLE XI. 


Parietal Arc Measurement P,. 
-| 9 


Parietal Bone, P,. (Central Values.) Right. 
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THE MEAN AND SECOND MOMENT COEFFICIENT OF 
THE MULTIPLE CORRELATION COEFFICIENT, IN 
SAMPLES FROM A NORMAL POPULATION. 


By J. WISHART, M.A., D.Sc. 
(Statistical Department, Rothamsted Experimental Station.) 


Our knowledge regarding the sampling distribution of the multiple correlation 
coefficient has been very greatly increased in recent years. It has been known 
since 1924 that, for the special case of zero correlation in the universe, the distri- 
bution of R for samples from a normal population is given by* 


(a+b— 1)! 


a heel | 


y (PY 1(1 — R?)1d(R) .........00005- (1), 


where a@ is put, for convenience, for one-half the number of degrees of freedom due 
to the regression function (i.e. the number of independent variates), and b for one- 
half the number of degrees of freedom due to deviations from the regression 
function (i.e. the total number in the sample less the total number of variates). 
Tables exist for determining the probability of occurrence of a given R from this 
distribution, and extend to six independent variates and for a size of sample of 
about 100+. More recently the general distribution of R has been reached by 
Dr R. A. Fisher}, and a table, appropriate for large samples, has been furnished 
whereby the experimenter may, by suitable transformations, determine approxi- 
mately the significance of an observed # in relation to a given multiple correlation 
in the universe, exact account being taken of the positive bias of small observed 
multiple correlations. It is an interesting mathematical exercise, not altogether 
devoid of practical interest, to use Fisher’s distribution to determine the exact 
nature of this bias, i.e. the amount by which the mean value of R (or R?, which as 
we shall see is the more amenable to analysis) is in excess of the true correlation 
p (or p*) existing in the universe. The purpose of the first section of this paper is 
to determine the mean value of R®?. Later, the analysis is extended to the deriva- 
tion of the second moment coefficient, or variance, of R*, although the utility of 
this quantity, for a distribution which is far from normal, is not so great as would 
at first sight appear. In both cases the results are compared with Hall’s large 
sample approximations§. 

* R, A. Fisher, Phil. Trans. B, Vol. 213, 1924, pp. 89—142. 

+t J. Wishart, Quart. Journ. Roy. Met, Soc. Vol. tiv. 1928, pp. 258—259. 

t R. A. Fisher, Proc. Roy. Soc. A, Vol. 121, 1928, pp. 654—673. 
P. Hall, Biometrika, Vol. xtx. 1927, pp. 100—109. 
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Fisher’s general distribution is 


1+b—1)! ‘ 
aS Did Ty (1 — p*)**?. F(a +b, a+), a, p*2R*). (R?)-1 (1 — RB?) d ( R*) 
Coe (2), 


and he notes that, when 2b is even, we may use the Euler transformation of the 
hypergeometric function to obtain the distribution in the form 
i= (a+b—1)! (1—p%)* 
a (a—1)! (6-1)! (1 —p?h?)er* 


wy 


F(—b, —b, a, p?R?). (R®)1(1 — R81 d (R2) 


giving a terminating series. 

The fact that, for 2b even, he has given the probability integral enables us 
without a great deal of difficulty to determine for the special cases b=1, 2 and 3 
the first and second moments of the d:stribution (3), and thence to infer the 
general result for any b, which is probably true without any restrictions as to 
whether 2b is even or odd. 

A. Determination of Mean Value of Rh. 


We may conveniently put R%p? =a. 
Case 1. b=1. The distribution is 


; (1 os, 2)a +1 (a + x) gel 
df = (ot) (may UO serseecreeeeeenneeessee (4). 


We now multiply by R?, ie. by z/p*, and integrate with respect to x from 0 to p*. 
Noting that the indefinite integral of (4) is 


(il — p*yett ae 
(p?)" (1 — gett?’ 


D2 _ 1 — p" a+1 fp? ue = 1—p? a+1 fp? ada : 
” ={ p* I, + (a a = ~{ p* ) : qd — a)ett ---(5), 


on integrating by parts. Leaving the result in this form meantime we shall con- 
sider other cases. 


we have 


CasE 2. b=2. The distribution is 


. (l—p*)t fa(a+1)+4(a4+1) a + 2207} wt! (1 — a/p?) : 
df = iy ; ae, ae pe dw...... (6), 
and the indefinite integral 
(i-—"y" {( +2)(1—a/p?) 1-2. 
(p*)* (1-2) (l-a 


which may be written 


x. 


(1 — p?)*#* ((a +1+«)(1—«a/p?) + ap? 


or (  G-ap* "G-a* 
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We have, then, 
joo el e gee oe a/p*)a* | artt/p? ) 
(pet 0 (1-—«az)*4 (1 —a)***} 
_(l-p a |" (a+1+.)(1—2/p?) a4 se as CP 
(p*)"** Jo (1-2) “h p* ‘aaa 
on integrating by parts, 


(1— pty SOR GON |e us att 
wae ig Bie da 
(p? Na 1 [. ( «/p ala ate p* ) 0 (1 — «x)rt? 


from the integral of (4) on replacing a a a+ : 


1 es p* a+2 fp? a +1 3 
=1-2 MW cmccbaccanae : 
1-2(Y |) aaape ss 


on further integrating by parts. 





CasE 3. b=3. The distribution is 


(a — p2)ats 
f 9 9 2\a 8 2) a2 503) 
x a (a+1)(a+2)+8 (a+1)(a + 2)x+18(a +2) ‘+ 6a | 2-1 (1 — w/p®)? dx (8), 


(1 —a)*** 
and the indefinite integral 
(1 — p?)** ((a+3)(a+4)(1-2@ /p? a 2(a+3)(2—382/p?)(1 — a/p*) 
2 (p?)* si (1- a) (1-2) 
2(1 —32/p? +3 le) 


: : (l-« —s i 
This may be written 


(1 — p*)** | ((@+1) (4+ 2)4+4(a4 +2) v+ 22°} (1 — 2/p*? 


» (p*) | (l— gars 
2x/p?(a+2+a e) (1 — a/p*) 2*/p* | - 
(1— a) a — x) 
For the mean value of R? we have, on integrating by pod 
a oo oma ((a+1)(a+2)+4(a+2) a+ 203} a (1 —2/p*? 2 
2 het (1 =e jars 
_(a- laa (a+ 2+) a%1(1—a/p*) 5 a a a ¥ at 
(Pp?) Jo ua p* 9 -a)ye” 


Now utilising the integral of (6) and replacing a by a+ 1, we may write the first of 
these integrals in the form 


a-sr {’ (a+2+2)(1—a/p*)a™ xt /p? 
Y) (p?)*# \ iM ( = a)e4 qd a g)es 
_ii= p*)a** je +x) (1 —2/p?) att 1 (' _ ey" i gat q 
~ 2p) I, (i-a)4 total 0 d-ays™ 


on integrating by parts. It follows that 


= 3 qa = p*)* re (a+2+2): gH(l—-a“ /p* ) 3 am gor 
= ft «Sl A ile) AIM oe Bi. | on ee: : 
R?=1- 2 (c 52 )at2 Ve a x) i Mé 3 3(— 3 dx 
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The reduced integral may be simplified by using the integral of (4), in which a is 
now replaced by a+ 2, and is 
3 (1 — p?)*8 (* ( a2 ) S/l—p\ fe aot 
( a Y (1 —@& p”) d 4 : 3t = = ( = ) [ - : dz, 
, (p*)** Jo (1 — et) z p~ Jo (1 — g)es8 
on integrating by parts. Finally we have 
_ = 2, at+3 fp? 4 a+2 
R?=1-3 (3 ) . MEE siccsancirnsnnntedrend (9). 
p- Jo (l—a@)* ; 


It is evident from (5), (7) and (9) that the general result for any integral b is 
—. 1 — p2\% fe? = gatb-1 
Re =1-0/ *) €: Re nhac (10). 
P 


t & 
Jo (l-a)*? 
Now when ~@ is less than unity the denominator may be expanded in a con- 
vergent series, which when integrated term by term yields the result 


rp? = gatd—1 dw =| ile OR ata (a+b¥(@+b+1P ., )i" 
Jo (1—a)ee a+b | a+b+1~ 21(a4+b4+1)(a+b+2)° ~) Jo 
2\a+b 
05 F(a+b,a+b, a+b+1, p?) 
1 (p?)at 


ah +b — preva PCL Og ee eT ee (11), 


using the Euler transformation of the hypergeometric series. The series in (11) is 
absolutely convergent even for p?=1, since a+b—1 is always positive*. We 
therefore have 


b 9 7 QO’ 
Goh PG, Latb+l, p*) Spaesie wane (12) 


as our final form. Since # (or p*) may ‘ake the value unity in the limiting case, 


R2=1 


some consideration is necessary as to the validity of the solution we have reached 
for the integral in (10), where the integrand may become infinite. In this case the 
important part of the integral is the denominator, and we have 


1 — p*\% fP* const. da 1 — p*\at0 ] “|e 2 
b( P | const. da _ const. ( P ) ! - om —> (0 as p°> :. 
\ ‘ 30 


p~ Jo (Aa) ~ p= (l-«@ 
Equation (12) therefore gives the mean value of R? valid over the whole range of 
p* from 0 to 1. We note that for p=0 we have 
a a 
R?=— : 
at b 
agreeing with Fisher’s result + from the simplified distribution (1). Also for p?=1 
we have R?=1. 
For comparison with our exact result (12) we have Hall’s approximate valuef, 
which in our notation is 
Ree p24 Lar) (a—p*) _ a+ (b—3) p* + 
f atbt+ 1 at b + $ 
See Whittaker and Watson, Modern Analysis, p. 25. 
| R. A. Fisher, Phil. Trans. B, Vol. 213, 1924, p. 92. 
t Pp, Hall, loc. cit. 
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Now (12) can be written 
a b 
a+b’ atbe1 , 
9 

a b ( 1 1.2 Prt. 
It is evident that the approximation in (13) consists in supposing that for large V 
(which is equal to 2(a+b +4) in our notation) a+b anda+b41 may be safely 
replaced by a+b+4, while b is replaced by b—} and b/(a+6+ 2) is replaced by 
unity, and terms of higher order are neglected. To give a numerical example, 
suppose there are 6 independent variates and the sample is of size 101. Then 
a=3, b=47. If we take p?=0, 05 and 1, we find R?=0-0594, 05248 and 1 
respectively from (13), and 0°06 (the correct result), 0°5252 (correct result 0°5253 
and 0°9993 from the first three terms only of (14). (We would naturally, however, 
use (12) for preference for p? nearly equal to 1; for p?=1 exactly we get the correct 
result from (12), or by using the well-known formula for the sum of the hyper- 
geometric in (14).) It would appear, therefore, to be desirable to improve the 


2 F(1, 1, a+b+ 2, p?) 


=~ 2i1 4 e+ 4). 
aah uae’ { a+b+2? + G4b4+2)(a+b43) (15) 


approximate formula (13), as it gives an underestimate of the correct mean 
value, and we would suggest the use of the first three terms of (14), except when 
p* is large, when formula (12), using the first two or three terms of the hyper- 
geometric series, should be used, e.g. for p?=0°9 formula (13) gives R? = 090416, 
while two terms of the hypergeometric in (12) give 0°90434 and three terms 
090428, which is correct to the last place shown. 

It may be mentioned that the value derived for R? by Fisher in 1924* by 
averaging the numerator and denominator of the expression for R*, and which 
may be written 


differs from the exact value (12) by a term involving (/'— 1), of the order of 1/N. 


B. Determination of Second Moment of R?. 

This involves a repetition of the procedure we have gone through for deter- 
mining the mean value. The second moment about zero is obtained by multiplying 
the distribution by R4, i.e. by 2*/p*, and integrating for « from 0 to p® 

CasE 1. b=1. 

We have 


1 1 — p?)*+1 pe* ae 2d1- p*)t+1 fe? get 
ua! (R®) =‘ fae | wd ( =a)= 1— = fs 3 da, 

(p*)*** Jo (1 - ay (p*)"** = Jo (1-2 
on integrating by parts. For comparison with the other cases we shall leave this 
result meantime in the form 

1 — p21 fe? 2* (0 — 2x p*) 
1+( ; | — 
a, J0 (1 x) 


* R. A. Fisher, loc. cit. p. 92. 


Oe oe (15). 
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CasE 2. b=2. 
From A, mae 2, 


i fy ee 





a ier" +2)(1 — x/p*) x" z 





J0 (1 —«)** 
ee a i-- a+2 M(a+1 +a) a0 (1 ~a/p*) 5 9 (- p®)tt2 re 
7 v p* Jo (1 —«a)** ce Ore 





1 —p* a+2 ( gett | (1 ia or +2 
=1-2 1- 2 
( ) ] "4 al) 4 gute (p 2)at3 


=14+2 52)" a8 — 3a /p%) 2 
0 





CasE 3. b=3 
From A, Case 3, we have 
(1 — pers e 





. ait \(a+1)(a+2)+4(a + 2) a + 2a*} 
i (R= STi |, ta [tO Ere 
2aett (a + 2 + a) (1 — a/p*) Qaa* 7 
p?(1—a)"*4 p'(1—2)* 3 





wie (1 — p*)** { ((a+1)(a+2)+4(a+2)a + 2a?} a? (1 — w/p?)? 


(p*)*** 0 (l—«a)**5 


2 


ais eA Se +2+a)a0*(1—x/p)),_ 9 (1- per 
0 ( rt 3) +4 = (p* ara 


Pp 











(l- py 
=]-— 1- d+ 
we Je —ai6h) ( (1—ayr*4 
-2(*5")" fe (at2+a)ae ta aip) - 
p> Jo (l—a)** 2 (p?)** 
(1—p* ors re* (a + 2+ w) a*** (1 — w/p*) (1 — 4e/p?) 
=1 
OF Jo a-ay 
1—p? at+3 fp? t *(1 — 4a/p*) 
+(— dar 
( p” | J0 days 
(1 — p®)**9 / ‘ai gute 
=] 3 1—@ 2 1—4ae 1; 
+ (p yore : ‘( /p*) ( p- *) ¢ ajersy 


© ses 2\ a+3 pp? ,at+2 1 — 42/ 9”) 
+( PY = yar iP) 
p” / J0 qd— 


i 2, at+3 ¢ 2 te 9 r 
1+3( ’’) ee: — 4e/p*) 
( 


2 


da 








(l—a)e Oe en es ee eR 


on ip) at? 


9 (i— p* Ate 





|, Fee Se irtrmrtiatherteineneene 





—575 da 


da 


at +3 


I a a 


Pd 


a- ar =a" af 
gets 
— pe 


From (15), (16) and (17) it appears that the general result for any integral b is 


/ 2, a+b 2 path —1 { {h — an 
wa (RA) =1+0(4 +) ~< »—1 (b+1)a/p*} 
p” ( 


Jo a— ayer? 

Now we already have 
/1—p? rk yatb -1 Sn 
Pe ) » day a+b 


P) Pa, lat+b 
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while by a similar expansion of the denominator and integration term by term we 
have 
eo 2\a-+b f p* at +b BD xs 2) 
le Ta) de=<—f) 
(p 2)! Jo l—ayr a+b+1 
The same considerations as were examined in the deduction of (11) show that this 
integration is valid even when p?—> i, and the hypergeometric series in (18) is also 
absolutely convergent even for p?=1. We then have, for the second moment of 
R? about zero, 


F(2,1,a+6+2, p*) ...... (18). 


’ 2 b(b—1) 7] 
pe (R?)=1+ Pes ey (1—p*) FQ, 1,a +b +1, p*) 
b(b+1) » 7 ‘ , 
— aed em P) FR Lath +2, p%) ecccccece (19). 
For p? = 0 this becomes 
ua! (R®) = a(a+1) 


(a+b)(a+b+1)’ 
which may be derived directly from the distribution (1), while for p?=1 we have 
pe’ (R*) = 1. 
The second moment about the mean, or variance, of R?, may now be obtained, 
for, since 
R?=1 -—( — p*) F(1,1,a+6 +1, p*), 
we have 


o? 2 = ps’ (R®) — (R??P 


‘sin _ 22 | ] " a ee 9 | 
=b(b+1)(1 gy bette aabai? Shetty 
b . 
-eaape —p*? F2(1,1,a +b +1, p%), 


and this, on reduction, is equal to 
b(b+1)(1—p?? 
(a +b) (a +b+1) 
An alternative form for this expression is 
b(b+1) re 
(ed as ot 
a+b d (p?) 
where F stands for the hypergeometric series F(1,1,a+b +1, p*), Le. the same 
series which occurs in the expression (12) for the mean value of R*. This series is 
the only part of our results (12) and (21) which is at all difficult to calculate, 
although for values of p? up to 0°5 and a reasonably large NV a very few terms of 
the series should suffice. A table of the series F for values of a+6+1 proceeding 
by half-integers, and for a number of values of p*, with, possibly, a table of its 
derivative, would be useful in this connection. 


ve (1—p?? | 


19 9 o : 
F (2, 2,a+6 + 2, p?) (a+b? 


"2(1,1,a+6+1, p*)...(20). 


CR OIE cicconconenuenauil (21), 


The only result known hitherto for the variance of R? is the approximate one 


of P. Hall (loc. cit.): 
a? 2 = 4p? (1 — p?)?/N = 2p?(1 -- p*P?/(at+b+ 4) ......... (22). 
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This result is correct to terms of the order of 1/N, but its weakness lies in the fact 
that for p?—> 0 it gives o?,:—> 0, whereas in fact we know from the distribution (1) 
directly *, or from (20) on putting p? = 0, that 

For p" a 0, 272 = . ab el atehet 

(a+ bP? (a+6+4+1) 

This result is of the order of 1/N?, which explains wherein the approximation (22) 
is insufficientt. The terms in 1/N involve p?, and when this is equal to zero the 
terms all vanish, while the part that does not vanish with p? is not given, being of 
the order of 1/N*. An exact formula is always to be preferred to an approximate 
one, proceeding in powers of 1/N. If WN is not really large the first term or. two 
will not be adequate to give precision enough; while a more serious objection, 
illustrated in the case before us, is that in particular cases the early terms of a 
series may vanish, and the first term of importance may be a term neglected. 

The nature of the approximation in (22) may be seen from (20) on expanding 
the hypergeometric series as far as the terms in p. The parts outside involving a 
and 6 are nearly unity for large N. If we count them as unity and replace the 
a+b+2and a+b + 1 of the hypergeometric series by }N we find, approximately, 


o* 2 = (1 — p?)?? E + a p?—1 a “| = 4p? (1 — p*)?/N, 

° - 2° 
as in (22), 

As a numerical example let a = 3, b = 47, and p? = 0°5. From (22) we have 
o*,2=0°00495. The correct result, from (20), is 00047241. A much better approxi- 
mation is obtained by retaining the exact values of the parts outside the hyper- 
geometric series in (20) and calculating the series up to terms in p*. This yields 
0:00470. We have chosen the case of VY = 101 for the purposes of illustration, and 
even here the approximate forms (13) and (22) are not good enough. For smaller 
samples the discrepancy will be even wider, and it is obvious that the exact forms 
(12) and (20) must be used in such cases to secure reliable results. 

C. Mean and Second Moment of R. 

We have dealt so far with R?, as having a rather simpler sampling distribution 
than R. We know that the mean value of R, for the special case of no correlation 
in the population, is of the form? 

pa-@—Pi@+b—-)! ioe 

= ro = y! (a+b = 1) ] tttseeeeeeeeceeseeeenens (23), 
where «! is written for the factoria function, or ' (a+ 1), even when @ is not an 
integer. It is hardly to be expected, therefore, that the more general form for any p 
should be simple. A similar method of attack to that in A does, in fact, lead to a 
solution for the special cases b = 1, 2 and 3, and it is seen that the mean value will 
in the general case involve a number of hypergeometric series equal in number to b, 

J. Wishart, Mem. Roy. Met. Soc. Vol. x1. No. 18, 1928, p. 34. 


+ Indicated on other grounds by P. Halli, loc. cit. p. 108. 
t J. Wishart, loc. cit. p. 34; P. Hall, loc. cit. p. 109. 
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but it does not appear that the expressions are capable of any very great degree 
of simplification. The first three results are 





b=1 S.1-2-f ya ist 2): 
Sat) OT 2 PD: 

- 1 1-p? F 31-/, : 
bh=2 See ee = a a (1 5 p2)- 
. Rel sage) HP bth Psa g FG Lats); 

_ Se ~~ oe ae 

= 3. =]-— F(- 3,1, 3p") — —1i 5p 
b=3. R=1 te (— $,1,a + 3, p?) 49023 1,1,a+§, p*) 


15 1—p? a) 
- (4, 1,a + $, p*). 
8 045) OT 3P) 


In view of this difficulty, and also bearing in mind that R? is calculated first before 
extracting the square root, it would seem desirable to apply the usual tests of 
significance to R?, and not to R. The second moment of R about zero is, of course, 
identical with the mean value of R®, i.e. our formula (12), and we therefore have 

b 
at+b 





o*,=1- 


(1 —p*) F(1, 1,4 +0641, p?)—(R}* ......... (24). 


Further than this it is hardly practicable to proceed. What we have done in this 
section will illustrate the difficulties experienced by other authors* in obtaining 
approximate expressions for the mean value of R. 


* L. Isserlis, Phil. Mag. Vol. xxx1v. 1917, pp. 205—220; P. Hall, loc. cit. pp. 108—109. 











APPENDIX TO A PAPER BY Dr WISHART. 


Tables of the Mean Value and Squared Standard Deviation 
of the Square of a Multiple Correlation Coefficient. 


EDITORIAL. 


Dr Wishart has provided in his paper the formulae giving the Mean Value, 
R?, and the Squared Standard Deviation o?,2 of the square of a multiple correlation 
coefficient R. Let us suppose N = size of sample and n= total number of variates*, 
then Dr Wishart’s formulae may be expressed as follows: 


N—n 


Ne RE dae aS 1(N ig RR Seer Sever he eeneyremers: i), 
R= 1 — FPF LEW $V), oP) ooeeeeeeeererree (i) 

| — j— 2 = ee 
ot = Nam) (WN —n +2) 7 _ om (2, 2, (NW +8), p?)—(1 — BY ..-(ii), 


(N—1)(N +1) 


where F is the hypergeometrical function. We may write these as follows: 


D 4 ]— . . 
R?=1- = ; Mi <icapanauteenncasiuiniekenaantoos eee (1) bis, 
NN — = 9 = 
a 2= =. y & 7 +3 y2 — (1 — RY... eee ee ee (ii) bis. 


The only parts of these formulae which involve n, the total number of variates, are 
the coefficients of y and y2; these change with the order n—1 of the multiple 
correlation coefficient. / 

Now y1= #2 —1 and y= pa’ — 22’ +1, of the paper in Biometrika, Vol. x1. 
pp. 334 


Tables attached to it, they exist in the Archives of the Laboratory on the working 





335, and although the numerical values of jg’ and ya’ are not given in the 


sheets from which the uz and wy of the frequency distributions of 7 were obtained. 
It is therefore only a matter of picking out of those sheets the values of ya’ and jay’ 
and so finding y and y2. This has been done and Tables I and IT below provide 
their values. 

For samples of 3+ to 25, there is no need of interpolation for V; we require 
only to interpolate for p. For most practical purposes central difference interpolation 
to 6 will suffice. Beyond 25, the two adjacent values of y, and 2 are so close that 
linear interpolation for V will as a rule be adequate. 

Illustration (i). Let us take Dr Wishart’s example V = 101, n=7, and p?='5, 
or p="7071 nearly. This lies between p=‘7 and ‘8. 


* Wishart puts a= 3 (number of independent variates) = 4 (Fisher’s n,) =} (our (n-1)) and 
b =} (size of sample — total number of variates) = 4 (Fisher’s n,) = } (our N — 2). 
+ For N=2, we can only take n=2, i.e. ordinary correlation and then R?=1 and o* ,2=0. 





EDITORIAL 363 
First to find y using Everett’s Central Difference formula-we have for V= 100, 
d= 071, ¢="929, 
29 = °509,8429, 2, = °360,9965, and 8z,=—-020,5732, 822, = —°020,9530. 
Hence: 
2 = 929 x °509,8429 + ‘071 x °360,9965 
~1(-929 x 071) {1-929 (— -020,5732) + 1-071 (—-020,9530)} 
499.2748 + 010,993 x °062,1264 
= °499,9578 = y, for V = 100. 
Similarly for V = 200, 


2, = 929 x °509,9355 + -071 x 360,5013 


— 010,993 {1:929 x (— '020,2884) + 1-071 x (— 020,4733)} 
499,9970 = for V = 200. 


lI 


Clearly linear interpolation for V = 101 will suffice and we have 
y= °499,9582 for V=101. 


- 9 
-7- jual-; aX 499,9582 


Thus R?=1 
= *525,2922, 
agreeing completely with Dr Wishart’s 
R? = 5253. 
We turn now to Table IT to find yz. We have for VN = 100, 
Zp = °265,0540, z, = ‘133,7050, 
822p = + -016,6294, 822, = + -035,4198. 
The values of @ and ¢ are as before. Hence 
2, = 929 x ‘265,0540 + ‘071 x °133,7050 
— 010,993 {1°929 x 016,6294 + 1-071 x °035,4198} 
= *254,9586 = y2 for V = 100. 
Similarly 
2, = ‘929 x ‘262,5877 + ‘071 x °131,6374 
— °010,993 {1°929 x °017,8219 + 1:071 x -036,2360} 
= °252,4857 = y2 for N = 200. 
Interpolating linearly for V = 101 
Ye = °254,9586 — =1, (:254,9586 — 2524857 
= '254,9586 — :000,0247 
*254,9339. 
Thus o7,2 = 24 x 88 x *254,9339 — (-474,7078) 
*2300,7556 — ‘2253,4750 
00472806, 
and accordingly op = ‘0688. 


; 


II 








for Use with Multiple Correlation 
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366 Tables for Use with Multiple Correlation 


Illustration (ii), Let p= °3, N= 315, n= 5. We require to find R? and o 2. 
This is about as unfavourable an example as we can take for the Tables. It is 
easier to expand Dr Wishart’s Hypergeometrical 
T 
R=1 m os., (1 —p®) F(1, 1, 4(N +1), p®), 
N-1 
which gives R? =-10108, in the present case. We will, however, compute R? by aid 
of Table I. The value NV =815 occurs in a part of that table, where the argument 
does not run by equal intervals but logarithmically, i.e. 
log 25= log 95+0x log z 
log 50 = log 25 +1 x log 2, 
log 100 = log 25 + 2 x log 2, 
log 200 = log 25 + 3 x log 2, 
log 400 = log 25 + 4 x log 2; 


or 
5 
y 


" Zz log 12°6 
and we need log 315 = log 95 + ( le = ) log = 
og “~ 


= log 25 + 3°655,3516 log , a 
Hence for equal argument intervals we shall need to interpolate at a distance 
4 — 3°655,3516 = 344,6484 = 0 
from the 400 value. Write down the terms in reverse order and difference them: 


A 2 Ae At 
‘908,1271, 


906.2394, —-001,8877, 


‘902.4191, —-008,8203, — -001,9326, 
8945964, —°007,8227, —:004,0024, —-002,0698, 


‘878,1999, —-016,3965, —-008,5738, —-004,5714, —-002,5016. 
The differences are thus slightly diverging, but the forward difference formula 
will suffice. Accordingly: 
2, = 908,1271 — 344,6484 x :001,8877 + °112,9329 x :001,9326 
— 062,3146 x 002,0698 + 041,3668 x ‘0025016 
= *908,1271 — :000,6506 + :000,2183 — -000,1290 + 000,1035. 
Clearly the required value is greater than ‘907,5658 and less than -907,6693. 
Taking it as the mean of these we have 
1 = 907,6175, 
R? = 1 — 319 x -907,6175 = 1 — °898,9183 
== ‘101,0817, 
in excellent agreement with Dr Wishart’s result *10108. 
Calculated from the formula 
(N —n)(N—n+2) 


ee _n22H(9 9 1 74.2 a — p22 
o*, (V-1)(W+1) (1 — p*}* F(2, 2,4 (N +3), p?) —(1 — R?Y, 


we find o72= 03124, 


again the quicker method. 
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But it is of interest to see how closely by aid of a logarithmic formula we can 
get comparable results from a table with apparently absurd stretches of argument. 
Our differences from Table II are: 


A A? AS At 
"825,4397, 


822.7588, — -002,6809, 
°817,3368, —°005,4220, —-002,7411 
*806,2600, -—-011,0768, —-005,6548, —-002,9137, 
°783,2410, —028,0190, —-011,9422, —-006,2874, —-003,3737. 
Accordingly: 
2) = °825,4397 — 344,6484 x -002,6809 + °112,9329 x -002,7411 
— ‘062.3146 x 002.9137 + 041,3668 x 003.3737 
= 825.4397 — :000,9240 + 000.3096 — -000,1816 + -000,1396. 
Thus ye lies between °824,7833 and °824,6437. 
Taking as before the mean of these values we have 
Yo = 824,7135. 
Using the Equation (ii) bis, we have 
o7,2 = Ho x 342 x °824,7135 — (898,9183)P 
= -000,97566, 
or o;2 = 03124, 
agreeing with the directly computed value. : 
These results are interesting as showing that by the use of a logarithmic inter- 
polation we may cover by three properly chosen intermediate values the range 
from 25 to 400, with sufficient accuracy for most statistical purposes. 
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Table of Normal Curve Functions to each Permille of Frequency. 


Computed by T. Kondo, Ph.D., Lond., 


and revised by Ethel M. Elderton. 
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- }(t+02) | $(1—a2) 
|} (1+a,;) x z — | -—— = (1—az) 
z | 2 CEES) 
tie a a ~ } 
860 1-08031 93408 | -22257 67101 3°86383 642557 | -62899 66274 J °25881 “140 
“861 1:08482 31279 | 22149 41407 } 3°88723 60109 "62755 61040 257252 "139 
*862 1°08934 90279 | *22040 70565 | 3°91094 55647 4 *25569 +138 
+863 1°09389 73525 *2193 3°93497 15591 7 1035: °25413 *137 
+864 1°09846 84202 | :21821 92542 | 3°95932 06524 63990 9 °25256 "136 
865 1*10306 25561 21711 84907 | 3°98399 96923 02988 25100 °135 
*566 1*10768 00920 21601 31213 4°0090I1 57241 26871 § °24943 77 “134 
*867 I*I1232 13671 21490 31226 } 4°03437 59995" 335155 | °24786 "133 
“868 1-11698 67277 21378 84706 } 4-06008 79819 27346 | °24630 *132 
569 I°121607 65277 *21266 91410 § 4°08615 93548 02940 24472 ‘I31 
1°12639 11289 | *21154;5 4°11259 80324 261425 = “130 
I*I13II3 09007 | *21041 4°13941 21638 7 02286 I° ‘129 
1°13589 62211 | -20928 4°16661 01464 24985° I° "128 
1°14068 74762 | :20814 « 4°19420 06320 28984 _ *I2 
I°14550 50013 *20700 4°22219 254II 13732 z= *I2 
875 115034 93802 | :20585 35302 § 4°25059 506695 78667 | -23526 i *I25 
“3876 1°15522 08464 | *2047007474 4 941 76924 23218 | -23367 I- *I24 
‘377 1°16011 98829° | -20354 30793 4°30507 OI99I 46801 *23209 iy *I23 
“878 1°16504 69221 | -20238 04983 | 4°33836 26756 82 48820 *23050 I° “592 
“379 I*17000 24074 20121 29760 | 4°36850 55 383° 5 28670°] -22891 z= ‘121 
1°17498 6792» | *20004 04838 $°39910 95 366° 85732 §°2 120 
1°18000 05403 | -19886 29927 } 4:43018 57685+ 19370 J °2 119 
1°18504 41279 | -19768 04728 1°46174 57036 228946 J -2 “z 
I*i: 9011 80420 *19649 28942 4°49350 IIDSII 13790 | ‘2 “IE7 
I°19522 27816 | :1953002264 § 4°52636 44411° 5 73249 | -2 116 
} 
885 1*20035 88581 | -19410 24382 F 4°55944 81355" 7 06617 | 21932 s *II5 
886 1*20552 67961 | -19289 94980 $°59306 53476 $13201 § °21771 zs *II4 
887 I°21072 71329 “19169 13738 $°02722 96054 92282 “21011 ie 3° “EZ 
888 I-21! *19047 80328 | 4°66195 49084 43128 } -21450 I°7 “112 
889 I-22 18925 94418 | 4°69725 57433 64989 21289 = ee 
*890 I° 281200 | 18803 55670 4°73314 71070 57099 | ‘251275 “7 110 
“SOI I 7o0ds9 *18680 63740 $°70904 45309 15074 *20905 7 109 
“392 I°2 45993 | °18557 18278 | 4:80676 41009 8 48911 | +20804 7 108 
*893 1°24264 14187 18433 18928 | 4:84452 24882 7 46990 | 20641 "7 *107 
"394 1°24808 48112 18308 65328 § 4:88293 69721 12070 | *20479 7 106 
“895 I° $386 | -18183 57108 | 4-92202 54712 43290 20316 83 | 105 
+896 I 9805+} -18057 93893 § 4°96180 65699 39769 | 20153 104 
+897 I° 1358 7931 75299 5°00229 95540 00603 J *19990% } 103 
“898 I 6225' 17505 00939 5°04352 44402 245865 "19827 « 102 
*599 I° 1794 17677 70413 J 5°05550 20155" 116085 | -19663 7 10! 
*g00 I *17549 53319 5°12525 35719 59555 "19499 ° 100 
“gol I° *1742I 39243 9 5°17180 244625 | 686157} *19335 099 
*g02 = *17292 37766 | 5:21617 1064 36855 | "19171 095 
*903 I° *17162 78460 J 5°26138 39837 7 63526 | -19000. "097 
“904 I° >| *17032 60887 | 5:30746 64436 247551 J °r8841 -096 
*905 I*31057 91123 | ‘10901 84602 5°35444 47090 |* 87816 | -18676 "095 
“906 I° 7185°| -16770 49152 | 5:40234 61337 | 83185°] «18510 “094 
*907 I- 1365 -16638 54072 5°45119 92050 3248579 18344 5 “093 
“god I 32900 *1050: — 5°50103 360292 7 34514 “15175 *O9g2 
*909 1*33462 22868 | +1637 23 9 5°55155 03522 88031 J -18011 ‘Og! 
‘g10 134075 50338 *16239 06278 | 5-60377 16730° 9176459 +17845 I*t “090 
‘OI! I° “10104 5 5°05074 129169 | 44401 *17678 I°8 “O59 
*QI2 3 *15969 67332°§ 5°71052 43946 44591 "17510 1°8 085 
“913 1° *15834 04193 § 5°76605 77398 90946 | -17342 1° “087 
“O14 I° *15697 77897 | 5°82247 97405” 52032 J °17174 Iv "056 
*QgI5 I*37220 35091 oe 88013 05635 16370° | 17006 Ive "055 
“916 1*37865 87286 “154 93905 22329 92441 *163537 7 r°3 "054 
“917 | 1°38517 16082 | «152 99928 873835 | 08673 | *16668 1-8 083 
*g18 1°39174 37794 | ‘15146 30002 06085 61488 138 63444°§ *16499 I: ‘052 
*9gI9 1°39527 66205 *15006 79451 12389 27423 5 55083 *10329 « Ive ‘OSI 
*920 1*40507 15603 | *14866 62263 J 6°18835 91389 53511 81860 J -16159 37242 o8o 
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| 1 n | _ : | 
(1+a,) x | z 3 (t+az) B(x az) AS } (1-a )| 
z | Zz 4 (1+a,) - - 
ima Ae = a an oo = ae _—a 
920 1*40507 15603 | -14866 62263 6°18 3835 913 89 | 53811 81860 J -16159 37242 | I- -080 | 
921 I°-41183 00774 | °14725 77808 6°25433 *5 3047 41989 | *15988 gor28 | 1-86402 25420 *079 
922 1°41865 37061 | +14584 25444 6-32188 "53482 336 *15818 06339 | 1°86977 7 62104 078 =| 
923 I- 40371 | -14442 04512 6-391 57] 53316 54858 9 -15646 85278 | 1-87559 02747° 077 | 
924 re 27208 | -14299 14335°] 6°46192 55649 *53150 03711 §°15475 20337 1°88146 62309 "076 | 
| | 
925 9 1°43953 14708 | -14155 54224 | 6°53454 30392 2982 78140 J -15303 28891 | 1-88740 56318 075 | 
926 1°44663 20671 | -I140I1I 23467 660898 216357 | -52814 76027 §-1513092297 | 1-89341 00901 074 | 
927 1*45380 63589 | +13866 21337 6°68531 46959 52045 95176 9 -14958 15897 | 1°89948 12832 "073 
928 1°46105 62691 | *13720 47087 301 7 33311 9 -14784 99017 | 1°90562 09547° 072 | 
)29 1°46838 37982 | *13573 99953 5 88071 F-14611 40961 | I-g1153 09192 ‘O71 
| | 
930 1*47579 10282 | -13426 79144 692645 00320 | *52134 57013 | -14437 41015+| 1-g1811 30629 070 =| 
‘931 1°48328 01274 | -13278 83859 7-OIII5 53337° | *51962 37573 9 °14262 98452 | 1°92446 93607 -069 
932 1°49085 33552 | *13130 13263 7°09817 658698 | -51789 27123°] -14088 12514 | I-93090 18570 -068 
933 1°49851 30679 | -12980 66504 7-18761 32490° “51015 22912 13912 82426 I°9374I 26921 007 
“934 1*50626 17234 | °1283042705 | 7°27957 06377 “51440 22 "13737 07393 | 1-94400 40980 -066 
| 
*935 = |*I2 40964 7°37416 036375 | -51264 21643 13560 86592° | 1°95067 84061 -065 
+936 Ee *12527 60353 7°471 150 08155*| 51087 18506 13384 19181 | 1-95743 3 80517° “064 
937 se "25 99916 76848 "50909 09436 9 -13207 04286 | 1-96428 55812 -063 
-938 I° *1I2 58668 45411 | *50729 91061 13029 4I10II I°g7122 36586 062 
*939 z= *I2 35595° 34603 | -50549 59862 12 28430 | 1°97825 50747 “oor 
940 I- II9I2 7:89100 +50368 12163 9 -12672 1798538 060 | 
941 aii 7 "11756 39758 809415 25 "50185 44123 | -12493 51497 | 1-99260 
942 iy 65105 } “11599 64802 S- 607 02 *50001 51720 °F -12313 85140 | 199993 
943 he O5154 | *11442 03633 8-2. 535 19938 -49816 39749 912133 65464 | 2-00737 
944 1°58926 75570° "11283 55063 8-36616 08906 *49629 76799” J -11952 91380 | 2-o1491 
945 159819 31399 | ‘11124 178655} 8-49500 91988 | -49441 85248 §-11771 61762 | 2-02257 
940 1°60724 75919 | 10963 90770 8-62831 05085+ *49252 51242 9 °11589 75444 2°03035 
947 1°61643 63711 *10802 72462 8-76630 69580 | -49061 69681 fen aglow 90-4 | 2°03824 
948 1°62576 33863 | ‘10640 61581 8-90925 87998 | -48869 35207 J -11224 27828 | 2-04627 | 
949 163523 $0154 | 56715°9 9°05744 61226 | *45675 42173 -11040 63978 | 2°05442 
| 
950 1°64485 36270 | *10313 56404 Q°21117 08093 | -48479 84636° J -10856 38320 | 2°06271 28074 “050 
951 165462 79023 | -10148 59128 9°37075 87012 | *45252 56323 F-10671 49451 | 2-07114 10766 *049 
952 1°66456 28611 | -09g982 63310 9°5 3656 20484 | 48083 50613 J -10485 95914 | 2°07971 52299 048 
953 1°67466 48890 | -09815 67313 9°70896 22581 | -47882 60505] -10299 76195 | 2-08844 10924 047 =| 
"954 | 1°68494 07677 | -09647 69433 | 9°88837 29856 | -47679 78588°] -ro112 88714 | 2-09732 48546°] -046 
| | 
"955 1°69539 77100 -09478 678957] 10°07524 36616 | -47474. 97013 ] -09925 31827 | 2-10637 30998 "045 
-956 1*70604 33967 | :09308 60850-4 10°27006 34581 | 47268 07449 | -09737 03818 | 2-11559 28409 "044 
"957 1°71688 60181° | -09137 46371 10°47336 58131 | 47059 01044°f -09548 02895*| 2-12499 15596 043 
"958 1 1°72793 43222 | -08965 22444 | 10°68573 35964 | 46847 68383°] -09358 27186 | 2-13457 72476 042 
959 1*73919 76650? | -08791 86967 1090780 50013 | -46633 99426 | -09167 74731 2°14435 84571 oO4r 
960 1°75068 60710 | 08617 37741 | 11°14028 03288 | -46417 83470 | -08976 4: 43514° “040 
gol 1°760241I 02977 ‘05441 724600 11*35392 97729 | Manenet ‘08784 476090 “039 
962 I*7 438 191025 -08264 88710 11°63960 24344 *45977 63955] ‘0385901 7 02593 038 | 
963 1*78661 33654 “08086 83956 11-90823 67514 "45753 34993 | 08397 23123° *037 
964 179911 81067 | -07907 55532 | 12°19087 266855 | -45526 08050° J -o8202 31438 -036 
9605 I°SIIQI 06729 | 07727 00634 12°48866 eset | 67915 | 08007 26046 | 220771 60974 “035 
966 182500 68211 | -07545 16306° | 12:80290 42138 98170° | -o7810 72781 | 2-21916 56074 034 | 
967 1°83842 36691 | -07361 99429 | 13°13502 78467 | 24 81064°] -07613 23091 | 2:23090 73605 § -033 | 
968 1°85217 98586° | -07177 46702 | 13°48665 20044 | -44583 97357 7414 73866 | 2°24295 84444 032 =| 
969 1°86629 57434 | 06991 54633 9. 13°85959 49232 | *44339 26136 9 -07215 21809 | 2°25533 75253 ‘ORI | 
970 1°88079 36081 “06804 19514 14°25591 09440 | -44090 44622 “O7014 63417 50475 | *030 
971 1°89569 79240 | -06615 37406 | 14°67793 03948 | -43837 27924 | -06812 94960 0 34092 "029 
972 I*QI 103 564706" | 00425 O4III 15°12830 78674 | -43579 48768 | -06610 12460 75399 028 | 
973 1°92683 65733 | :06233 15149 15*61008 10466 $3316 77166 § -06406 11664 7 462757 *027 
‘974 1*94313 37511° | -06039 65726 | 16°12674 29263 | -43048 80042 | -06200 88014 51001 026 
| | 
1°95996 39846 | -05844 506908 | 16:68233 10053 *42775 20771 36613 7025 | 
1°97736 84283 | :05647 64533 |. 17°28153 84696 | -42495 58640 52185 024 | 
199539 33102 | -05449 01262 17°92985 38697 *42209 48199 7 29030 023 
2°01409 O812T | 05248 544257] 18-63373 82856 | -41916 38469 5: 60967 | ‘022 
2°03352 014925 05040 17007 19°40085 22490 | ‘41615 71984 °05154 41274 “O21 
“980 2°05374 891057| -04841 81359 | 20°24034 96517 | -41306 83602 | -0494062611 | 2-42090 679475 020 =| 
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| } t | _ z | 54 
$(1+a,) x z a(t +40) a(t = Fes ee ee 2 Se 3 (1—az) 

| c a 4 (1+a,) | $ (I—az) 

| 

980 205374 89105— | -04841 81359 20°24034 96517 | +41306 83602 §-04940 62611 | 2-42090 67947° *020 

| *98r 2°07485 47343 | °04635 39107 21°16326 29328 | -40988 99039 904725 16929 2°43967 95103 “O19 
982 2°09692 74292 *04426 81043 22°18301 45166 | -40661 33007 §-04507 95359 | 2°45933 91270 “O15 
983 212007 16897 | 704215 96988 23°31610 58315, | -40322 86868 J -04288 88086 | 2°47998 22848 ‘O17 

| °984 2°14441 06210 | 04002 75629 24°58306 04688 | *39972 456057] -04067 84176 | 2°50172 26833 “016 

| | 

| 985 2°17009 037765 | -03787 04310 26:00973 83286 | -39608 73857 | -03844 71380 | 2-52469 53982 “O15 

| *986 2°19728 63766 | -03508 68772 27°62920 37219° | -39230 10670° J -03619 35874 | 2*54906 26562 “O14 

| 9387 2°22621 17693 | -03347 52 2823 29°48444 141067 | *38834 62395 903391 61925 | 2°57502 17157 ‘O13 
988 2°25712 92445’ | 03123 37903 31°63240 80738 | -38419 92877 F-03161 31481 | 2-60281 58617 “O12 

| 989 2°29036 78779 | -02896 02511 34°15025 03952 *37983 09609 J -02928 23570 | 2:63275 OOggI “OIL 

990 2°32634 78740 | -02665 21422 37°14523 17976 *37520 43616 J -02692 13558 | 2°66521 42202 “O10 
991 2°36561 81268 | -02430 64606 40°77105 32107 | +37027 19262 §-02452 720557| 2°70071 78486 *009 
992 240891 55459 | ‘02191 95666 45°25636 91596 | -3649707190 | -02209 63373 | 2°73994 58309 “008 
993 2°45726 33903 | °01948 69510 50°95717 64741 | -35921 47385 | -01962 43212 | 2°78385 01399 "007 
994 2°51214 43279 | 01700 28705t] 58-46071 69201 | -35288 15911 F-01710 550354 | 2°83381 175257 *006 

| | | 
995 2 930357 | 01445 97430 68-81173 46310 | -34578 76112 J 01453 24051 | 2-89194 86054 “005 
996 2: og -o1184 70585tH 84-07150 14744 | *33763 65521 J -o1189 46371 | 2-96176 463645 "004 
997 2 13854 | ‘00914 QIQII 108-97138 1780 32789 783 89 | °00917 67213 3°04973 03779 003 
998 2: 17391 | -00634 01932 §.157°40845 1465+ | -31544 77985] -00635 28990 | 3°17009 66203 “002 
999 3709023 23062 “00330 7OQOI 290°69535 92 35 | *29060¢ 23510 00337 04605+ 3°36709 00771 ‘Oo!I 
| 





Note. We believe that x and z may be taken as correct to the figures tabled. 
They were worked of course to more figures than are shown. The possibility of 
error in the ratio }(1 + @,)/z is greater, and may amount to five units in the tenth 
decimal. It seemed better to leave the last two figures standing with this warning 
rather than destroy the symmetry of the table by cutting them out. We feel com- 
pelled however to show only twelve figures in the last three entries of this ratio. 


A more extended system of symbols than heretofore has been adopted in this 
table to indicate the nature of the last figure. 5* and 5~ signify as usual that the 
real number exceeds 5 and falls short of 5. The symbol 5¢ denotes that the number 
is exactly 5 to the extent of the calculations, i.e. -63719,16745¢ denotes that x for 
$ (1+ a,) = -738 was found to be -63719,16745,00. It does not necessarily indicate 
that the value terminated at the tenth or twelfth decimal. Another innovation has 
been made. Consider -60075,97742°; the usual interpretation of this would be that 
the number as actually worked was terminated by 5, 50 or 500 as the case might be, 
and the computer was unable to settle whether to enter it as -60075,97742 
-60075,97743. In the present table there may be doubt as to the correctness of the 
twelfth figure and the affixed 5 has been used when the final figures are 48, 49, 
50, 51 or 52. Thus -60075,97742,48 or -60075,97742,51 would not be printed as usual 
‘60075,97742 and -60075,97743, but as -60075,97742°, precisely as -60075,97742,50 
is written -60075,97742°. his seems safer when we cannot be sure of one or two 
units in the twelfth decimal place, and is more accurate when the 5 is actually put 
on the machine in computing. 


We have to thank most heartily Dr W. F. Sheppard for the original loan to the 
Laboratory of his twelve figure tables of 4 (1+ @,) to argument x, and more recently 
for extracts (x = 2-1 to 3-1) from his sixteen figure table of log, } (1 —a@,) to argu- 
ment x by intervals of -1. We have also to thank Mr Frank Robbins for determining 
a large number of the values of 2. 





THE DURATION OF PLAY. 
By E. C. FIELLER, B.A. 
§ 1. THE PROBLEM AND ITs Equations. 

Two persons, A and B, play at a game in which their chances of winning are 
respectively p and q, where 

pt+q=1. 
A starts playing with @ counters, B with b counters, and after each game the loser 
gives the winner one counter. The set finishes when one of the players loses his 
last counter. 

These are the conditions of the problem that we propose to discuss, 

Let Pm,» be the chance that after n games B will hold m counters. 

If l<m<a+b-—1, B must either hold (m+1) counters after the (n—1)st 
game, and lose the nth, the probability of which is p Xx pyiin-1+, or else hold 
(m—1) counters after the (n—1)st game, and win the ath, the probability of 
which is q X Py—1, n-1- 

If m=0 or 1, B must hold (m +1) counters after the (n—1)st game, and lose 
the nth; if m=(a+b6—1) or (a+b), he must hold (m—1) counters after the 
(n—1)st game, and win the nth. 

Thus 

{ P+ Pmt, n 1+ G-Pmaaa, (<m<a+b—-1) 
(1) Pm,a = 3} P+ Pmt, nis m=0, 1 
q-Dm ia as m=at+b—1l1,a+b 
Since B starts playing with 6 counters, 
(7°) Po,o = 1. 

In x games B can win or lose only x, or (n — 2), or (n— 4), ... counters, and the 

number of counters he holds must always lie between 0 and (a+ 6). Thus 


(1°2) Maw =0, @=1, 2 3,...a) 
and 

(1°'3) Pun = 0 
unless Max ((b — n), 0) < m < Min ((b +n»), (a+ 8)). 


(1), (1:1), (1°2), and (13) are the equations of the problem. Instead of solving 
them analytically, we may regard them as defining a quantity p,,,, whose values we 
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can set out in a diagram somewhat similar to Pascal’s Arithmetic Triangle, which 
gives the values of the quantity ,,C, defined by the equations 
alr =n_10, + n_-1C,_-13 Wo=1; »C,-=0 unless O<¢rgn. 

We take a rectangular array of (a + b +1) rows of points, and starting from the 
bottom, number the rows 0, 1, 2, ...(a+), and starting from the left, number the 
columns 0, 1, 2, 3,.... Against the point (n,m) common to row m and column x 
we write the value of p»,». It is not necessary to take more than (a +b +1) rows, 


by virtue of (1°3). 


§ 2. THE SOLUTION WHEN a IS INFINITE. 

(a) The Individual Probabilities. 

For simplicity’s sake we consider first the case in which A’s fortune is un- 
limited, and so, consequently, is the number of rows. By (1:1) and (1°3), the number 
at (0, 6) will be 1, and all other entries in column 0 will be zero. By (1:2) and (1°3), 
the entries in column n will be zero above the (b + n) th and below the (6 — n)th rows, 
and also in the (b+n—1)st, (b+ ”—3)rd, ... (b—n+1)st rows. By (1), the entry 
at (nm, m) is obtained, for m >1, by adding p times the entry at (n—1, m+1) to q 
‘imes the entry at (n—1, m—1), and for m=0, 1, by taking p times the entry at 
(n—1,m+1). Hence (Figure 1*) until x becomes greater than b, the non-vanishing 
terms in column n are, reading upwards, exactly the successive terms of the 
binomial expansion 











(p t. q )", 
+ © * a e 
b+3\¢ e e g x p q® 
b+2\e * 7 0 0 
b+1\e q 8) 3pq? rCip?-4*q! 
| 
b i 0 2pq 0 0 
b—lle Pp 0 3p"q p¢ p 7 
b-2le . Pp 0 0 
b—3\e e e ps pCap’*q? 
3 e . e 0 
2 + * 7 . pC p? “l¢ 
l le * + 7 0 
ole e 7 . p 

0 eg l 2 es 3 ee ar a b : 


Figure 1. 
For n >b, these binomial terms become modified on account of the modification 
for m=0,1 in the rule for forming the entries in row m. The terms in the columns 
* The figure is drawn for b=7; if b has not this value the last column will stand, but the upper 


portion of it will not fall on the horizontal rows marked by the left-hand scale, as more rows will occur 
between 2 and b - 3. 
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immediately succeeding the bth are easily seen to be those shown in Figure 2, and 
generalising from these we obtain for the entries in column (6+ 27) the values 
shown in the first column of Figure 3; from this column the next three columns 
are formed in accordance with equation (1). Since the entries in the last two columns 
of Figure 3 differ from those in the first two only by having (7+ 1) in place of 7, 
the correctness of the assumed values follows by induction. 

Thus for (n+ m—b) even, 


n—mt-b nt+-m—h 


9. OF a. Y 2 2 ~ 
(21) Pm, n = (nl wtm~t~ aVe-e-b) q : (nr >m+b>b) 
» » 
n—mt b atm b 
(2:2) ftaan@tincese * g¢ * . (n<b, or n<m+b>b) 
‘ nt+b n-b 
(2 3) Po, » =(nCr—o —2 n-1Cn-p-2) p q . (uz > b) 


Equations (271), (2°2), (2°3) give the solution of equations (1), (1:1), (1'2), (1°3). 

In Figures 2 and 3 the remaining terms of the unmodified binomial are shown 
below row 0 in rows numbered —1, — 2, —3,.... It will be seen that, for m > 0, the 
binomial coefficient at (n,m) is modified by the subtraction of that at (nm, —m); 
this result we can obtain directly *. 

In any particular sequence of » games, at the end of which B has m counters 
(we suppose (n + m—b) even), B must lose $(m — m + 6) times and win } (n+ m— bd) 
times, so that the probability that this particular sequence will occur is 

n-m+b n+m—b 
= xq 2 
Pm,n 18 this probability multiplied by the number of permissible sequences, and we 
can find this number by means of an elegant geometrical representation, used by 
Borel+ to determine pp,,. Any sequence of n games can be represented by a 
zigzag path of n steps starting at (0,)) and finishing in column 2», and going from 
(a, 8) to («+1, 8+1) if B wins the (@+1)st game, and to («+1, 8—1) if he 
loses it. For the sequence to last effectively n games, the representative path 
must never cross or touch row 0, except possibly at (n, 0). Without this restriction, 
there are ,Cn+.-» zigzag paths joining (0, b) and (n, m), for this is the number of 


» 

ways in which we can assign the positions of the $(n+m—b) upward steps. Now 
consider any path from (0, 6) to (n, m) that comes into contact with row 0. It may 
have several points (v;,0) in common with row 0; let y= Min(v;). Then if we 
substitute for that portion of the path that lies between (v, 0) and (n, m) its 
reflection in row 0, we get a path joining (0, b) and (n, — m), and conversely. Thus 
the paths joining (0, b) and (, m) and intersecting row 0 are in one-to-one corre- 
spondence with the paths joining (0, 6) and (n, —m), so that the number of the 

* We have indicated the inductive proof, because we believe that it was by this method—which 
Laplace characterises somewhat contemptuously as ‘‘en quelque sort mécanique”—that De Moivre 
arrived at his results (see § 4). 

+ Principes et Formules Classiques du Calcul des Probabilités, 1925, Ch. v. 
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former is equal to the number of the latter, or »Cn_m_». Hence the number of per- 


missible paths is - 


Y Y 
nU nim _ im ) ne by 
» » 


leading to (271), while by (1), 
Po, b+2i = P - Pi, d+2i-1 = (04 2i1C; — b+2i_1C;_1) p?**q/, 


b(b+2%i—1)! 
ti!(b+7)! 


(2°31 ) i.e. Po, b+2i = pq’; 


(2°3) and (2°31) are easily seen to be in agreement. 


7 ° b+ iCyp y i bad b+3 ';p” :) 17 e 
6) 1C,p?-*9° ° b+2Csp>-*¢ . 6445p? 1° 
5| . b+103p"~*q° . b+3Csp?-'q! 2 
4| Cop’? ¢? . b+203p"—198 . (o+4Cy— 1) pq 
3 . b+1 Cop?" g? _ (6+3C3— 1) p’¢? e 
Fo . (642C2— 1) pg? * (b+ 4C'3 — 440) p?*1 9 
l e (o41€1-1) p’¢ e (y43Co— 043) otha? ~ 
0| p> 7 b42C1—2) ptt ~ (y44Ce—25430;) p*2g? 
. . = 
—] | pe) > saat po* 29 re 
-2| lid . b+ 4C, p?*3q 
3| pers Ps 
| yes 


Tic “a D9 
Figure 2. 


(b) B's Chance of Ruin. 

Let ,P; be the chance that B will lose his last counter on or before the nth 
game. The chance that he will lose it on the (6+ 27+ 1)st game being zero, we 
have, by (2°31), 


; , b(6+3) .. b(b+2t1-—1)! .. 
(3) oyataPs=vsaiPo =p? [140.094 2 py +... + t!(b+7)! rT}: 


It is convenient to transform this result by noting that B, if he has not 
previously lost all his counters, must have, at the end of (b+ 2c) games, either 
0, 2, 4,... or (26422) counters, and at the end of (6+2¢+1) games, either 
1, 3, 5,... or (264+ 27 +1) counters. Thus 


2. > a 
(3°1) p+2il’y + Po, n42i + Pa,otei t+ «+» + Poy 42i,5,21 = 1, 
whence 
b+i . : i ; 
(3°11) bails + p> pa 2iCisr pert — 2 9210 p?t "git = 5, 
r=1 r=1 


or 


4 b 
(3°12) p42:P, = Ist (¢ +1) terms of (p + q)’+* + 1st ¢ terms of (P) (q+p)t™. 
q/ 
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Similarly 


9.6 2 
(3 2) »42i41f b+ P5424 + Ps, o42i43 H+ --- + Poy 42% 31, 042141 = 1, 
whence 
b+i+1 i+1 
).¢ ‘ > > Y h+i—rt + ~ i a = 4 
(3°21 ) b+2i410 ot > 421410 tar p? i rti gi +. > b+3i 1Cimraa p i-y 1g r—1) 
r= r=1 
or 
3:22) 


say\0 
o+2i412, = [st (i+ 1) terms of (p + q)ttt a Ist (¢+1) terms of (7) (q + prt, 


? 








6} pr tt-ao *3 (44 9043-44 2iCi_3) ° gPtt-S gt *(y 954 2Ci- 404-214 2-2) . 

3] e gP tt—Sgitd +2 Cis b+ 2i+10%—2) e prri-1gi 4 /, 9 C; —! 95 +3C; , 
5 eile *2(b42Cis2—ve2Ci-2) © pt Tg * 8 (yy a14 24 . 

3| © phtimlgit2 ys oi4iCise—ve241Gi-1)—® Ci.3—vs2i+3G 
2 p hes 1 (4 21Cin1—0+2%1Ci-1 - p §g'*? (4 4014204 2-04 284.20; e 

| = ee 64 2641Cina— 0421410 e getttte (0 4284+3Ci+2—0421+3Ci41) 

| 

0] p**g* (64 2iCi—2 04 2%1-104-1 © pPtttgitl Gs ops Cini —ZogeierG) © 
—- ° prrettgt ys a¢4i0; ° greets th a sOea1 
es elicitin iliiad aiCi-1 ° gtr ss 2C; e 
all ° prretege ly cia 1Ci-1 . pr 8g ys ces 
-4 prriteg'-? 44 2i0j_2 ° prreesgi-h y . oi42Ci—1 : 
—5| wf is qq ” b+2i 1Ci—2 e gp rita nt i43Ci-1 
~6| pret sgi3 44 oi; ° pre sg =o, 214 Cine ° 

(p+q)’** (p+gpt*t! pgs ae 


Figure 3. 
Now* 
(33) Ist s terms of {a +(1— x)}” = T,(n —s+l1l,s) 
(x {fi 
= | gs (1 —z)1dzx / z”* (1 —x)y— dz, 
/ 0 


“0 


so that (3°22) gives 


, b 
orainl, =L,(b+0+1,1+1)+ (“) I,(b+i+1, i+)), 


* This theorem is due to Professor Pearson (Biometrika, Vol. xv1. p. 202). It can be proved thus: 
If m be integral, and «=py, 


p fi 
|? a-2ae=| pitty? {(1—p) + p (1—y)}™ dy 


m m! Pr (1+-1)T (m-r+]) 
=> yltm—r+l iS r 
r of (1-p) ri(m—r)! P(l+m-—-r+2) 
e: Pr (1+1)P (m+1) @ (l4+m+1) (l+m)...(l4m—-r4 2) jitm—rt (1—py 
P(l+m+2) yas r! \ 


1 
= x! (1— x)" dx x sum of Ist (m +1) terms of {p+ (1—p)}*"™", 


0 


Biometrika xx11 


to 
or 
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whence, using the first of equations (3), 


/nt+b4+1 n—b+1 p\' n+b4+1 n—b+1 
(4) &-1,|—_ +) 1, ( a a 
" ees cee oe eee See, 
. & a Fs Ne 2 2 


according as n — 6 is odd or even. 
Equation (4) expresses ,2, in terms of proportional areas under a Pearson's 
Type I Curve. The mode and mean of this curve are at, respectively *, 


b-1 b+1.., 
c= 5 - = i) and = Fan 1) if (n—b) be odd, 
9 
7” A : and «=~ +F+3 if (n — b) be even. 
2n 2 (n+ 2) 


As n increases, the curve becomes more and more nearly symmetrical, and the 


area under it is concentrated more and more closely round the mode, which tends 


to the limiting position # =}, 
Thus 
b+] —b+ / b4+-2 a—b+2 
(5) Lt I.("*5 Bone. ‘) = a (es 5 =) =0, 2, or 1, 


according as «<4, «=4, or a>}. 


Let P, be the probability that B will ultimately be ruined. Then by (4) and (5), 


b 
(6) Re th - (7) if q>}, 
aes q/ Ls 


n 


=] ifqg<}. 


Anybody, therefore, who plays continually at a game in which he has not a 


definite advantage is morally certain+ to be ruined. 


(c) The Value of B's Expectation. 
Let B's expectal ion, when it is agreed to limit the set to n games, be niin. Then 


b+n 
(7) ny = p> NUP, n+ 
m=1 
if B has m counters, his expectation on the next game is m + q—p, and accordingly 
7s) ntly= > (M+ 9—-P) Pun =nko+ (qg—p)(1—»Ps). 
1 


m 


If p=q=4, ,L, is constant from game to game, and equal to b. 
/ 7" = S § | 


See p. 1 of “The Numerical Evaluation of the Incomplete B-Function,” by H. E. Soper (Tracts 
for Computers, No, v1). 
| “En représentant, comme on le fait ordinairement, par Punité la certitude absolue, celle par 
exemple qui résulte d’une démonstration rigoureuse, on pourra regarder comme une certitude morale toute 
fraction variable qui, sans devenir jamais égale 4 ’unité, peut en approcher d’assez prés pour surpasser 
toute fraction déterminée.” Amprre. 





E. C. FELLER 383 


Accordingly, if a man embarks on a career of inveteraté gambling at a fair 
game, his expectation at the outset is equal to the amount that he has decided to 
risk, and at any subsequent moment, to the amount that he has still in hand. This 
result does not contradict the fact that he is morally certain to lose it. The chance 
that he will have anything left after n games becomes infinitely small as n increases, 
but the amount that he can expect to have, if he has anything, becomes corre- 
spondingly infinitely great. The objection to inveterate gambling lies in the 
practical consideration, that it is not worth while to face a very strong risk of being 
penniless, for the sake of a very slight chance of becoming a millionaire. 

These remarks apply only to the case of g=}. For B’s expectation on the 
(b+ 22)th game, when p and g are not equal, we have 


b+i \r-l r—1) 

P= Inbti-1pitl ) SF qY BY ee Y q 
vy2ikiy = 2p? 4g | > 1 psiCire (= — 2 roils |- ; 
ir Pp r=1 P 


) 
= Py bti-l pitt d a es ‘ 5p t") (« = Y 
ps =p q dt (2 ose ttr al b+2iVi-r rs 2 
oe ) 
— Jpb+i-1 Wi z* 4 ee ee ip. 
“P dt [pig A vaail’r)) a) ( 11) 
2 d (1+) : ; 
= P : : — 4 B(b+%4+1,%4+1) 
+)" Bb+i+Li+tbdl #& ~~ 
1 t 
( b42i fitz b+2i fl+t : q ) 
— 4. +) - xv ti(1 —2)'da— eG * ; - a+ (1 — x) dar by (4) 


= 2 {(b+ 21) q—7} \1 —I,(b+ t+1,24+1) 


/p\? : a ; : 
-2(F) \(b + 2i) q—(b+ i} I, (b+t+ 1,7+1), 
or, by (4), 
(7°2) or 2i ty = 2 {bg +72 (q—- p)} {1 — y,42:2)}4 2(F) b. I, (b +7+1,2+1), 


.q/ 
whence, by (7°1), 


(73) proinrlty = 2 {bg + (+ 4) (q— p)} {1 — vrai o} +2(F) b.I,(b4-¢4+1, ¢+1) 


Y 
rn] i ) b 
For q> 3, Lit b Py = (?) 
i—>o q 
and y,9;M, and »,29:,1.4 tend to infinity with 
i (gq — p) (Al — v42iPo)- 


For q <3, Lt (—-pi2iP,)= Lt 2,(64+714+1, 1+1)=0, 
i—>o i> a 

anc. accordingly 

Lt »42iLy = Li b42i4145 = Lt i(g a p)( l ae » 211») a 0, 


i> i> 


since i (q — p)(1 —»42:Py) is negative for q < }, while the expectations are essentially 
positive, 

Denoting by #, B’s expectation at the outset, when no limit is imposed on the 
number of games, we have, therefore, 


(3) E, = 0, b, or according as g<, =, or > 4. 
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(ad) The Probable Length of the Set. 
If g be greater than p, there is a finite probability that B will never be ruined 
and the probable length of the set is infinite. 
If ¢ <p, the probable number of games is 
2 2 (b+2i)! .. 
> (b+ 2%) po. os2:= bp? DY = — pig. 
ba ) Po, 042 I coi! (+a)! 1 
The ratio of the 7th and (¢ + 1)st terms of this series is 
; : 1 
pS hy a 5 +O(2) ts 
pq (b+ 2t—1)(b4+2%) pq 21 */) 


for p=q, 4pq=1, and the series therefore diverges, so that the probable length of 


the set is again infinite. 


ior q < p, the series converges to the limit 


2 1 Pp 

s 9; ee 2 fo 

i=0 + 2t) Po,vssi rain Pa d (pq) p 
d(p) d 1 


nis 
o+ Seg d(pq) dp* p? 


whl vs } 24 | 
| P’(p-” 


this, when q< p, is the probable number of games that will be played before B is 
ruined. 
§ 3. THE SOLUTION WHEN @ AND b ARE FINITE. 

(a) The Individual Probabilities. 

We proceed to the general case, in which A, as well as B, starts playing with 
a limited number of counters. Further modifications must now be made in our 
table of probabilities. In the case first considered, the set stopped if B lost b 
counters; now it stops also, if he wins @ counters. The path representing any 
permissible sequence of games must now lie below row (a+), as well as above 
row 0. The binomial coefficients in our table, instead of being modified, as it were 
by reflection, only in row 0 after column J, will now be modified also, in the same 
way, in row (a+) after column a. Then, after column (a+ 2b), (we suppose b <a), 
the modified coefficients will again be modified in row (a +b), after column (2a + b) 
and again after column (2a +35) in row 0, after column (3a + 2b) and again after 
column (3a + 4b) in row (a+ b), and so on. 

Let V be the point (0, b), and let Ay, As, As, ..., By, Bs, Bs, ... be its two sets 
of reflections in row 0 and row (a+b), so that A,,*Azg, As, ... are the points 
(0, 24+), (0,—(2a+)), (0, 4a + 3b), ... and By, Bs, Bs, ... the points (0, —b), 
(0, 2a + 3b), (0, —(2a+3b)), .... 

We have seen that, for »<b, the entries in column b are the terms of the 
binomial expansion (p+q)". We call this array, starting from V, of the terms of 
the successive powers of (p+q), the binomial table {(p4-q)", V}. For rows above 
row 0, the modification of table {(p + q)", V} in row 0 consists in the introduction 
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; | fe 
of the table - (?) (q+p)”, Bi accordingly, for rows between row 0 and row 


(a+b), th 
duction « 


these, in 


qY 
he modification of these two tables in row (a+b) will consist in the intro- 
' * } if#eonr ) aie te ' 
f tables 3 (‘) (p+q)", Ai-, Sf 2) (p+q)", Bz}, the modification of 
\ \p ) OP ) 


row 0, in the introduction of tables 


/p\atb 1 y\ at2b : 
1(2) (q+); Ad}. - a (q+p)", Bat 


and so on (see Figure 4). 


/ /\ o> 
7 Ty / N 7 » na " ie 
in * . Nae he. V7 \ 
r at mn 4 * 
(4.0+3b){4) (p+q) ‘N Z K vas \ 7 
ss \ 7 zo” - 
3 \ “~~ W7 \ \ 
\ 7 Ne / \ 4 ss 
x 7 7 \ i 
be 7 ar 
a» 4S 
FO” 8 7 N y 
/ N\ # % 7 \ 
/ Ba \ / yal 
\ 
4 +b, n \ ™* 4 
(20130) (9P"\p+qy” x ie 
B, - Z \ ra 
i % 4 % 7 
Y Vv 4 
wv *\ or ™ 4 ‘ 
JS \ / te ae ‘ 
» \ 
(2a+b) K(4) (p+q)\ , - * eo 
1 \ co x iy % Vv 
\ 7 \ ae \ ° it 
\ * / \ y, . 7 \ 7 % 
% \ me SEES ees 
SZ > ™~ 
(a+b) \ oe 4 te ane 
\ 7 \ “ SN 7 \ ai 
Ry \ 7 i \ _ ‘ie 
“i <% \ rd 4 % / x 
n Z \ “ rr 2 Z \ 
+ x s 
b (Pp q) of ne e , Se / < / ‘ 
Z ~ 7 % 7 \ / \ i 
- ~s £ % 4 7 it 
oO “ > af. Sz 
~” a 
7 oo 7 sy 
7 S \ ¢ N 
“pp \ 4 X\ 7 % . 
~b k(q) +P) a” me a, 
B, | 5 4 \ 4 
N r™ F a % 4, \ 
7 x / \ 7 \ 
ro Bd ~ 
“~ re 
~\ / 
- % \ e 
7 i 7 \ ‘i 7 
7 \vs ‘ a ® 
x / wf 
(2a+b) KEP" . v4 — 
—([sa+ 7 \ 7 XN 
4 al \ Py. 4 
2 \ \ 7 x / 
\ \ - 4 
4 as % 
F ‘. . a 5 a Pil Mo 
—(Za+sb ES PPS 7 x - x aa 
4 X # “™\ \ \ 
B, “ x " \ 4 ‘ 4 
/ / / 
S ee , ‘\ 7 * er % 




















Figure 4. 








386 


For the entry at (b + 27, 0) we have, associated with the tables whose vertices 


are at V and B,, a term 


with the tables vertices A, and dA, a term 


and so on, 


The probability that B will lose his last counter on the (b+2z2)th game is 


therefore 





: (r(a+b) Si b+ 2r l 
(911) porwi=+2-1)!1 5 = ae = 
a r=0 «696 — r(a+b)) (b+ r(at+b) 47)! 
— 2r(a+b)—b as 
oe, > ; —b phtigi, 
ian (i—r(a+b)+b)!(r(a+b) +2)3) 
a result which we may write 
n-b 
NST b+ Wr (a+b) 
" - a 4r (a ) 
(9°2) Do,n = { = aUn-5~Srt0+8) 
; { r=0 i 3 
r( bc tte 
iti die aK , n+b n—b 
. a+(2r—1)(a+b) | —— _ 
a = —— , a 9 Re srasn} Pp q a 
r=1 / a Pa 


b(b+21—1)! 
a! (b+)! : 


” 


Bz and Bs 


The Duration of Play 


b+i,i 
¢ b] 


p 


(i—a)!(a+b42)! 
+ (3b + 2a)(b+ 20-1)! 
(t—a—b)!(a+ 26472)! 








if n—b be even and non-negative, and zero otherwise. 


The probability that B will have m counters left after n 
played is zero if (n+m—b) be odd; if (n+m—b) be even, it is, 


Pin, n 
r(atb<sn i-b 
“ Ss Y 
= nl n+m—b- 
r=0 9 
r(at+b)<sun ith 
bd ’ 
_ _ aly m+b 
r=1 9 


(b) Ellis’s Theorem. 


tm , n— im 
Q(atb) — = oj ee eee ee p 2B 
r=0 > 
r(at+b)<n—-m+b 
(a+b) + = nCn m+b-2r(at+b) 
r=1 


— (b+ 2a) (b+ 27-1)! er 





games have been 
for 0< m<a+tb, 


Since 2Crym-1=nCn—-m4s, the second member of (93) is unaltered by inter- 


5) 5) 


changing p with q, 6 with m, and a with (a+b—m); thus in the course of the set, 
during which the sum of A’s and B’s possessions must remain constant, the 
probability, when B holds b counters, that after » more games he will hold m 


counters, is the same as the probability, when A holds m counters, that after n 


more games he will hold b counters. This symmetry is readily explained by the- 


geometrical representation; for if we take any path permissible in one case and 


. . : . 2 . . 
reflect it first in the line #= 5 and then in the line y=: 


permissible in the other ease. 


t+b 
2 


, we arrive at a path 
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By (271), a like symmetry exists when a is infinite—a player B’, whose chance 
of winning is equal to B’s chance of losing, stands the same chance of having b 
counters after n games if he starts with m, as B does, of having m counters after 
n games if he starts with b. It is clear that if we use column (xn—7) in the table 
of B's chances as column r in a table of B’’s chances, any path joining (0, b) and 
(n, m) represents corresponding sequences of games, and its chance of being described 


is the same, whether we are considering B’s or B’’s possessions. 


(c) Other Expressions for the Probabilities. 


We return to equation (9°83); it gives, for (n + m—b) even, and 0<m<a+tb: 


Pm,a 
2r fat+b)Sn+m—-b 2r(at+b)<n-—mt+b n—-m+b nitm—b 
Ss > Y . 
— “ aVvn+m—b—2r(a+b) oo & nl n+m—b+2r(a+b) P . q 2 
r=0 2° 2 r=1 5) 
2r(a+b)<n-—mn-d 27(a+b)sn+ mtd 
ial y C re 
| - nVn-m-b-2r(a+b) — = nV n-m—b4+2r(atb 
0 _ : _ r=1 : 
or 
T 7 an-m+b nim-b 
0: = . ’ > Y ‘ 
(9 4) Pu, n = he al nim—B2rlatt) — © aa-e-bieriett P - q ~ 
“ees 2 
hence 
a+b a-b 
Q-% = cm i ae Y eh. Y - : D : 
(9 5) Poa =P -Pi»aa = E a—1Cn +27 (a+b) —~ = n—-1C'n-9-d22r(a+b | P 2 q or 
5) > 
n-@&@ R 1 


ry A ~ YY * - 
(9°6) Pa m= 4-Posrana=| 5 n—10 n- at2r(a4 b) > Ge beers | p 2 q 2 

In (9:4), (9°5), and (9°6) the summations extend over 
negative values of r. 


Now the term independent of win the expansion of # 2 (1+2)" is .Casm 


, 


or zero, according as (n+m-—b) is even or odd. Accordingly, if we give « the 


(a + b) values 


Onur z D> 

ari ° aT \ 
cos + V¥—1sin (r=0,1,2...(a+b—1)), 

a+b a+ b 


which are the (a+ b)several(a+)th roots of unity,: 


n+m—b 


o* (1 + x)", we get (a+ b) x Bi adam Baeelen 


is even or odd. The sum is 


a+b—-1,7 Da Cine \ = _— 
* arr / ° a1 2 / YT alT 
= {cos +%V¥—I1sin \ (1 + cos +V¥—I1sin ) 
r-0 \ @atb a+b \ atl a+l 
a+b-1 cat = = Tr n 
ws jon. ng b—-m \/, es. 
= 2 {cos rar tN sll rq} {2 cos } 
\ ath at+b / a+b 


ind add the corresponding values of 


,) Or Zero, according as (n+ m—b) 
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rr bd ° . 
lhe imaginary part must vanish, and 


J] @to-l b—m vr \" : 
> cos ra | 2 cos = Cos see Or O: 
l sad . a «= . I } — nVn+m —-bt2r(at+hb) : 
at+0O »=0 at+ob a+ 0, 2 
similarly 
] a@tb-1 b+m / rr \" . 
—_. 2 cos ro | 2 cos =P = Bae ncatentnse) Or 0, 
a+b e=0 atb \ a+b 


2 





according as (n+ m-—b) is even or odd. In the latter case p,,, vanishes, and the 


last two equations, with (9°4), (9°5), and (9°6), accordingly give 


n-mt+b n+m-b 


wiiie grt+l p 2 q 2 we" ’ bra ; mraz vor \” 
(97) Pn na= ——_*__._ = sin sin cos 
a+b eae a+b a+b a+b 


n+b n—b 


Qn 2 2 a+d-1 L , r s . n—1 
a ) ( 4 ° mis ° TT TC 
(98) pon.= f ‘ = 8 — sin —— (cos ) 
rat" a+b at+b\ a+t+b/ 


L 

cn 

i 

= 

=| 
| 


and 
n—-a@ n+a 


2°99 2g? ot8-1 . brr . atb—-1 = \* 
(9°9) Pato,n= I d > sin 3 .T (cos ) 


a Ot sin 
a+b ice a+b a+b a+b 


(9°7) holding for all values of m in 0<m< a+b. 


In (97), (9°8), and (9°9), the sums may be taken from 1 to (a+b—1), since 


the terms corresponding to 7 = 0 vanish. 


If we give to @ any value larger that n, then equations (9°4) and (9°5) reduce to 
(2:1) and (2°3) respectively; (9°4) and (9°5) thus contain the solution to the problem, 
both when a is finite and when a is infinite. The equivalent equations, (9°7) and 
(9°8), accordingly give, in an infinite number of forms, the solution to the case dealt 


ape 
with in § 2. 


(d) B’s chance of Ruin. 


As before, let ,P, be B’s chance of losing his last counter on or before the nth 


game. Then 
i 
-_—™ Dee 
a+ 2i4aP > =sia:P> = > Po,b+2)> 
7=9 


(10) 
where Po, p+; 18 given by (9°1). 
By (3) and (3°22) we have 


& b(b+2j-—1)! 


*. +5131 pt q/ = 1st (¢+ 1) terms of (p+ q)??* 
j=0 dF* Ji* 


, . (p\’ 
+ Ist (¢+1) terms of () (q+pyr*". 
qY 
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Thus (10) gives 
(10:1) pr2ilo = p+2i41P, 


b 
= lst (a +1)terms of (p ao ” | mail + Ist (z+ 1) terms of (?) (q +pypren 


qi 


\a a+b 

~Ist(i-a+1)... (4) (p+ gptt—Ist(i—a +1)... (P) (a +p)? w+ 
: ‘g a+b : 

+ Ist (i-a—b+1)... (4) (p+qr™ 


a+2b 
+ Ist(i-a—b+ 1)... () (q+ pein 


7 


ee ’ a 
~Ist(i—2a—b +1)... (4) (p+qr** 


— Ist (¢ -—-2a—b +1)... (?) y (q+ pyre 
or, by (3°3), 
( 10°2) o+2il >=5 pina, 


r(at+b) <i ‘ a 
< 


b) 
I, (vr (a+b)+b4+24+1,t-—r(a+b)4+1) 


‘q ar(a b)<itb gq (r—1) (a+b) y , ; 
—| ) = (2) I, (r (a +b)+7¢4+1,1+b-r(a+b)+1) 
Pi : Pp ; 


py? rath) <é 7 p\riatd) , F : ; 
+ (2) = ( ) I(r (a +b) +64+741, t—r (a+b) +1) 
\q i r=0 q 


r(a b) <é Ld p rla+b) , z : 
— > ( ) I, (v7 (a+b) +7241, 1+b—r(a+b)4+1). 
r=1 q / 
From (10:2) we can derive the well-known expressions for P,, the chance that 
B will ultimately be ruined. 


For if g< 4, 


porters) <i sy\riet) _ ‘ . 
(F) > (2) I, (vr (a+b)+64+74+1,i-—r(a+b)+1) 
q r=0 q 


F ’ - (2)" +b) +b (b + a) + 1) (b + 22)! pt (a+b) +b+i (1 zm a)i-r lath) dx 


0r=0 


q (r(a+b)+b+4+2)!(t—r(a+b))! 
qd i ao b4+2% i nee b+274+1 7 « 
< | (b+ 2i +1) (2) (1 — +P) dx = - q (2) (1 re 4 n) ¥ 
0 P, q p-q\p) L q Jo 


aime q lo e+ i (2 } aa 9 : 
= - 4(2p) 4nq)' — —>Oasi—>o. 
p-q\2 (4pq ‘) 


Similarly, the last sum in (10°2) tends to zero if q< 4, and the first two sums 
tend to zero if g> 4. 
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Ifg>4 
(/ r(a+b) 3 ; /p\t (ar) 
Lt i(®) I,(r(a+b)4b+i+1,i-r(atd) +0) =(2) , 
imo (\q ) \q/ 
p’ r(a+b) : p , 7 (a+b) 
sv I, (r(at+b)+b+t4+1i-r(at+b)+1)< ( - | 
q/ q/ 
2 (p\rieth 1 
and = ( ) converges to 
r=1 q 


1- (2) 
ee 
\q 


Hence, by Tannery's Theorem *, 
r(a b) <i p ria+-b) i} ; ; 1 ; 
= ( ) I, (vr (a+b) +b+i4+1i-r(atb)+ 1) > ————— as imnw. 
qY 


()" b 
se 


a+b? 


and for q <4} the 





first two sums tend to — and =r respectively. 
i1—(2 = 1) 
p r 
/¢ a 
1 -(4) 
ah > ) 
Thus for g <4, P, = aon: , 





(ey (2) (2)"-1 
and for g >4, P= L A = 
- (2) (7) -1 
so that 
bw (2)" 
(11-1) Pps omega (p+q). 
i= (“) 


. > ° » ¢ ° > 
i?, must clearly be a decreasing function of a so that its value for p=q must 
a° ° e ° ) q ° > 
lie between the limits to which P, tends as + tends to unity from above and from 
p 


” on a 
below. But these limits are both . Accordingly 
atb ox 

a 
a+b 


The values given in (6) are the limits of those given in (11*1) and (11°2), when 


e25s) P,= (p= 4q). 


a=. 


See Bromwich, Injinite Series, p. 136. 
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§ 4. SomE APPROXIMATE RESULTS. 


So far we have been concerned with exact results. B’s chance of being ruined 
in a given number of games, when A’s fortune is unlimited, is given very simply 
by equation (4), and until » and 6 become considerable its numerical value may be 
found from the Tables of the Incomplete Beta-Function shortly to be published- 
Outside the range of these tables, the integrals can be evaluated approximately, by 
Weddling, by Dr Miiller’s continued fraction, or by the methods dealt with by 
Dr Wishart*. 


If p=q=3, Bs chance of being ruined in » games is, if x +b be even, 


(12) P.=2I (eee art) 
eg n b= <4} . 


Pix = 


We proceed to examine some methods of approximating to this chance, when x is 
large compared with b. 

Method A. 

The mode and the mean of the Type I Curve 


I'(n + 2) ntb : 


r . a l—z) * 
- n+6+4+2 n—b+2 ( 
se aa ol ek 


b wt b 
Qn’ = ° 2(n+2) 


mately ; accordingly we write (12) in the form 





(12°71) y= 


being at $+ respectively, the median is at }+ approxi- 





2n J ) 
me a * (l—«x) ? dz}. 
; b (3n+ 2) } 
=" 6n (n + 2) 
The second member of Dr Wishart’s equation (27) (Biometrika, Vol. x1x. p. 29) 
gives an approximation to the modal integral+ of a Type I Curve in a series of 
Incomplete Normal Moment Functions. Using his result we have 


(13) 4 (1 — Ps) = ko |M (uy) — M (ug)}, 
ba/n 4, ba/n 
wher Uy = Ug = — 
Vn2 — b? s(n +2)A n? — b 


3n® +b? , ] 3n* + b a 
os v ; ») U  -12n (oF b* ) is 288n? \ n? — 2) * 


* «The Approximate Quadrature of Certain Skew Curves,” Biometrika, Vol. xtx. 
+ Not, as Dr Wishart states, to the Incomplete Beta-Function. 
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and = M(u)=mo(u)+ ‘ x. m3 (wu) — edt Ba m4 (uw) 
“ B8an (x? — b?) 4 n (n? — b?) 
32 b(n?+PB 5( 40 3 (n* + 10n2b? + 5d) 
- = ”) : atte (ul) + D | | = : _ 3a bias = 9b*)) os 
5 {n(n? — b?)2 6 (n(n? — Db?) n® (n? — b?? 
L 2 3),2 - By! 246 27.2 9} 
ay —? = ) “se 7 15n*+ 34 in" + 109) ints 
{n (n? — b?)}2 32 n? (n® — U7)? 
512 b8 105 b? (n? + 302 385 4 
= ae eer eee 5 b? (n? + 3b Pare ) ) ree 
27 {n(n?- b?)}2 4 n?(n? — Lb??? 18 n?(n? — b?)* 
. J 142 
here mo (wv) = / e~ 2 dz and m3(u), my(u),... are the 3rd, 4th, ... Incomplete 
“0 Var 


Normal Moment Functions tabled in Tables for Statisticians and Biometricians. 
This expansion is valid only when w% and wu, are not much greater than 1, 
that is, roughly, when n > b*?. In this case, since the coefficients in M(w) are given 


: ee ot ag ; 
only as far as terms in —,, we lose nothing in accuracy by taking 
na y 9 


_ 31 7 b?\ 1 
(13:1) ko=1+ 75 (55+ da) n?? 
and 
4b 1 1D) 31 w\ 7 
(13°2) M(u)= Mo (u) + 3 = - (1 + > 3 | ms (u) — 4 n (1 +. - x my (uw) 
a2 t 5 b? : 
+ . ms(u) += : (- _ 3) mg (u) 
5 J/nn* ° On 
oe ; 
— 8 —- 4m,(u) +> = ms (u). 
Vn 1" 2 


Method B. 
If we replace the Type I Curve (12:1) by a normal curve of the same mean and 
(n+ 2)" — b? 


respectively, then 
2(n+2)N n+3 t . 


standard deviation, 3 + and 


b 
7 2(n+2) 
instead of (12) we have the approximate result 


db 
(14) 4(1-,P,)= 
Method C. 


Bertrand * has pointed out that if we approximate to the factorials in (2°31) by 
means of Stirling’s Theorem, and make p=q=}4, then that equation becomes 


2b bi oes 
(15) Po, o+2i = — € “b+2i; 
V Qar (b + 2)? 
thus, approximately, 
‘ b2 
00 9h [2 @ “b+ 2i 
1 —pisiPy = 2 0, b o=— —> at. 

inp i+ J ~— VQ Ji+i (b + 20)? 


* Calcul des Probabilités, Ch. vr. 
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Writing b+ 27=n, na* =b?, we find 
b 
\ all +2 1 1,72 
(16) £(1- Py) = | ¥"*" —e7#* de. 
” / 0 N Qar 


Method D. 
We have seen that (9°8) gives the value of po,, when a is infinite, if in that 


equation we give a any value >. Accordingly 





are b ae rba ( ra \" 
sin —— sin cos 
0 / 2 2 at+b-1 
_ _p (4pq) Pp > a+b a+b a+b 
n~b—~-~0d aed Po, ae e ig I _ z 
n+1 a+ 0 q r=1 rr 


1-2 Vv pq COS +b 
When a is large compared with b, we may replace the sum by an integral, and write 
n+1 b 
(4pq) ? (p\ (" sin rd sin rbd cos” dé 
Saf \q/ Jo 1— V 4g cos d : 


; , ; , 
Putting 6+ ¢’=7, we have, integrating separately over the ranges 0 to $a and §rtoz, 


> 
nly = Py - 


[" sin sin bd cos” b ian [° sin ¢’ (— 1)? sin b¢’ (— 1)" cos" ¢’ dd! 
Jx 1—NV4pqcos /0 1+ V4pq cos ¢’ 


=(—])*?- [" sin ¢ sin bd — d d 
“0 1 + V4pq COs P 


whence 


b T 
y n’+2 \22 [2 s1 Si bg cos" *1 
1 _ — > (P) in @ sin 
“s nd ‘ os Pq) G 7 \, 1~— 4pq cos* b ag. 


where xn’ = n—1 or n, according as n+ b is odd or even. 


For p=q=}3, (17) becomes 
9 | CX ys!’ +1 


ia oe b. 
(171) 2 1. =e sin b¢ dd. 


7 


7 
2 cos* a 
Let P= : $ sin bd d¢. 
Jo sing 
The integrand in ® has its maximum value, 6, at @=0, and if s is large 
decreases very rapidly in numerical value as ¢ increases. The value of the integral 
is therefore due almost entirely to the contribution of a small range of ¢@ near 
@=0, and for this range we have, neglecting powers of ¢ above the fifth, 
cos* d / ¢* dé! \ / ¢* dé! 
log —. =slog(1—5 +2, )—-log¢—log{1— + 
© sing “+. 6 * 120/ 
2 4 4 2 1 1 
=—8 Te Pr +(2 ~# +25, —log¢ 
2 24 8 \6 120 2 : 
2 
=—3¢°(s— })— qe" (s— 75) —log 
=— 3 ¢* (s— +) + log 1—- is £ (e— )} - log dh, 
* The method by which we proceed to equation (19) is due to Laplace (Théorie Analytique des 


Probabilités). 
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so that, approximately, 


* 5s > , + il (s 3) 
cos ob € fy 1 $' (s— 1-)t. 
ee l i2 \ 15/7) 


The second member of this equation decreases very rapidly as @ increases ; accord- 
| y rapidly 
ingly, treating 
ve e- Lo (s ” s) Oy 
$ {1 —34(s- is) 64} sin bd dd 
as negligible, we have, approximately, 
oO e 4G" (s 3) 
(18) P= é {1 — 4 (s— zs) 64} sin bd dd, 
/0 co) . 
whence* 
a dP Rs 1 42 (3 —1 
(181) n=], oP EY = ae e— ah) G} cos bp dd. 
~ OV 
hme) Vr be 
Y r 22 ‘ ° 
Now | e~** cos bb dd = Dr ¢ x, 
- 0 al 
b2 
ox / 4 
249 V7 d = ; 
whence 19-F eos bh dd = — e & 
| $ bab = Hy ata ) 
b2 
e ln / ‘“ bt 
_9NVT ).* 1 ) ‘ ro 
SA° \ AO USK 
Thus we have from (18°1), writing }(s — })=)A? = 30%, 
, 9 b? 
AD s/a | Bi er 2 ) f b? l by) a 
- = — ii — {AS + — —- + -@ ‘ 
db 2r | Sr! \ L5 ( NM 12 A4/) 
I | ar ( l lL ) GF / 1 + 2 ) 1 b*/ 1 : "he 
= /=34(1 -—,-= +-,|-— =——,I—s ttscane 
o \ 2 | fto® = L504 a? \2o2 15o4 6 o4\207  1L5c*/} 
Now 
b }2 1 b° 1 b° -_ . 1 b° 
| .e@ «db=-—be o + | e o* db, 
jy OM Jo 
ak Db: q }2 re }- 
bht -4 = b8 , — -4 : [fo -~1-— 
Ag “Pdb=——e “*-—d3be *¢ +3] é x db; 
Joo a J0 
thus the equation 
L/w psy 1 2 Lis i ee 
Ge—J 5) Hl s.e5 4 rae oe, he ace Je +S db, 
aV 2 7 ( 407 15e%, wal sce sci) 6 o! (sc L5o0*/)\ 
gives, after some reduction, 
, p2 I2 
cvs a . wb 4. b? l -4— 
(15:2) b=7| e rm dh — (1 }- )a- ; ) a a 
JoN2re 1. go? L5o?/ 30°7/ N20 


The differentiation under the integral sign is legitimate if the resulting integral is uniformly con- 


vergent; but this is so, for the integral obtained by omitting the trigonometrical factor in the integrand 


is absolutely convergent. A similar remark applies to the differentiations that follow. 
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In (18:2) take s=n’+1, or o? =n’ +2; substitute in (17/1), and we have the 
approximate result 


(19) 4(1 — ,P,)= 





iwaallta mye aaa) l bans. 
di +30 * on 43) Bn 43 V2ar (n! +2) ° ; 
(19) is a more accurate form of the equation given by Laplace (loc. cit. p. 259), 
which is, in our notation, 
b ra 
(In+e 1 * 1 b 1 B 1 -4—, 
(1 ane Bt =|* n 3 = e~ $2 da — — (1 -—s —) e “n+? 
0 N 2er 4n+3 ON+3 V 2a (n+ 2) 
If we sum from b to © the expression for po, given by (9°8), and then make 
a infinite, we get 
b b 
4nq)? /p\2 [* sin sin b (cos b-1 
p= 20? (D)* [sin gsin bom Pg 
7 a/ Jo 1- V 4q cos 
whence, as for equation (17), 
2 [sin d sin bd (cos d)’ 
(20) P, = (2p)’- sin ¢ sin b¢ ( S$) aa. 
T JO 1— 4nq cos* P 





If we substitute from (20) in (17), make p= gq, and then approximate to the 
two integrals by means of (18:2), we arrive at 
b b 


[(Vb-+ ] Lp? 


1 b 41\e 18 1 ‘= 
am « - one 2 - b 
Peer ta iy) Tae , 


N 2ar (b — 4) 


:& « » 1 )( 1 = 1 -}—— 
+--; (1 + = —s l-=; e “+, 
4n +2 lin +2, on +2 V Qa (n’ +2) 


where, as in (19), n’ =n —1 or n, according as n + b is odd or even. 








Except for small values of b, (21) will not give results differing significantly from 
those provided by (19); for b=6, n=78, the true value of ,,P; is 499897: (19) gives 
‘499895, and (21), 499710, so that (21) appears to be less accurate, as well as less 
simple, than (19). 

Incidentally, by comparing (20) with (6), we have the analytical theorem 

° ° J h— 
2 sin @ sin b¢ (cos o)’ 1 
(22) $ $ o> dg =(2u)~” * 
Jo 1 —2rAcos*d 2 


where 0<2X<1, and pis the greater root of 


4y? —4u+2rX=0. 
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We turn now to the converse problem: when B’s fortune is known, A’s un- 
limited, and p=q, what number of games must we assign to make B’s chance of 
ruin assume any given value? 

In general, of course, the question cannot, strictly speaking, be answered: all 
that we can hope to do is to find an integer n, even or odd with b, such that 
nPy < P< ny2Py, where P is the given value. 


Approximately, n is given by the equation 


(23) (4 an <a: 


3 2 > 2 


outside the range of the Incomplete Beta-Function Tables, approximations to n can 
be found by replacing (23) by equations (14) and (16), which can be solved by means 
of tables giving the abscissa of the normal curve in terms of its area*. 


For P =}, the case discussed by Laplace (loc. cit. pp. 257—260), the problem 
is the same as that of finding a Type I Curve, with a given difference between its 
indices, and having one quartile at «=°5. If, as in equation (14), we replace the 
Type I Curve by a normal curve having the same mean and standard deviation, 
we reach the approximate result 


2 2 4 
n+2= sal! + J + . + 7) (t ="6744897502) 
- J 


j 
/ 


109905467 b? (1 + V1 + 2°64761429 b-), 


or, slightly less exactly, 
(24) n= 271981093 b? — 545064. 


If we put ,2?,= 4 in equation (13), take iy to be unity, neglect J/ (ug) because 
ug is small, and retain only the first term of J (wz), we get 


by/n 
{3s 
Vn? — b? . 
=— @ dx =}, 
I NV 2Qer , 
be / Aes 
whence n = 5p (1 4+ \/ 1+ =) 
or, approximately, 
(25) n= 211981093 b? + 454936, 


a result differing by 1 from that of (24). 
If we put 2, =} in (16), we have, at once, 


(26) » = 2°1981093 b? — 2. 


Finally, we may apply the equation of Method D to the converse problem; 
there we take n’ =n, because the value of x required is even or odd with b. 


* Tables for Statisticians and Biometricians, Part I, Table III. 
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If, as a first approximation, we retain only the integral. term in the second 
member of (19), we obtain, for the value of n which makes ,P, equal to a half, 


b 
/ +3 12 
i N+§ 1 i dx = 1, 
0 V 20 
whence 
(27) n = 271981093 b? — 3 approximately, 


an equation not very different from (24), (25), and (26). 


If we substitute this value of n in the remaining term in (19) we get 


2 4 #\ / 1 172 
- (1 + 3) (1 an i 1 4-8 (¢=-6744897502) 
»” 


~ AD 1B 6 Jan 
2-3 8/ 4 #2 

= _ 3 —— 35727 

12 (1+ a5 i) * 3177765727 


= — ‘0206807 b-? — 0025089 b=. 


We have, therefore, for a second approximation to the value of n that makes 
nL, equal to a half, 
b 
. rn +3 1 Ly? Or -ONt L.—2 Keno 
(28) ——e~ 2” dx =°25 + ‘0206807 b- + 0025089 b+. 
J 0 VQ 
We may solve this equation either by means of Table III in Part I of Tables 


for Statisticians, or by the following approximate process. 


2a 1 


Let a=2 —_¢~ i" da, 
-0 VQ 
t] t da l / 1 =) da 1 ( 1 re i) 
so that = : 6 * . =-—f£ e * j 
da 3/ (vee da® + V 2Qer 
Take @=°5, so that* «w= '6744897502 =t 
l en 
and e~ * =°3177765727 =A say. 
N 2Qar 
pH ” 1 12 
Then for small e, ate=2 al da. 
0 N2ar 
] t+ t+ a : imatel 
rhere t+n= : , €* approximately. 
where ? a> © grea P} 3 
a 3-—# AB / 4 a 
| ake e= =} . 


6 BIR 
Then as far as terms in b-4, 
3-22 4 #2) (3—8#) £) 
\ 
(1 + isi) + oR bit 


* These values are taken from Kondo and Elderton’s Tables of the Normal Curve. 


Biometrika xx11 26 
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so that (21) gives 


Ff, ‘ 3—-? ( 4 2) (38-#) 8) 
ete 8] 2 15 is) 288 aj 
_#_3-# 3-##/4  3-#, +") 
~f- 6 6 a (ist ee 
_V 3-#@ 3-#(4 (8-#)) # 
~ fe 6 6 15 2 { 
whence 
(28'1) n = 2'1981093 b? — 1:090844 + 0006219 b-. 


In the table of numerical illustrations, the second and third columns show, for 


different valucs of b, the values of x provided by equations (24) and (28) respectively ; 


the approximzte constancy of the difference between these values indicates that for 


our purpose (23°1) is just as good as (28). To estimate the degree of accuracy to 


which (281) gives the value of x satisfying 
b? 
fT Jn+e 1 Ly? - 
oy Ey iaiaes e- 2 da — ‘25 
J0  Qar 


1 b (+4 1 ) (1 1 =m 1 456 
_ _ — 2 n+ 5= 
An+3 15 n+3 3n+3/) Jor (n+3)- 


; b ; 
we write =t+%, where » will be small. 
+2 


fire I eked y-_ | Ly | t 2, %-1 3, -# . ) 
. = = _* : \2 5 n 6 n D4 y+ 
l 1 2 l 142 ; 2-1] ° 3t—# ‘ 
aan G7 8 C+) = —__ ¢ # (1-tn+ — 79" + < = P+.) 
N 20 N 2ar - 6 
and 
1 (t+) | 4 (t+n)) | 1 . 1@/3-#@ 43-2 
° <1 - ry rs l bd t ay 2 s) 
ae tis 2 sv -3°t-aal 3 tis 3s ob 
12@/9-50 4 15-7? ey 1 ¢ 9-102 10—7# t) , 
‘ae\-3 tis 3 wa %ta 7 ( ; **-a ie) 7 
We sanive 
as far as terms in 7, therefore, 
l as (2 4 a ,_! f;9-S8P+4 4 15-108+42 
4B 8 is) ")-4e\ 3 TE 3 B) 
a€ 4 1 /18—41+14¢-# 4 60-7524 18 - #8 #)) 
+5 }1+ga(- -=0 
TOU Be 3 T i5 3 i2)} 


Neglecting terms in 7? and we find from this equation 


| 
bt’ 
n = 2'1981093 7 — 1:090844 ; 
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solving the quadratic, we get, as far as terms in b-, 
» = 06507946 + -2439733b-, 
whence 
(30) n = 21981093 6? — 1:090844 — 1528788). 

The terms that we have neglected in finding the last value of 7 are of the order 
7*, or b-*; the value of 7 may therefore be regarded as accurate as far as terms in 
b~—, so that (30) gives the solution of (29) as far as terms in b—. 

In the accompanying table, Columns 2 and 3 show the approximations to », for 
different values of 6, given by equations (24) and (28) respectively. Equation (27) 
would give values less by *122, equ>tion (25) values greater by 1, than those in the 
second column. Except for small values of b, the values from equations (28°1) and 
(30) coincide with those in the third column, and those from equation (26) are 
less than the latter by ‘901. In the fourth column are given the values of that 
we set out to find, in the remaining columns the values of ,P, provided by equa- 
tions (16), (13), and (19) respectively. 





Approximations to n Approximations to ,,P, 
b — Rn _ 
(i) by (24) (ii) by (28) (i) by (16) | (ii) by (13) (iii) by (19) 
I 1°653 1°114 I = 
2 8°247 7°702 6 — 
3 19°238 18°692 17 “4806824 “4806481 
1 34°625 34:079 34 4995598 *4995520 
5 54°408 53°863 53 "4ICCIT *4966140 
6 78°587 78°041 58 "4998968 *4998953 
7 107°162 106°617 105 "49859 *4967030 "4967534 
8 140°134 139-588 138 “49896 *4975330 "4975636 
9 177°502 176°956 175 *49873 "4976108 *4976290 
| 10 219°266 218-720 218 50018 4992850 "4992970 
| 20 878°699 878°153 878 50018 -4999620 4999627 
30 1977°753 1977°207 1976 49997 4998690 4998691 
10 3516°429 3515°883 3514 *49994 *4998850 “4998851 
50 5494°727 5494°182 5494 “50003 1999929 *4999928 | 
60 7912°G47 7912°101 7912 *50002 -4999971 *4999972_—s| 
70 10770°189 10769°643 10768 *49995 “4999672 *4999673 
80 14067 °353 14066°807 14066 "49997 “4999876 "4999877 
90 17804°138 17803°593 17802 *499980 *4999809 “4999808 
100 21980°545 21980:000 21980 “500008 *4999999 9999996 





Until n+ becomes greater than 100, 


we can find the true value of ,P, from 


tables of the Incomplete Beta-Function ; these true values are shown in italics in 
Column 6 for the values 3, 4, 5, and 6 of b. It will be seen that even for such small 
values of b (19) provides a very close approximation, and we may expect it to improve 
as 6 increases. The approximations to ,P, provided by (16) and (13) diverge some- 
what widely from the true values when 0 is very small, but the, close agreement 
between the lower portions of Columns 6 and 7 indicates that the error in (13) very 
quickly disappears. 


26—2 
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Some interest attaches to the value of n corresponding to b=100. It is for this 
value of b that Laplace says: “Il y a done alors du désavantage & parier un contre 
un que A gagnera la partie dans 23780 coups; mais il y a de l’avantage & parier 
quvil la gagnera dans 23781 coups.” The difference between Laplace’s result and 
our own is due in part to the fact that he was not able to refer to the tables that 
are nowadays available; but in any case Laplace would appear to have lost sight 
of the approximate nature of his result, since the odds are exactly the same that 
the set will be ended in 23780 games, as in 23781. Actually, we find from 
equation (19), 

23780 100 = 516687. 


§ 5. HisroricaL Nore. 
The problem of the Duration of Play is one of the oldest in the Calculus of 
Probabilities*, and several of the results given above are by no means new. Perhaps 
the best known of them are the expressions for B’s chance of ultimately being 


ruined, namely 


€t2‘T) r= ee (p#q) 
fey 
(7) 
(11:2) P=, (p=4q) 
/y\® 
(6) | Ps 4 ' (a=, q>p) 
| p, - a (a=, q<p) 


and the expression for B’s chance of being ruined in a given number of games, 
when a is infinite, in the form 


2 ) ) bil eS b(b+2i-1)! .. 
(3) sesusPs=oonPs =p? I + b. py + eo ee ee aS 


* I have to thank Professor Pearson for pointing out that it was in Huygens’ small tract, Van 
Rekeningh in Spelen van Geluck, in the course of which he considers the somewhat similar Problem of 
Points, that the Calculus of Probabilities originated. Huygens’ problem is this: Several players engage 
in a set, he that first gains a certain number of games being the winner; given the number of games 
still required by the various players, determine their chances of winning. Huygens communicated his 
tract to his teacher, Franciscus van Schooten, who published a Latin translation of it in 1657 as an ap- 
pendix to his Exercitationum Mathematicarum Libri Quinque ; the vernacular version appeared in 1660, 
and English translations were published in 1692 or so by Dr Arbuthnot, and in 1714 by W. Browne. It 
is true that Pascal and Fermat were discussing questions of chance in their correspondence three or four 
years before Huygens’ tract appeared, and Huygens himself says in his preface, “ Sciendum vero, quod 
jam pridem inter praestantissimos tota Gallia Geometras calculus hic agitatus fuerit, ne quis indebitam 
mihi primae inventionis gloriam hac in re tribuat.”” But the Pascal-Fermat letters remained unpublished 
for another twenty years, and it was Huygens’ tract that inspired the work of Montmort and de Moivre. 
In his preface to The Doctrine of Chances, de Moivre explicitly states that when he wrote his ‘* Specimen ” 
he “had not at that time read anything concerning this Subject, but Mr Huygens’ Book de Ratiociniis 
in Ludo Aleae, and a little English piece which was properly a Translation of it.” 
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This last result was first given by de Moivre, in his discussion of Problem LXV 
in The Doctrine of Chances (8rd edition, 1756). The equivalent result ((3°12) and 
(3°22)), and the expression (9°1) for the probability when a is not infinite that B will 
lose his last counter on the (d+ 2%)th game, were also given by de Moivre (loc. cit. 
Problems LXV and LXIv), although they were developed for the present paper 
before his work on the subject was consulted. De Moivre’s solutions to Problems 
LXIV and LXV are given without any demonstration, but his solutions to Problems 
LVIIL to LX111, which also deal with the Duration of Play, leave little doubt that he 
reached his results by the inductive method indicated above (§ 2). Lagrange (see 
below) supplied proofs for equations (3), (3:12), and (3°22), but we have not been 
able to find any previous demonstration of (9:1). 


Lagrange discusses the problem in the latter part of his “Recherches sur les 
suites récurrentes..., ou sur lintégration des équations linéaires aux différences 
finies et partielles; et sur lusage de ces équations dans la théorie des hazards” 
(Nouveaux Mémoires de 0 Académie Royale, Berlin, 1775*). In his solution to 
Probleme v (pp. 255—256, and pp. 258—261), Lagrange obtains de Moivre’s two 
values for ».9;J?, in the case of a infinite; in Probléme vt he finds for the general 
case the probability that either A or B will be broken in a given number of games, 
and indicates, without actually arriving at, a solution “qui répond a la méthode du 
Prob. Lx1tl...de Moivre” (pp. 261—265). Lagrange’s solutions undoubtedly have, 
as he claims, the advantage of being “ plus analytiques” than de Moivre’s, but whether 
they are also “plus directes” seems a more open question. 


Following Lagrange, Laplace demonstrated our equation (3) by means of his 
generating functions (Théorie Analytique des Probabilités, 1847 edition, p- 256) 
then Ampere, saying “j'ai banni de ces démonstrations les méthodes d’induction, 
dont on fait, & ce qu'il semble, trop d’usage dans la théorie des probabilités,” es- 
tablished equation (2°31), and thence equation (3), by purely algebraic considerations 
of the possible combinations of gains and losses (Considérations sur la Théorie Mathé- 
matique du Jeu, Lyon, 1802). The probabilities (equations (6), (1171), and (11-2)) 
that B will ultimately be ruined were first given by Ampére in this same memoir, 
but it is worth noticing that they follow immediately from one of Laplace’s results 
(loc. cit. p- 254, equation H). He finds 


P 7 p’(p*—9q*) _ Do+2i 2p? (pq)'*? 


h4-2i4 b 
é pare — gate a+b 


: at+o act b a+b ) 
a(r+t)w . 
( 
a+b 


x > 





=) 


pari. 2r+)la.. (r+1)br (7 +1) a\ot? 

[“ , | sin sin cos 

l 2: 
2 Ina eas 

p°— 2pq cos 

Lagrange’s paper was read in 1776 and published in 1777. 


+ Laplace gives the upper limit of r in the sum, when (a+b) is odd, as 4 (a+b-1), but this is really 
the upper limit of (r+-1). 
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For all non-vanishing terms in the sum, 


(r+1)7 


a+b ms 


4nq cos” 
accordingly, as i-» 0 each term of the sum tends to zero, giving (11°1) and (11:2), 
and thence, when we make a— », (6). 


What seems to me to be the most elegant discussion of the problem is contained 
in Robert Leslie Ellis’s paper “On the Solution of Equations in Finite Differences ” 
(Cambridge Mathematical Journal, No. XXII, Vol. tv, 1844; reprinted in Mathe- 
matical and other Writings, 1863, pp. 203—211). Ellis obtains equations (9°7) and 
(9°8), but restricts m in the first of these equations to the range 1<m<a+b—1. 
(9°7) possesses the same symmetrical character as (9°3), from which we have derived 
it; Ellis remarks on this symmetry, adding “the result, however, which is the inter- 
pretation of this symmetry, may probably be obtained by general considerations.” 


From (9°8) and (11:1) we have 


or 





1- (4) ax sin ——— sin ~ (cos — y 
(31) ,.P p (4pq) 2 (PY se i a+b a+b a+b 
e 8 = > ; 2 . 
= | 3 iia 7 1 — 2V nq cc S oo 
ae Aas a+b 


The sum of the rth and the (a+—~7)th terms in the second member of this 


equation is 


. rar . ror / rir \* ; ( rr : () rb \ | rar \)" 
81n sin - (cos } sin | 7 — sin | br — - eos ler — —— 1 
a+b a+b\ a+b te a+ b/ ea b/ ; ) 








a+b/| a+b 
~ 
/ TT . Tr 
| — 2V pq cos 1 — 2V pq cos | 7 — ) 
a+b \ a+b 
. rr . rbr ‘7 \" 
sin ; $n cos } 
ato a+b a+b 
2 2n ( 2ra Es 2 
" — L2pPq COS q* 
I PY at+ b i 


VT —— Tm CY 
4 (— 1\n+-1 wi =e ; 
ry % (— 1) (1 2 V pq co: a+b) : 


1 


x S 1+2 v pq cos 
a 
Thus (31) is equivalent to 


\a : ‘ ™ ‘ ‘bor rer \* 
1 (2 n’+1 bfatb-1] gin YT , ? - ) . 
(31:1) ,P,= =) _ 2 (4pq) ° (n" eee! eee (co a+b 


oT > 
1- (4) a+b i 
P 


q f 
, . 4 . 
where n’ =n +1 or n, according as (n+ b) is even or odd. 





Da 
: 2rar 
1 p?- 2pq cos +4? 
a 


+b 
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If we write (6 + 27) for n and (7 + 1) for r, (31:1) becomes L uplace’s equation H. 
Let ,Q_ be the probability that A will lose his last counter on or before the 
nth game. 3 re hi 


From (31) we have, by interchanging a with b, and p with g, 
(2) n+l 


nQu = 


I s.r 7 cr \* 
; a = sil su cos 
\q _ (4pq) : (2 ai * 1 ‘a+b ‘ae a+b) 
va tie (2) a+b \p sale 
q 





Tr 
1 —2 nq cos 

PY cos a+ h 
this equation, with (31), gives, for the probability that the set will end before the 
(n+1)th game, 


n+l b 
(32) nD» +, Qu ee. _ (py) 2 


(2) 
a+b \g 


; OC ( YT :: 
, sin cos — 
ite a+b a+b/ | rba3 
¥ 





a+ b 
q\ 2 . raw) 
sm ——__ -¢ ) sin & 
rol im rz | at \p a+b) 
1—2,\ pq cos — 
a+b 
= . raw _. . rbr ’ 
Since sin =(—)"-sin , (32) reduces, when the necessary changes in 
+b +b . . 
notation are made, to Lagrange’s second solution to 
pp. 265—269). 


his Probleme vi (loc 


~ cit. 
If we make b=a, we get, from (311) 


a 
(33° 


. ei ne sin 7 (co = 
a sin — sin 208 5- 
\ 3 2 (4pq) » Get. a 2 : 
l P, GC =) = (2 1) | = 
) n+ ¢ + nea 1 { + - J 2a p= 


2a 





wie 

. — 2pq cos — + ¢* 

a 

so that the probability that the set will not end in n games is 


5 . 2+1 2s+i ties 

n'—1 rqa-—9 fo 8g —_ Ss 

‘ pt+q* (4pq) 2 [ : ] (ie a (cos 2a r) 

(32°2) 1 is i _ A. —_ 
a@_y a 


Mo 
2s+1 
> s=0 2.9 Ne 
(pq) P “pq cos 

if we now make p= 


i 2 
T+ 
a 
q= + we get 





(32°3) 


n 0.= 





Q9s4+1 \” 
a ae By me (cos “ r) 


De Moivre gives the last of these results (loc. cit. Problem LXxvii1), but instead 
of (32°2) he gives, if we do not mistake him, 


n 
it. « dwt See (* 
(pg)s-* emo 


mR 2s +1 
p* — 2pq cos 
loc. cit. Problem LXIX). 


2s+1 2s " 
= Fi iP sin a (cos +t) 
2 C 
Ss 


2a 





2 
T+? 











404 The Duration of Play 


Except for those mentioned above, I believe the results of this paper to be 
new; in the case of the others, the methods by which I have established them 
seem to me to be simpler than those previously used, and to link together results that 
until now have appeared somewhat disconnected. The use of the Incomplete Beta- 
Function, in particular, renders almost intuitive the transition from B’s chance of 
losing all his possessions in a given number of games, to his chance of doing so 
ultimately, a transition previously effected only in the case a = « , and by Ampére’s 
very elaborate algebra. 


This paper originated from some remarks in Professor Pearson’s lectures on 


Laplace; I wish to thank him for his suggestions and advice. 


ON THE NATURE OF THE RELATIONSHIP BETWEEN TWO 
OF “STUDENTS” VARIATES (z, AND z.) WHEN SAMPLES 
ARE TAKEN FROM A BIVARIATE NORMAL POPULATION. 


By KARL PEARSON, F-.R.S. 


(1) Iv is well known that “Student” first introduced the study of the variate 
_ Mean of Sample — Mean of Parent Population 
Standard Deviation of Sample 


as a method of testing whether a stnall sample has been drawn from a parent 
population of which the mean has been ascertained*. The method has been 
developed by several writers since the appearance of “Student’s” original memoir. 
The value of z will certainly determine whether it be exceedingly improbable that 
the sample was drawn from the supposed parent population, but in my opinion it does 
not justify us in asserting it probably has been, if we find the value of z has a high 
degree of probability. The numerator and denominator of z are—at any rate in 
the proof provided by “Student,” i.e. selection from a normal parent population— 


independent variables. There is nothing to check their variations being in the 
same direction, and their ratio 2 may take a very probable value, although indi- 
vidually they might be highly improbable as selections from the given parent 
population. Further, if the mean of the parent population be so well known that 
it can be safely used in the numerator, then it would appear that the standard 
deviation can also be safely determined, and we have two variates instead of a 
single one to compare with those of the sample. Such a comparison has always 
seemed to me safer than arguing from a single ratio. But “Student” uses his 
formula to compare two samples from two populations. Let these variates be given 
by # and y with standard deviations and means o4, og, and ¥ for the samples, and 
X1, 2, m1, me for the corresponding parent populations. ,« and y may be correlated 
with correlation coefficient in the parent population =p, and in the samples =r. 
Now if « and y both follow « normal distribution, so will the difference of their 
differences from their means. In other words the ratio will be 


(@ — my) — (Y¥ — Ma) 

Vo? + oe = 2ro4ce 

If now we ask whether # and y are independent samples from the same population, 
then we may suppose m= mz and r=0 to get our result. If they are not inde- 
pendent samples, we may put m= mg, but are not justified in putting r=0. The 
two cases 

’ t— y 


£—Y 
Voe+ os" _ 2ra,02 


= S and z 
Voy" + oo" 


= 


Biometrika, Vol. v1. pp. 7—8. 








& 
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may lead us to very different conclusions. Both z and 2’ get rid of a possibly 
unknown m of the parent population, but the second does not really get rid of the 
unknown 7 by the simple process of finding the standard deviation of «—y. The 
wide range of the coefficient of correlation 7 in small samples from a population of 
correlation p is well known, and appears only to be screened in taking the standard 
deviation of the ditference. It seems necessary therefore to be sure that our two 
samples are wholly independent before using z. If they turn out not to be, ie. if my 
is very improbably equal to mg, then we certainly are not justified when dealing 
with correlated samples in using 2’ where m, is put equal to mg. 


We may illustrate this in the following manner by asking whether the older 
generation is of less stature than the succeeding generation. We take a sample of 
fathers and a sample of sons, not sons of those fathers, and find z is sufficiently 
small for it to be probable that m,=m_,. We now take the fathers and sons to be 
correlated individuals, and find owing to the term in r, that 2’ is so large that it is 
unreasonable to suppose that m, may be put equal to mg in the case of sons of the 
same fathers. It will I think be clear that z’ cannot determine what will happen 
in the case of z. For example, if we test for the relative effectiveness of two drugs 
or two methods of factory production on the same groups of individuals and find 
a significant difference, we have not obtained evidence that there would be a 
significant difference had the same drugs or same methods of production been 
tested on different groups of individuals*. 


Notwithstanding the need for caution in the use of z, and the undesirability of 
exaggerating the efficiency of z tests, it seemed to me worth while to inquire into 
the relationship of two variates measured by “Student’s” ratios. 


(2) Correlation Surface of 2, and 2. 
Using the same notation as in the preceding section we take 
43> (f— m,)/o1, 22 =(Y¥ —mMz)/o2, 


and we suppose the normal parent population defined by mm, mg, =, Z_ and cor- 
relation p. For brevity we may write s; = 2 V1 —p?/\/n, sz = Seg V1 — p2/,/n, where 
n is the size of the sample; r will represent the correlation in a particular 
sample. Z will denote the ordinate of any frequency surface or curve and Z a 
constant independent of the variates of the particular sample. The constants of 
the square brackets following a frequency curve denote the appropriate element of 
mn . . , 2 . a ° 
volume. The correlation surface for the five variables 2, 9, 01, 72 and r is 


le. {“ m,)* 2p (Z—m,)(y¥—m,)  (¥ = 
mash 2 v2 > Fy y > 2 
Z= Loe 1—p “ “8 ~*~ 
n fo," 2rpojoy o,”) n—4 
°i-f ls! “sa “SF n—2 2) 2 ry 
xe 24 (o402)"* (1 — 7?) [didijdoydoedr] 


wae 


For further illustration see Biometrika, Vol. xxu. pp. 263—270. 
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We will first integrate this expression with regard to r between the limits — 1 and 
+1. The result is given as Equation (v) of Biometrika, Vol. xv. p- 177, and sub- 


stituting for —m, and 7— mz, we have* 


/ (o402)"" 1 


4 4.4 
P Gy G2 


2 2.2 
p Oy 02 
xii¢*., = 
( 1! (2n — 2) sy? s—"_—-2!(2n — 2) (2n + 2) 544894 


2p 2p 2p 
p O71 nk; ee _ ” *: 
+ p! (Qn - 2) (2n oy (2n rs 4p a 6) 542? se2? si -} [dz,dzgdo,de¢| ees 





To obtain the surface of frequency of 2, zg we need to integrate this for a and ae, 
from 0 to « in both cases. It is necessary first to expand the exponential term 


P22 





O10 
$189 
e *182 , and we have 
,1+2" 02 pl+e* 62 l . 
= ee ea —'s > 2° a Pp \a- 
’ 3,2 $02 . 0102 0102 
Z= Ly é “1 é . x S => (p21z = ) x ( : ) (s3S2)" 
p’'=0 Pp: Sy Se Sy Se 
re — pe? oy? og? 1 1 71) ; = 
es: 7 — - | d(—)c : 
p=0 Pp! SPs? (2n—2)(2n +2)... (2n+4p—6)| \sy/ Sg 
1+22 14+ 202 1+ 1 
e é 3 “2 24 Ga; ac 
Take vy, = 4 = Cy, ve= 4 3 a3, then dv, = 0d) doy = lean Ny . = p say, 
Sy So’ Sy $y Sy 
] + 20 Go dos 
and dvg=a2dee =~ =As — —, Say, 
89° Sg Se 
00 oD ? 9’ +42p 
—V,— Vy y +2Qp+n-2 -p ** 
Z= Z, (s4S2)” é : so ae Q! I ( 2122)” atl : 
p’=0 p=0 Pp -p: 
1 vi? (p’+2p+n-—2) Yo? (P’ + 2p+n- 2) 
i [dv dv]. 


x x ; 7 
(2n — 2)(2n + 2)... (2n + 4p — 6) ae (p’ + 2p +n) re? (p’+2p +n) 


Integrate for v, and v2 from 0 to 0, and we have for the surface of frequency of 


2, and 2 
Z= Gel (us 8 § oP te+n-2 0" Crea)” 
patna p'! p! 
1 . T?(3(p’ + 2p +n)) 


(2n — 2)(2n+ 2)... (Qn+4p—6) — (AqAg)* (BFP) 


x 


We may write this in a somewhat different form, namely: 
1 0 OP’ pv’ / 2122 \P’ 
’ p ( } T2(4(p’ +n)) 


Ss 
(Aq A2)8” p’=0 p'! \VAyAg 
22027 (4(p’ +n)? Wpt(h(p' +n)? (4 (p' +n) +1? ) 


Z _ _ 


1+ -— : 
x ( + 1! AyAg(2n — 2) 2! (Ag As)* (2n — 2) (Qn + 2) 
l 2 QP" pp" ( 2122 \P" 
si Z, , ¥ } - } ) T2 1 ’ 
° (Aq Ag)e" racks p'! F Ar As (3(p' +)) 


2 
x Fd (p' +n), 2 (p’ +n), 3 (n—D), *)- 


4, =Z, B(4, 4 (n—2)). We shall however pay no attention to the changes in the constant Z). 
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But by Euler’s transformation of the hypergeometrical function 


2 2 \ —(4(n+1)+p’) 
(4 (p! +n), B(p" +m), B(n—1), P= (1- A) 
F(s(p eeney tee — *) Ayre 


"7/3 U — ’ 1 — p* 


and accordingly 
Vr re 5 l2(4(p’ +n)) 


(7e 2422 JA Ao) p’ 
(AA2 — pyr +1) pr=0 p'} 


, 4 —_ = td > 
0 \ Ai Ae — p* / 


x F(-h(p' +1), -B(p' +), AnD), |, 
1 


or, substituting for the 2’s, 





aU," ¥ (1+ zy") (1 + 22°) sg rs 4 (p’ + n)) fee += 1 +228) p’ 
° V ((L + 21°) (1 + 22%) — p?)" pmo p'! (1 +24") (1 +227) — p® / 
x F(—4(p’ +1), —3(p’ +1), 4(n-D, ta =) _. iii). 
( a(p +1), —a(p +1), a(n » + a2) + 2) 


When p=0, this reduces, as it should do, to 


7 A I 1 
Z= } A 2\3 x 9\l»y? 
(l+2°)™ (1+ 22°)" 


for the case of z, and zz independent. 


I have not succeeded in reducing (iii) in the general case to any more concise form, 
and it appears too complicated for any numerical reduction for particular values of 
n and p. I leave it in the hopes that a stronger algebraist may possibly achieve 
something with it. We need not, however, despair of learning something about the 
nature of the 2, z2 frequency surface, for we can calculate its principal characters. 
I shall now proceed to determine (a) the coefticient of correlation of 2, and 2g, 

b) the regression curve of 2, on zg, and (c) the scedasticity of the arrays of 2 for 
g 1 2 \ 1 


a given 2g. 
(3) Determination of the Correlation between z, and 22. 
We have seen that the frequency surface of 7, 01, o2, 7, 7 is given by 


, f@ m,)> 2p (X—m,) (y—m,) _Y ~M)"} 
3 a 


v 3 > 32 +> ° > 2 
Z=Z,e 1-p?| 2, = =? | 


n o; 0) 8s ra 
4 3 1 2rp 12 4 2 n—4 
“1 2~i>s2 Si > 2 
xe f ~) “| <2 pany 


(o,02)""* (1 — 7") 2 


with the element dV of “volume” = d&dydo,degdr. Now to obtain the correlation 
of z; and zg we need, if NV = number of samples, 


Pa [2 ee =) (i= =) dV, 
“2 N O71 03 
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or the product moment of 2, ze, the integral being taken over the whole of space 
But 


21-p) 22 212, =? | 


: : n {(%—m,)*> 2p(X—m,)(Y—m) . (Y¥—- my)” 
P | | Pe Teel BF 12 +t 
2122 — € 
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x dz dij (@ — my) (YJ — me) 








2 . : n-4 
2 2) (o,02)"* (1 — 7") 2 daydagdr. 
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Now the integral with regard to d&d¥ can be taken at once. It is 
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oO Pra +1 4 ‘a 2 2s ys 7 = 3 2-8 
x e f m2 2) (a402)"3 (1 — 7°) 2 doydoedr. 
/0 0 J-1 


2 dr is known to be* 
2122 


_ a2 | ryt l 
»f, 2-2 Pi at 
BCA, 2 )( ' 11 In —2 7 21 Qn—2)Qn42) 1” 


r+1 n—+ 
oe np 6402 " 
But if Y=} f > eae , then the | ey" (1 — r?) 2 
— 


rye 1 
-} omnia eee . 
p! (2n—2)(2n +2)...(2n+4p—6)* ) 


Hence, writing as before, s;= V1 — p?X4//n, s2= V1 —p?Xe//n, the second integral 
Tz, in the value of P,,2, reduces to 


9 “2 rH 1 o;" ‘*) , n—3 
R— Se - 0102 P 
B(a, ) ) | : ee ™ ( ) we 
_ “0 JO 


2 2 4, 4 
(1 PR (a1)*_ 1 pt (ore 
«(1 ' 7 (SS) sae + hi (22) (2 - 


> 


$1 Sg 2n — 2) (2n + 2) 
‘ p” (a4 =" l + ) do, dog 
abs (2n — 2)(2n+2)...(2n+4p—-—6) “"/ sy Sg 
Y o;" oe" 
Now put $=, 4-3 =%, 
sy 82° 


and we have 


"ees 9 ro = 8 n 4 
I,=B (4, > =) (s15_)" [ 2n-#e—"1—"2 (Vy 02) ® 
= “0 0 


x (1 i (2p) 10s f (2p) (v2) 
1! 2n-—2 2! (Q2n—2)(2n+2)° ~ 
(2p)” 1 
p! : (2n—2)(2n+2)...(Qn+4p—6)* ) dordes 


Biometrika, Vol. xvi. p. 177. 
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i n—-2 na (re (%—2\ , (2p) re (mn 1 
on ‘Bs, —) (08) (! ( 2 )+ 1! m(5) 2n—2 


(2p)* - n+?) ss 1 
a1 | ( 2 In —2)(Qn42)*°” 
r (" —2+ “2 
9 ,\2p 9 
+ P) ae : +...) 
p! (2Qn—2)(2n+ 2)... (2n+ 4p — 6) 


~nl, 8-2 sre (*—2 
sis (2 > 9 (8152)"*1 2 


4b 








. (2p)? n—-2\2 | 2p)4 in —2\32 (n\? l 
of. ea ( 2) mat 21 ( 2 +) G (2n — 2) (2n +2) 
* (" —2\? (3) /n + 1\2(2p)® ] + ) 
2 ) (3 ( 2 ) 3! (2n—2)(2n+2)(2n+ 6) ide 
ee m—2\ sre (BH — 2\ n—-2 n—-2 n—1 .\ 
= 2” B\t, 2 ) (s182) I ( 5 )F . sil 


But by Euler’s Theorem 
F (a, B, y, 2) =(1—«)** F (y—a, y—B, 9, p®). 


Accordingly 


. n—-2 ox (N—2 OES ae —1 ,\ 
[a= "4B (I, - ) (sis? ( = )a-p%) 2 F(t, 4, 5) »p*). 


Thus we have 


Zo QW 


- ‘n—2 
P,., = , p (8182)” gn-4 B (4 n— <\ re ( ) 
"ON (Lp) ae Be 2 


We must now find Zp, from the relation 
N= |z2dV 


123 ~=C® +1 i 8 
= Zy2mr V1 — p* =x (a402)""*(1—7r*) 2 


, (S 2rpoio 3" ) 
xe 1-p\=? 222 ="/ doidoegdr. 
The integration with regard to r gives the same result as before, and the sole 


difference is the term (a,09)"~ instead of (o402)"". Accordingly 


L122 n—2 

y P : 5 a1<—2 - ys 

N = Zo2t \ | —_ p~ ($1 S)" 1B (3, 9 ) 
nv / 


a gy" | o," n-8 / 2 2 
( ,+—,) (o102 p” (0102 ] 
a € i i \ ] a ' } 9 9 
0 0 \ $182 \ 1! 8189 2n—@ 


4 4 \ 

»* (0102 l o 7 ‘ C2 

5 (2 - +...) td (22) *d (=). 
! 81] Se 


8182 (2n — 2) (2n -+ 2) / 81 Se/ 
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Or, making the same transformation as before, 


7 > Se ia 2 \ 
N=Z,207 V1— p? (s182)" 7B (3 =—}2" 3 


7 2? “ 
( _ Se (2p)? V1 V2 (2p 4 (v,V2)" 
x [ e- "1a (vyve) 2 {1+ = + 
R ) ( . 2) \ 1! Qn —2 2! (2n — 2) (2n + 2) 
(2p)? 1 ) 
V4 V2)? ... ) duydve 
+ p! (M102 (2n —2) (Qn +2)... Qn+4p—6)* —— 


/ 


9 y 9 

a7 a= 2 

= Ly "(5152)" B (4, “5 
v1 —p* = 





‘n+1 n+3 
_T? r? 
«(12 ("51) 4 ( 2 (2p)* ee 


9 ) 1! 9 





yA 2n —2 2! (2n—2)(2n4+ 2) 
1 (N+5 
(2 6 ig 9 
+ —- + 
3! (2n—2)(2n + 2)(2n 4+ 6) 


Qe f n—-2 n—1)\ 
_ Zo ; 7 (83S2)" B 1 - ) Qr-3] 2 | 


—p - = 4 \ 2 
x (14 2 a—i atl —— tap 





\ 2 54 2 S -Z! 2 2 3! 
—2 a Jn—1 
Zo 21 (8152)"B (4, = = ) an at (" = ) 
Thus N= ——-- — 
(1 ae p=)" 2 
’ Nd —o2)2 
Or iw ( p*) 





/ ») 
f w= &@ orm a l 
Qer (s182)"B (4, gn-sye ) 
\" 2 2 
teturning to Equation (iv) and substituting we have 


n—1] ‘ = n—9? 4 n—1\ 
Pays, =4eF (4,4, 9 , p*) F2| > \ /r2 a 





5) 
/ \ — / \ - 
But we need to divide by o,, x o;, to find Tz. Now* 
| 
o:, = 9;,=— 
Vn—-3 
Accordingly we have 
r n—2 
n—-3 2 — | 
' \ 2 n * 
/ 1 - pk > ) , p~ 
7 mr n—I] 2 
3 
Tr n =") 
2 F(1.1 n—1 2) (v) 
= oF (4, 4, EP Nvccunwocuaseee v). 
r(*—1\ 5 Se i 
2 = we, 


* See Biometrika, Vol. v1. p. 12. 
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On “Student’s” Variates 2, and z, 


TABLE I. 


Correlation of z and 22 for various Values of p and n. 


Samples of n. 


Be ee a 














| 
| n=| 4 5 + * fe ¢ 2 4S | Wl 12 
ee See FS ae Mie Bb 23 : = 
| | | ; | 
| ewe’ “0000 “0000 “0000 “0000 “0000 “0000 0000 | *G000 “0000 
Orl *0638 “0850 “0884 “0906 "0932 “0940 “0946 
| O°2 *1282 *1705 1773 “1816 | *1867 +1883 *1896 
| 03 *1940 *2570 2671 "2734 *2808 *2832 +2850 
Or4 *2620 *3209 +3453 *3584 *3665 *3759 *3789 “3813 
| 05 | °3333 “4063 -4360 "4517 4614 “4725 | °4760 “4787 
O°6 “4097 *4960 *530.. +5480 "5587 “5709 | "D747 ‘S776 
Or" “4936 “5919 *6293 *6482 *6594 *6667 ‘6718 | °6756 "6785 
0-8 +5933 “6976 *7357 “7541 “7646 ‘7713 ‘7760 | °7793 ‘7819 
| O'9 *7129 *8204 *8540 *8687 “8766 *8814 *8847 *8869 *8887 
| 1-0 1°0000 1-0000 1-Q000 1°0000 1°0000 11-0000 1*0000 1°0000 1°0000 
| 
iT 13 14 15 16 17 18 19 20 21 
p=0°0 “0000 “0000 “(000 +0000 “0000 “0000 “0000 “0000 “0000 
| Or “0952 0956 “0960 -0963 “0965 “0968 “0970 *O971 “0973 
| O*2 *1906 1914 *¢921 *1927 °1932 “1927 | °1941 “1944 *1947 
| Or3 *2865 2877 *2887 “2896 “2903 “ 2915 2920 *2924 
Or4 “3831 3847 “3859 *3870 3879 “38858 *BS95 *B901 *3906 
Ord *4808 1826 “4841 *4853 “4864 "4873 "4881 “4888 “4894 
| O°6 "5799 *ASI8 “D834 5847 | °5858 “D868 "5876 *b884 “D890 
0-7 “6807 6826 “6841 “854 “6865 “6875 6883 "6890 “6896 
Ors "7839 "7855 "7868 “7879 *7888 "7896 *7903 *7909 “7915 
0-9 *8900 “8910 “8919 *8926 *8932 *8937 “8941 *8945 "8948 
1-0 L-Q000 10000 1-Q000 1-0000 1*0000 1-O000 10000 L:0000 1:0000 
r= 22 23 24 25 26 27 28 29 30 
p=9°0 “OOOO *QOVOO0 “OOOO *“QO00 “OOOO “QOVU0O “Q000 “OOOO *QO0O0 
| Orl ‘O974 ‘0976 *O977 *O978 “0979 *“O980 “980 “O98 1 *O982 
| or2 | +1950 “1952 1955 | *1957 “1959 “1960 “1962 1963 “1965 
0°3 *2928 +2932 +2935 *2938 *2941 *2943 “2946 +2948 *2950 
Or4 3911 “3916 *3920 *3923 *3927 *3930 *3933 “3935 *3938 
0°5 *4900 "4905 "A910 “4914 *4918 °4921 *4924 "4927 “4930 
0O°6 “5896 “5902 “D906 “5911 “HOLDS “5918 *5922 “5925 *5927 
O'7 “6902 “6907 “6912 “6916 "6920 *6923 “6926 “6929 “6932 
| o's ‘7919 "7924 *7928 ‘7931 ‘7934 “7937 ‘7940 "7942 "7944 
0-9 “8951 "8954 “8956 | °8958 *8960 "8962 "8964 *8965 “8966 
1-0 1-0000 L-0000 L-Q000 | 1:0000 1-0000 11-0000 1*0000 1:0000 L:0000 
| | 
n= 50 52 100 102 100 102 1000 L 
| 
p=0°0 “0000 “0000 “0000 “0000 “0000 “0000 0000 | ‘0000 
Ol *O990 *O990 “0995 “0995 “O999 *O999 *L000 *1000 
02 *1980 *1980 *1990 *1990 +1998 *1998 “1999 *2000 
0'3 2971 *2972 +2986 "2986 *2997 *2997 “2999 *3000 
Or4 “3964 “3966 “3983 *3983 *3996 +3996 “3998 *4000 
Or5 *4960 +4962 “4981 “4981 “4995 “4995 “4998 | *5000 
0°6 *H959 *5960 “5980 “5980 “5995 *H995 “5998 *6000 
O% “6961 *6963 “6981 *6982 “6995 6996 | ‘6998 *7000 
O°8 “7969 | *7970 “7985 *7985 *7996 ‘7996 | °*7999 *8000 
| o9 | °8981 *8982 “8991 *8991 *8998 “8998 “8999 “9000 
L*O 10000 | 1-0000 1-0000 | 10000 1:0000 1-0000 


| 1-0000 


| 1°0000 
| 


| 
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But by Biometrika, Vol. x1. p. 336, the mean value of a correlation coefficient in 
samples of n is given by 





r2(”\ 

\Q) n+1 ; . 
ee : rid. 2. Bill: Ancvean eee v1). 
_ p(t!) p n—-1 p are 2 , p*) (v1) 

Cerise 


Change n to (nm — 2) and we have the result that: The mean value of the correlation 
coefficient in samples of (n—2) from a parent population of correlation p is equal 


to the correlation of 21 and zz in samples of size n from the same parent population. 
This is a somewhat remarkable theorem ; it enables us at once to provide values 
of r,,, from those already calculated for 7,,. These are given in Table I. 
12 . . 5 
(4) Determination of the Regression Equation. 


A knowledge of the correlation coefficient of 2; with z2 is, however, of small 
service, if, the regression being non-linear, we have not some measure of its approach 
to linearity. We will therefor~ find the true regression of 2 on 2g. 


Let 2, be the mean value of the array of 2; for a given value 22 of z2. We have, 
if n-, denote the irequency of the array of 2’s for the given 2, 


f+ oa ox 
Nz, X 24= | | 
47-aJ0 


where Z is the ordinate of the frequency surface. Hence 


| Z2,do,doqd2, 


us To \ ‘ oo" , > 
he . os Gee P¥2 ‘) 4 y (1+2.7(L p-)) 
Nz, X 44 = Z, doy do» e x —- - 
J0 





#0 d x 
, 71 
32 Sy \_ O71 , C2) z 02 ae . 
xe : (42 — pZ2—- + p22 ) (e102) Qdz, 
O1\( 1 82) 82 
where Q is the series 
1 p2 oy o2" ptoyoe! 


; mS aa + 
1!(2n — 2) sy2s2  2!(2Qn — 2) (Qn + 2) sy so4 
pay? Oo? 


+ p!(2n — 2)(2n+ 2)... (2n + 4p — 6) sy? so? 


ae 2 2 2 o1 G2 
Writing «* = 1 + 2.2(1 —p*) and z =o ily, ae, Se have 


8] Sg 











rox foc p+-o Ly 9,2 / > \ 
. 2” 7 <202 = 
1X A= 4, | do, | dos e 2 { +p ) du (or02)" Qe 
: 0 J0 J —a i 2 
u* hu? 
P+ x ad 2 c tT oO - gin 7 
But | e ~udu=0 and e du=V22. Thus 
7 -< ~-< 
~ °1 2 = a” ae 
Nz, X z= 2, | dos | doz V27 pz2 = (a1 02)" 1Ve “6 . 
. J0 0 Oy S82 


> . 27 
Biometrika xxu 24 
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b , 


a 


. 
“2 
= v2 and we find 


2 2 
= 1 o 
am co aes 
Now put 3 = he v, and $ —, 


8g 








7 Men n-§ mm -v, —v, 
x 2,=Z,V2r aa 2 pes. . es 
. -442p n-1+2p 


"S (2)" 5” 2 my? dade 
p! (2n—2) (2n +2)... (2n + 4p — 6) 





x — 
p=0 « 





n—2 n+1 
fa S18" "8 PP (2p\” 1 r(*; +p)0( 2 +p) 
= Zp \/ 2Qar 1" $2" 2 a S wt : 
o— p!(2n —2)(2n + 2)... (2n + 4p —6) 
81" Sq” n— 


ert p22 
gt 3 n—2 n+1 eZ etl e-l ¢ 
enti “ p22 0 ( 2. ie 7 e * 3 f) 


n n—-& = n 
[tq 81" Sq” 9 © che n 
= = Z V 27 — ened a p22 I = 


3 


K 


= Z,V20r 





Nz, = i Zdo,doedz, 
J0 J0 —-2@ 


| e \ 8 8. dz,e sr 85 Q(o102)""1 doydoz. 
0/- 


oo 


- 2, 


70 
Integrating out for dz, there results 
4 = 
=Z,\ 20 I |° 2 e ‘Ye * Q(o402)"— do, dog. 
9 F1 
Changing again to v, and v, we find 


n 
K Jo J 0 


4 > 
: . . 2 
, N-$ 5: Sq" (PO (OP —v, —Ug2% /Qo\2 | w * Ve *~ dv,dv: 
te Zo NV 2ar 2 - | é é S ( P| : : : 
0 0 


K/ p!(2n — 2)(2n+ 2)... (2n+ 4p —-6) 


r(S ) r( ) 
—$ sy" s0" g (*2” l 2 +P 2 +p 
n° F p!(2n— 2)(2n+4+ 2)... (2n4+ 4p — 6) 
ym Jan get 81" 82" 4 (n —1\ , fn 
= 22 MH PS) (2) 
n—In n—In+ln \ 
(5+?) 


14 —2 2 (7, 2 2 2 2p\ 
x 71/e. @r 7 = 
1!(2n — 2) (7) * 2!(2n — 2) (2n + 2) (=F) ss 





7 - n 
= Z,V 212 








Kart PEARSON 415 


The series reduces to 








ae) 
np?  2\2_/p =(1-% - 
a ia "Ts at = K 
Thus 
- ae ot ~ tae”  (R—1)\ (8 p*\-" xe 
Ne, = ZN Oa 2" Ep (MM) T (5) (1— Gone (viii), 
Dividing (vii) by (viii) we reach, on substituting for x, 
a | (“=3) a x 
1 i+ —pyae \n—2) \ n-1 140 -p) a) — _ 
This may be put into the simple form 
Fe p22 1 (1—p?*)(1 + 2?)\ _" 
ar ——— 2 oS ee a [a eavessnd td aoe 
; aca n—2 1+ (paz) () 


This is the regression equation of 2, on 2. 


We see that if n be finite it is by no means linear. As n grows indefinitely 
large, it tends to 


but, if we remember that the standard deviation of zs is 1/Vvn — 3, 222 will be negli- 
gible before z2, and accordingly we have 
N>O, %—>p2Z2. 
The form of the curve is algebraically somewhat complicated. It has a point of 
inflexion at the origin and for asymptotes has the horizontal lines 


_  ,a-| p 
ied “n- 2/1 —p 


There are further points of inflexion given by 


Z 3p” —(n —1) 





== (1+ 2p) (1 — ph)’ 

but these will be imaginary if x — 1 >3p?, which it will be if x= 4, and for practical 
purposes it is hard to conceive a problem where correlations could be based on 
samples of 2 or 3, The tangent at the origin, ie. that at the point of inflexion, is 


oe .. MEET Ree 


If n —1 > 3p? the tangent (x) does not meet again the curve (ix). The general 
form of (ix) is given diagrammatically in Fig. 1 on p. 416. 

Clearly linearity increases more and more as n approaches nearer to infinity. 
Our figure of the regression line is drawn for the case when n is = or > 4, and 
accordingly the two other points of inflexion vanish. 

The accompanying Table II, prepared by Mr E. C. Fieller, indicates how, for 
various values of p, the ordinate ze and the size of the sample n, the mean value of 
2,, differs (i) from the 2 of the tangent at the point of inflexion, and (ii) from the 


27—2 
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line z1= pz, the regression straight line. Three values of zz are taken respectively 


equal to once, twice and thrice the standard deviation, —— i of z,; these will 
Vn —é 

cover the really important part of the regression curve. It will be seen that the 

deviation from linear regression can be fairly considerable even for a sample of 50. 


<. 





aA 
N 
NZ 
\ 
‘ 








z+ 4 “ 














(5) Scedasticity of Arrays. 
We shall now show that the arrays of z for a given value of zg are hetero- 
scedastic. In order to obtain the variance of an array we require first to determine 





? + co ioe) f co 
Nz, X 2f'2,2, = | Z2°dz,do,do2 
- x J0 ~ 0 


x x f+a ‘ To 2 s 3 
=%o| do, | dos | e we (u + pZ2 *) du —@ 


0 J0 J -« $2/ O71 


, (3 Ce" :) 
4 TM dors a 
xX (0102)""1e “1 * , 


the symbols having the same significance as on p. 413. Hence 


x ro , 2 3 
— ? 2% \ $1 
a Kae = Zo doy | dog VQ (1 + p? 29" 2) 5% (a 102)" 
‘ 0 J0 8q"/ Gy 
x bs 2 Se 


5 9 9,, © 
p=0 p!(2n—2)(2n +2)... (2n + 4p — 6B) sy? so” 
V Qar Zo sy" 89" " 


“ah he ™ . a 20720" 
0 0 


K J P K 
92.2 p n-5 n-2 — 
x S (=! y 3 V1 2 ; of Vo 2 , P 
xk? / p! : (2n — 2)(2n +2) ...(2n + 4p — 6) 


TT 


awnyTtTtT 


ran 
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,{n—-1) 
‘ 92p I ( 2 ) 
eta (Qn —2)(2n+2)...(Qn+4p—6) ,/n—1, \’ 
I > +P) 
hence 
NV or Zo 84" So" - $C 
Nz, X all's. = \ a S2 gr-ip * 5) ') 
r (S +p 
ea 2 , \ 2\ p 
“a r (; +p) (5) J 
0 ,(n—1 2 ws Dp: 
r ("5 +p) 
r{i- (2 
aot \ 9 +p) I \9 +pt 1) 
4 K (n l 


f 
/ 








ps 1 n \ /p*\? 1 (n + 2p) p29" 
S — PL oj(=) — {1 ee 1). 
4 on—3 \s +3 ) (2) p! ( + Kn ) (x1) 
9 +? 
. gee 5 /n—l1\ ,/n p*\-" 
; —V9n Z gn = 
But Nz, V2 Zo 7 J ( 5) ) I (3) (1 2) 
Gy ,/n 
1— ig +p) ‘ 
Pr wa \2 } /p? P | 2 (n + 2p) pz) 
thus ‘on = S ( , (] i ake Te xil). 
' _ I ( n o (n-3 +2p) a) P r\ ” Ke ) c=) 
(5) 
We have two series to consider, namely 
n 
(4p) 
= \2 / 2\P 1 
S \ P) ’ 
, \ «7, 


and 


_ (n—3+ 2p) oe kK") p 
P|) 
2 
The latter 
r G . ») . r| n + ) 
. - ) pof\p 2 ‘ 9 2p 

3 p2\? 1 \2 (ey L 
Ke] P 


({) —+8 
" ie 0 


ve 
\-5 2 3 r (5 +p) ‘\p 
=(1-%) * 38 : (5). 


+36 (n—3+ 2p) r (5) 


‘ } 
(n-3+ 2p) r (5) 
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Thus we have, if we write the first series &, 





; 9 ake i Bp" zo" wa 
zh 2, = 3 + (1 - 3) J + “3 )z bismuth ene pecsaad (xiii). 


1 Ln p? . 4n(4n+1) pt 
N F y= = 9 a a 
— 5-8 mpl” @+58! x! 


1 2 —in 
-| yn-4 (1 = il u2) he ae eRe ere nee (xiv). 
0 ey 


The series for = converges, since if t, be the pth term 
n ] p= 
iw=its. eee a, | 
p+1 \ 2 ( 5) 2 "p> 
2(pt+ 1 2 K 
P+], 4 
n+p 
and the first factor can be made to approach as near to unity as we please by 
indefinitely increasing p, the second and third factors are always less than unity; 
thus the series approaches a geometrical series of radix p*/«*. It converges, however, 


far too slowly to be of service for computing. We need to transform the integral 
into a more rapidly converging series. We put w= I , and find if v be given 
Ke v ' 
2 v 
by e =—— that 
~ « 1+ 
4 . 2 \ -4n 
y= | hig (1 - ee u*) — du 
0 K / 
/K n—3 f% n-5 
=4(-) | v2 (1+v)Pdv. 
\p 0 
Integrating by parts, raising the power of v, we find 
\n-3 n-3 a ’ 2 
y= . (*)" (1+ tw) m9 = (1 — : . (. “e ) 
n—3\p n—-1L1l+% (n—1)(n4+1) \1+% 
1.3 / ay \3 1.3.5 ; tu \f 
an aa ee | 
(vn —1)(m+1)(2 +38) \1 + U/ (n—1)(n+1)(n4+ 3) (m+ 5) \1 + U9/ 


a sufficiently converging series for practical purposes. 


Substituting for vp we have 


2 


> l 1 (1- ie ] p* 
iid 9 n-3 


n—3 rs p2\5 n—-1e (n—1)(n4+1) «4 
| a 
a £ an ae - Pp — ete.) (xv) 
~ (n—1)(n+1)(n4+3) eo (n=1) (n+ 1) (n+ 3)(n +5) #8 es 7 
l 1 





; x >’, say. 


py 
( 2 


Accordingly we have from (xiii) 


awe 


9 2 
“2, 


’ ze 3 / P°’\ <0 \ 1 os wv Fa 
2422=> =z (1+ 1- 2) = iy z (i-§)= sense (xv), 


K™ n—3 \ “” 








Measurement of the Scedasticity of 2 for a given z2. Exact Value and 


TABLE III. 





Approximations. 









































p='2 p=°4 
Ss True oz, z. | Formula (xxi) f) "212; fi Pp True oz,,z, | Formula (xxi) fi — 1°24 29 | / i=. 
| N n—3 V n-3 V n-3 V n-3 

n=10 
l in -3 *37 1586 *371645+ *37132 *370328 *35 1067 °351273 *35024 *346410 
2//n —3 *375630 *375679 ai = *366949 *367142 A x 
3//n—3 | °379065t *379106 i ‘i *381290 *381670 * “ 

n DO 
l Vn 3 *142981 *142981 *14298 *142918 *133923 °133923 *13392 *133687 
2//n—3 | 143318 143318 4 J *135195- *135195+ es eS 
3//n—3 | °1438025 -1438025 = a 137055- | °137055+ re - 

n= 100 
V/Vn-—3 *099504 *099504 *09950T “099483 *093136 *093136 *09314 *093058 
2//n—3 | °099622 099622 - = 093581 *093581 .» ” 
3//n—3 | °0998057 *099805+ " 2 *094274 *094274 +e a 

n= 500 
LVn—-3 | °043952 *043952 *04395- *043950- | -041118 “041118 04112 041111 
2//n-—3 | °043962 ‘043962 - + “041157 *OALL57 S ” 
3/V¥n—-3 ‘043979 “043979 me = “041222 *041222 a i 

6 p='8 

n=10 
| rn —3 *311304 *311647 *31032 *302372 *2338098 *238426 23839 226779 
2//n—3 | °345172 "345559 - . ‘288839 "289299 »» ” 
3//n—3 | °379422 379827 a 350873 *351495- io es 

n=b50 
LiVvn-3 *L171507- “117150 11714 *116692 *088122 “088122 O8812 *O87519 
2//n-—3 | +119685 119685 = <i 091570 “091571 S 
3//n—3 | °123502 *123503 es Pe “0969915 *096992 nt ‘ 

n 100 
L/Vvn-3 *O8 1380 “081380 ‘O8138 *081228 061123 | 061123 “06112 “060921 
2/Vn-—3 ‘082260 ‘082260 is “ "062307 *062307 = os 
3/\/n—3 | -083653 083653 & a 06422574 06422574 a 5 





n= 500 
l Vn -3 
2 Van 3 


"035897 
"035976 


‘036103 





*O35897 
*035975 


"036103 


*03590 *OB5885— *026931 
*0270385 


*027206 





*026931 
*027035- 


*027206 


*02693 "026914 
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and for the variance of the array of 2's for a given 2 by (ix) 
2 a p* ze" { 3 4 as p* a (" Sy >) fe _ b. “yt 1 p ys 
a 3\! 2) n—2 ( n—1 x2 Bre hak ia 
cnehbeeee (xvii). 


It is now possible to compute o-,.,, for given values of p, z2 and n, remembering 


that >’ is given by 


a Li - 7 l p* 7 12 p® 
a n—1lwe® (n—1)(n4+1) «4 (rn —1)(r1+1)(n +38) «® 
io. 9 p® ‘ — 
(n—1)(n+1)(n+3)(nt+5) 7 oe — 
and that x? = 1 + (1 — p?*) 29”. 


It is clear, however, that o*.,_., is a fairly involved function of zs, or, in other words, 
? 24-22 J 2 > 
the system is far from homoscedastic. Table III gives the true values of o,,.2, for 


selected values of p, z2 and n in the first column of each section corresponding to 
riven the homoscedastic value, i.e. 


a given p; in the third column is g 
o = — Jl—r 

2 Nees J - 2122? 
Vn—3 
where r,,-, 18 the correlation of z, and zg, and in the fourth column the homo- 
scedastic value 

1 
og". ah oe —p? 


— in’ we 


where p is the correlation in the parent population. Finally in the second column 
is given the approximation to ¢,,.,, now to be found, where we assume that terms 


l 
of the order - may be neglected. 
(n—3)* y = 
To find an Approximation for o*, 


2.2, Un terms of 1/(n— 3). 
We first find 2,?, 





22 (2) 22("—2) (1-4 (2)) 
7 i “Na = 9) ( setae 
Now 
rs 
l 
es wees =? 2 1 ‘ 0 
\n — 2, 1+ 5 n—3 (n—3 (n—-—8)*’ 
n—3 
and 
1 2\2 2 of 1 4 
(1— f) =l]-— et — 
\ n—I1k* n—1Lle* (n—1)*x 
9 2 ] 27 2 4, z 2 
= Pp p P \ p P 
=l1-- a “ted tae IP a): 
To8 atmos’ °2 anal + a) 
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Combining these we have 


ai 9 2 1 4 2 2 2 
52 P22 es es _?P ae ( -*)) 7 =p fa(1-¢ ) xix)* 
2, 2 (1 ha 3 (1 f) (n—3y 1 a + (m3) 2) (xix)*, 


In the same manner we find 


ay ee as 2 Os. 2 eee 
n—3\ K*/ n—3 K K 


2 


a] \ 7m —3.2+ a—sp K2\~ 
Substituting (xix) and (xx) in (xvii) we reach, after some reductions, 


138 252)2 
ate 2 G=e) 0 +20) 


41-72 n—3(14+(1—p?) 2??? 





if 1 ,l—2P(1 — 1%) 1 p*(p? + 2(1 — p?) (1 +(1 + p*) 22°))) 

*)~ n—3? 140 —- Pat (n—3y (1+ (1 — p22) 
cue Ee 

This is the expression of o”,,.,, up to the third order terms in a> 

It will be remarked on examination of Mr Fieller’s table, Table ITI, that after 
n= 50, the approximate formula (xxi) agrees with the true value of o,,.-, practically 
to a unit in the sixth decimal place. For statistical practice it is really efficient down 
to n=25, i.e. it will only differ in the fifth decimal place. For lower values of x it will 
be needful to evaluate the full series >’ of formula (xviii). We note further that 
the distribution is not adequately homoscedastic even for n = 500, the distribution 
of z, for a given zg continues to increase in variability as we increase z,. Of the two 
suggested formulae for homoscedastic values that for which we use the correlation 
of z, and zz gives a better result than that for which we use the correlation of the 
parent population. 

Clearly the non-linearity of the regression and the heteroscedasticity of the arrays 
are not in favour of using 2, and zg as variates in samples drawn from a parent 
population with correlated variables. The investigation of the probability that an 
observed z, should be associated with an observed 22, if the parental population 
had known means and a given correlation, would require much arithmetical labour. 


I have to thank heartily my colleague Mr E. C. Fieller for his help in the 
preparation of this paper. 


This Equation for samples of 25 and over will give very accurately the mean value of 2, for a 
given Z,. 





MISCELLANEA. 


I. Note on Tests for Normality. 


In an earlier part of the present volume of Biometrika I have given certain approximate 
tables of the 5°/, and 1°/, points for 8, and 8, in sampling from a normal population. The 
results were based on expansions in series of inverse powers of 2, the sample size, which it 
had been possible to derive as far as the terms in x~**. Since the publication of this paper 
Dr R. A. Fisher has been able to obtain exact expressions for the moment-coefticients of the 
sampling distribution of these two constants in the case of a normal populationt. The quantities 
with which he deals are 


Jn (n— 1) n?—1 fy 3(n-1 )) 

aes Mea 
and from these relations, and making use of the value of « (4*) given above by Wishartt, it is 
possible to obtain the following results: 


VB and $6=4,hi.-?= 


3 
y=hsko t= tie (n—2)(n =e y 


Distribution of /B;. 


° 6 (n—2) 
GE aad a FE RR Te ee Pere ee in PY Ease. A Rel 2), 
VB: (n +1 )(a +3) 
" 36 (n—'7) (n24+-9n—5) 
tli = et i yn i ill 3), 
oi (2 — 2) (r+5) (n+7) (n+9) ‘ 
B, Jz) 15 4.540 in? + 60n® _ 131n5— 2796n0*— 2000n* 4518500" +-88000e — 70070} 
(n —2)* (27 +5) (2+7) (n+9) (rn+1 1) (x +13) (n+15) 
Distribution of Bo. 
3 (z—1) 
Mean £2.= aes SS gua s Sapinnndbe yea wiengnhan su uuneetus ounebeaeeenus UbesapasenekumeaseueeeeeewaeubeKel 5 
ean Bo nel \Y), 
Ps 24n (n — 2) (n—-3) : 
dt eas PE Do PE NNN ete ceeeecceeteceesescceseree TITTTITTTT Tee 6), 
(n+ 1)* (n+3) (n+5) 
. 216 (n+3) (n+5) (n?—5n+2)* 7 
B, (82)= — -—— — Fn id gaa uebbausncoreademeace coneaeene ade dup uwskaeneeenne 7), 
n (n—3)(n—2) (n+7)?(n4+9) 
By (8g ee ee eee eri - On 3) 


n(n—3)(m—2)(n+7)(2+9)(M4+11)(m4+13B) 0 

As a check on the previous work it is satisfactory to find that the expressions (2), (3), (6), (7) 

and (8) give on expansion as far as the terms in x~* exactly the same coefficients as those 

contained in equations (10), (11), (21), (22) and (23) of my earlier paper. For the standard errors 

of 8; and ®» the approximate expressions that I had used at n=50 and x=100 respectively are 

identical with the true values to four places of decimals. Further the values of By (x8) are as 
follows : 


n=50 n=75 n=: 100 
True By une ees as 3°452 3°351 3°284 
Value used in making tables 3°46 3°35 3°28 


* The results were based on the investigations of R. A, Fisher, Proc. Lond. Math. Soc. (2), Vol. xxx. 
(1929), pp. 199—238, and J. Wishart, Biometrika, Vol. xx. pp. 224—238. 

+ Proceedings of the Royal Society, Series A, Vol. 130, No. A 812, pp. 16—28. 

t P. 233, Equation (15). 
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And for the distribution of B.: 


n=100 n=150 n=100 n= 150 
True B, 1631 1-192 True B, 6°74 5°826 
Value used 1°65 1°19 Value used 6°85 5°84 


Although I have not refitted the curve, I have little doubt that the error in By (82) for n=100 
could only affect the values tabled for the 5°/, and 1°/, points at the most by two units in the 
second decimal place, and probably only by one unit. Any approximation which may be found 
to exist will therefore not be due to the use of the first four terms in the series instead of the 
true values of the moment-coefficients, but to the assumption that Type VII and Type IV 
curves may be used to find the two probability limits. This point cannot be completely solved 
until the actual frequency laws for 8; and By have been found. 

Econ 8S. Pearson. 


II. Some recent Researches in the Theory of Statistics and Actuarial 


Science. By J. F. STEFFENSEN. Cambridge: published for the Institute of 
Actuaries, at the University Press, 1930. Price ds. net. 


Tuts little volume gives, in a somewhat extended form, the substance of the three lectures 
delivered by Professor Steffensen for the University of London in the spring of 1930, and will 
enable them to reach, as they deserve, a much wider audience. Its modest bulk of fifty-two pages 
is packed with matter. 


Professor Steffensen took as the general subject of his lectures some >f the efforts he had made 
“to introduce more rigour into certain questions of theoretical statistics and actuarial science.” 
In mathematics we have a science which investigates the relations between numbers. Observations 
may contradict each other, but mathematical relations are not allowed to contain contradictions : 
theory must be presented in such a form that the theoretical relations or assumptions contain 
no contradictions. The first lecture is devoted to showing how we may be led astray by neglect 
of this principle. The opening sections make a critical examination of the notion of Biometric 
Functions (Life Table functions), A number of interesting inequalities are obtained, and some 
common but loose modes of statement or assumption, e.g. the assumption of an “oldest possible” 
age at which the /, colu:nn abruptly terminates, come in for useful discussion. The author then 
turns to the thorny question of “presumptive values” of frequency constants, taking as an illus- 
tration presumptive values of the moment-coefficients. Here we are brought up rather sharply 
by an apparent paradox, The mathematical expectation of the second moment-coefficient about 
the mean in a sample of x is (n—1)/n times the second moment-coefficient in the universe sampled: 
hence the not-infrequently used formula 2/(n-—1) times the sample value for the “presumptive 
value” in the universe. But the mathematical expectation of a moment-coefficient of any order 
about a fixed origin is identical with the value in the universe; and the value about the mean 
is expressible in terms of the values about a fixed origin. The presumptive values are therefore 
identical with those in the sample. Professor Steffensen concludes (p. 20): “It appears thus that 
neither of the two systems of presumptive values of frequency-constants...is free from contradic- 
tions, and that a strong case can be made even against the time-honoured Gaussian formula 


it 


ito 


j mee If, on the other hand, we use the uncorrected [sample moments] as the best 
= 


available approximations to [the moments in the universe] we are at least sure that no contra- 
dictions can ever be met with.” The conclusion is comforting to one who has always worked with 
the sample values. But in this case it looks as if precisely the same assumptions led to con- 
tradictory conclusions, and Professor Steffensen does not seem to show how they do so. What is 


the source of the discrepancy ? 
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In the second lecture the author considers problems of approximation and interpolation. Two 
objects of interpolation are distinguished. When the problem is to find the value of a defined 
function for a certain value of the argument, the function being tabulated for certain other 
arguments, the problem is one of approximation. When the problem is to fill up in a reasonable 
Way a gap in a series of values of an undefined function, the process is more analogous to gradua- 
tion and, it is suggested, might be termed éntercalation. We are here on different ground, and it 
is a question of “plausibility” rather than “accuracy” of the result. Illustrations are drawn from 
the life-table and again some useful inequalities are obtained. 

Mathematics are also used for describing facts of observation. Formulae used for the purpose 

may be empirical, or may be based on theoretical considerations, and theoretical reasons may be 
given for believing that one formula is likely to fit the facts better than another. Theoretical 
foundations are therefore of importance, and frequency-functions are chosen as the subject of the 
third lecture. Professor Karl Pearson’s methods and those associated mainly with the names of 
Thiele, Charlier and Bruns are discussed and contrasted. One of the earliest pupils of Professor 
Pearson may perhaps be allowed the pleasure of citing from the fifth paragraph of the lecture 
p. 35): “It is the lasting merit of Professor Karl Pearson of the University of London to have 
pointed out convincingly that the natural source of practically useful types of frequency-functions 
is the elementary calculus of probabilities. What nature does in producing a new individual, 
practically comes to the same thing as drawing from various urns and mixing up the results. 
This explains the great success of Pearson’s types.” And again from the conclusion (p. 48): “We 
are therefore inclined to think that the apparent generality of (28) [the general series] is rather 
a disadvantage than otherwise, and that Pearson’s types are as a rule preferable.” 


Every statistician who is interested in theory should possess the volume. 
G. Upny YULE. 
III. A Problem in Probability. 


PosITIVE quantities w,,.v., ... 7, are taken at random subject to the conditions 


| Ay 8 > AgXlg>AzgXzg> oe DS Ay Ly (a;>0) 
I] Ay Q,Xy + AgagXo + AgagX, +... $+ Apa, Ly, = 1 aj>0). 


What are the mean values of 2, to, ... 2, ? 


né 
Represent the set of quantities 2,72, ... 2, by the point P (#7, #2, ... 2) in S,. All points 
corresponding to sets satisfying the given conditions lie in , the (x — 1)-dimensional simplex cut 
out by the primes 


from the prime 


(2) Cy Oy Vy $F AgQAg Let... HU AnXy= l. 


If we omit the rth of equations (1) and solve the remainder with (2), we get for the coordi- 
nates of P,., the rth vertex of Tr, 


ss 
3) Xj aie! isp =a (¢=1...r), 
p= 


=0 (t>r). 


Subject to conditions involved in I, 2,2, ...#%,-, may be taken at random, and x, is then 
determined by II. The chance that x, should lie between 2, and 2,+dx,, 2 between x, and 
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Xy+dx2, ... ¥,—1 between x,_, and x,_;+dx,_, is proportional to dx,dxz... dx%,_1, which is the 
content of the hyper-rectangle in which the projection of P on z,=0 must lie. But the content 
of this hyper-rectangle is proportional to the content of the portion of f of which it is the ortho- 
gonal projection. 

It follows that all positions of P in I are equally likely, so that the mean values 7, %2, ... Ty 
of 21, 22, ... %, are the coordinaves of the centroid of ©; thus 


l n r 
%=e- S{lfja, = a}. 
i r=s p=l 
Corollary. If we put a, =a,.=... =d,;=1 =a, = a=... =an, we get, for the mean values of 


positive quantities 1, #2, ...., chosen subject to the conditions 


(271 >Xy> 13... >Ly 
lay + Xo+23+...-+¢n=1, 








lr is shown in heavy outline. 


This is the result that Laplace uses for his theory of voting, when he says*: ‘Donnons a 
chaque votant, une urne qui renferme un nombre infini de boules; et supposons qu’il les dis- 
tribue sur les diverses propositions, en raison des probabilités respectives qu’il leur attribue.... 
Le probléme se réduit done & déterminer les combinaisons dans lesquelles les boules seront 
réparties, de maniére qu il y en ait plus sur la premidre proposition du billet, que sur la seconde; 
plus sur la seconde que sur la troisi¢me, etc. ; 4 faire les sommes de tous les nombres de boules, 
relatifs & chaque proposition dans ces diverses combinaisons; et & diviser cette somme, par le 
nombre des combinaisons: les quotiens seront les nombres de boules, que l’on doit attribuer aux 
propositions sur un billet quelconque. On trouve par lanalyse, qu’en partant de la dernitre 
proposition, pour remonter & la premiére; ces quotiens sont entre eux, comme les quantités 
suivantes: 1° Punité divisée par le nombre des propositions ; 2° la quantité précédente augmentée 
de lunité divisée par le nombre des propositions moins une ; 3° cette seconde quantité augmentée 
de lunité divisée par le nombre des propositions moins deux; et ainsi du reste.” 

It is worth noticing that Laplace’s wording, as it stands, is somewhat ambiguous; moreover, 
as Professor Pearson points out, the assumption of equal probability for all modes of division is 
hardly likely to be justified in practice. 


Essai philosophique sur les probabilités. 
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Laplace insists on his voters’ dividing up all their balls between tke various proposals, but 
the result holds without this condition. An argument similar to that used above shows that the 


mean values %, of quantities x, chosen at random subject to the conditions 
3 1 8 : 


I GX, D AgX2 D Azg%3 D ... DAnXy (a;>0), 
and IT’ Ay Gy Ly + A A212 + A303.03 + ... + Ay An %y <1 a; >0), 


are the coordinates of the centroid of the z-dimensional simplex OP, P.... P,.... P,. Thus 


1 n / r 
<= ote ee 2 
* +1 cas / ae 1 ") 


so that the generalization of condition Li does not alter the ratios of the mean values. 
E. C. FIELLER. 
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Pulmonary Tuberculosis : the Mortality of 
the Tuberculous: Sanatorium and Tuber- 
culin Treatment. By W. Patty ELpERTON, 
F.LA., and Stoney J. Perry, A.LA. 
Price 4s. net. 

IX. A Statistical Study of Oral Tem- 
peratures in School Children with special 
reference to Parental, Environmental and 
Class Differences. By M. H. Wiitrams, 
M.B., Junta Bent, M.A... and Karu 
PEARSON, F.R.S. Price 6s. net. 

xX. Study of the Data provided by a 
saby-Clinic in a large Manufacturing Town. 
By Mary Nort Karn and Karn Prarson. 
Price 15s. net. 

Blood Pressure in Early Life. A 
Statistical Study. By Percy Stocks, M.D., 
D.P.H., assisted by M. Nort Karn. Price 
12s. net. 


XI. 


Technical Series. 


and Coupling Hooks with Experimental 
Comparison with Existing Theory. By 
E. S. AnprREws, B.Sc. Eng., assisted by 
Kart Pearson, F.R.S. Zssued. Price 4s. net. 

On some Disregarded Points in the 
Stability of Masonry Dams. “By L. W. 
ATCHERLEY, assisted by Kari PEARSON, 
F.R.S. Issued. Price 7s. net. Sold only 
with complete sets. 

On the Graphics of Metal Arches 
with special reference to the Relative 
Strength of Two-pivoted, Three-pivoted 
and Built-in Metal Arches. By L. W. 
AvTCHERLEY and Kart Prarson, F.R.S. 
Issued. Price 5s. net. 

On Torsional Vibrations in Axles 
and Shafting. By Karn Pearson, F.R.S. 
Issued. Price 6s. net. 





(i) 


V. An Experimental Study of the 
Stresses in Masonry Dams. By Karu 
Pearson, F.RS. and A F. CAMPBELL 
POLLARD, assisted by C. W. Waren, B.Sc. 
Eng., and L. F. Richarpson, B.A. Jsswed. 


Price 7s. net. 


VI. On a Practical Theory of Elliptic and 
Pseudo-elliptic Arches, with special refer- 
ence to the ideal Masonry Arch. By Karu 
Prarson, F.R.S., W. D. Reynoups, B.Sc. 
Eng., and W. F. Sranron, B.Sc. Eng. 
Issued. Price 6s. net. 


VII. On theTorsion resulting from Flexure 
in Prisms with Cross-sections of Uni-axial 
Symmetry only. By A. W. Youne, Erxen 
M. ELpEeRTON and Karu Prarson, F.R.S. 
Issued. Price 7s. 6d. net. 








II. 


ITI. 


IV. 


VI. 


VI. 


VII. 


VIII. 


IX. 


XI. 


XII. 
XIII. 





Drapers’ Company Research Memoirs—(cont.). 


Questions of the Day and of the Fray. 


The Influence of Parental Alcoholism 
on the Physique and Ability of the Off- 
spring. A Reply to the Cambridge Econo- 
mists. By Kart Pearson. Price 1s. 6d. net. 

Mental Defect, Mal-Nutrition, and 


the Teacher’s Appreciation of Intelligence. | 


A Reply to Criticisms of the Memoir on 


‘The Influence of Defective Physique and 
Unfavourable Home Environment on the 


Intelligence of School Children.’ By Davip 
Heron, D.Sc. Price 1s. 6d. net. 

An Attempt to correct the Misstate- 
ments made by Sir Vicror Horstey, F.R.S., 


F.R.C.S., and Mary D. Srurer, M.D., in | 


their Criticisms of the Memoir: ‘A First 
Study of the Influence of Parental Alcohol- 
ism,’ &c. By Kart Pearson. Price 1s.6d. net. 
The Fight against Tuberculosis and 
the Death-rate from Phthisis. By Kari 
PEARSON, F.R.S. [Out of print 
Social Problems: Their Treatment, 
Past, Present and Future. By Kart 
Pearson, F.R.S. Price 1s. 6d. net. 
Eugenics and Public Health. Lecture to 
the York Congress of the Royal Sanitary In- 
stitute. By Kart Pearson. Price 1s. 6d. net. 


VII. MendelismandtheProblem of Mental 
Defect. I. A Criticism of Recent American 
Work. By Davip Herron, D.Sc. (Double 
Number.) Price 2s. net. 

VIII. MendelismandtheProblemofMental 
Defect. II. The Continuity of Mental 
Defect. By Kari Pearson, F.R.S., and 
Gustav A. JAEDERHOLM, Ph.D. Price 
ls. 6d. net. 

IX. Mendelismand the Problemof Mental 
Defect. III. On the Graduated Character 
of Mental Defect, and on the need for 
standardizing Judgments as to the Grade 
of Social Inefficiency which shall involve 
Segregation. By Kart Prarson, F.R.S. 
(Double Number.) Price 2s. net. 

xX. The Science of Man. Its Needs and its 
Prospects. By Kart Pearson, F.R.S. Being 
the Presidential Address to Section H of 
the British Association, 1920. Price 1s. 6d. 
net. 

Francis Galton, A Centenary Appre- 
ciation. With portrait sketch. By Kar 
PEARSON, F.R.S. Price 2s. net. 

XII. Charles Darwin, 1809-1882. An Ap- 

preciation, With an unpublished portrait. 
By Karu Pearson, F.R.S. Price 2s. 6d. net. 


Xi, 


Eugenics Laboratory Publications 
MEMOIR SERIES. 


The Inheritance of Ability. By Epaar 
ScuusteEr, D.Sc., Formerly Galton Research 
Fellow, and E. M. Etprerton. [Out of Print 

A First Study of the Statistics of 
Insanity and the Inheritance of the Insane 
Diathesis. By Davip Herron, D.Sc., Form- 
erly Galton Research Fellow. [Out of Print 

The Promise of Youth and the 
Performance of Manhood. By Epear 
ScuusteEr, D.Sc. [Out of Print 

On the Measure of the Resemblance 
of First Cousins. By Erpen M. ELpERTOoN, 
Galton Research Fellow, assisted by Kas.1 
PEARSON, F.R.S. Price 5s. net. 

A First Study of the Inheritance of 
Vision and of the Relative Influence of 
Heredity and Environment on Sight. By 
Amy Barrineton and Kari Prarson, 
F.R.S. Price 5s. net. 

Treasury of Human Inheritance. 
Parts I and 11 (double part). (Diabetes in- 
sipidus, Split-Foot, Polydactylism, Brachy- 
dactylism, Tuberculosis, Deaf-Mutism, and 
Legal Ability.) Price 14s. net. 


On the Relationship of Condition of 


the Teeth in Children to Factors of Health 
and Home Environment. By E. C. RuopEs, 
D.Se. Price 9s. net. 


Intelligence of the Offspring. By Karu 
Pearson, F.R.S., and Erarn M. ELDERTON, 
Price 6s. net. 

A Preliminary Study of Extreme 
Alcoholism in Adults. By Amy Barrine- 
ron and Kari Pearson, F.R.S., assisted 
by Davip Heron, D.Sc. Price 6s. net. 

The Treasury of Human Inheritance. 
Dwartism, with 49 Plates of Illustrations 
and 8 Plates of Pedigrees. Price 15s. net. 

The Treasury of Human Inheritance. 
Prefatory matter and indices to Vol. I. 
With Frontispiece Portraits of Sir Francis 
Galton and Ancestry. Price 5s. net. 

A Second Study of Extreme Alco- 
holism in Adults. With special reference 
to the Home-Office Inebriate Reformatory 
data. By Davin Heron, D.Sc. Price 7s. 6d. 
net. 

On the Correlation of Fertility with 
Social Value. A Cooperative Study. 
Price 7s. 6d. net, 


XIV. 


xV. 


XVI. 


XVII. 


XVIII. 


| XIX—XX. Report on the English Birthrate. 


The Influence of Unfavourable Home /| 


Environment and Defective Physique on 
the Intelligence of Schoo: Children. By 
Davip Heron, M.A., D.Sc. [Out of print 

The Treasury ofHuman Inheritance. 
Part III. (Angioneurotic Oedema, Herma- 
phroditism, Deaf-Mutism, Insanity, Com- 
mercial Ability.) Price 10s. net. 


The Influence of Parental Alcoholism | 


on the Physique and Intelligence of the 
Offspring. By Evrae, M. ELpErton, as- 
sisted by Kart Pearson. Price 6s. net. 

The Treasury ofHuman Inheritance. 
Part 1V. (Cleft Palate, Hare-Lip, Deaf 
Mutism, and Congenital Cataract.) Price 
LOs. net. 

The Treasury of Human Inheritance. 
Parts Vand V I. (Haemophilia.) Price 15s. net. 

A Second Study of the Influence of 


Parental Alcoholism on the Physique and | 


Part I. England, North of the Humber. 
By Erne. M. ELpERTON, Galton Research 
Fellow. Price 9s. net. 

The Treasury of Human Inheritance. 
Vol. Il (Nettleship Memorial Volume), 
Heredity of Anomalies and Diseases of the 
Eye. Part Il. Price 45s. net. 

TheTreasury of Human Inheritance. 
Vol. III. Part I. Hereditary Disorders of 
Bone Development. Price 45s. net. 

The Treasury of Human Inheritance. 
Vol. IL (Nettleship Memorial Volume). 
Part Il. Colour Blindness. Price 45s. net. 

The Treasury of Human Inheritance. 
Vol. II (Nettleship Memorial Volume). 
Part Il]. Blue Sclerotics and Fragility of 

jone. Price 36s. net. 

On the Relative Value of the Factors 
which influence Infant Welfare. By Ernren 


XXII. 


XXII. 


XXIII. 


XXIV. 


XXV. 


M. Exprrtron. (Reprinted from Annals of 


Eugenics.) Price 21s. net. 

The Treasury of Human Inheritance. 
(Nettleship Memorial Volume). Hereditary 
Optic Atrophy (Leber’s Disease). Price 36s. 


net, 


XXXVI. 
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Eugenics Laboratory Publications—(cont.). 


Vol. I of The Treasury of Human Inheritance. Buckram cases for binding can be purchased at 5s. with 
impress of the bust of Sir Francis Galton. An engraved portrait of Sir Francis Galton can be obtained by sending 
a postal order for 3s. 6d. to the Secretary, Galton Laboratory, University College, London, W.C. 1. 

Noteworthy Families. Py Francis Gatton, F.R.S. and EpGar Scuusrer. (feissue.) Price 9s. net. 

Life History Album. By Francis Gauron, F.R.S. Second Edition. (New Issue.) 


LECTURE SERIES. 


zs The Scope and Importance to the VII. The Academic Aspect of the Science 


Price 12s. net. 


State of the Science of National Eugenics. of National Eugenics. By Kari Prarson. 
By Karu Pearson, F.R.S. Third Edition. Price 3s. net. Sold only with complete sets. 
Price 1s. 6d. net. ; : VIII. Tuberculosis, Heredity and Environ- 
II. TheGroundwork of Bugenics. By Kar. ment. By Karu Pearson. Price ls. 6d. net. 


PEARSON, F.R.S. Second Edition. Price IX. 
ls. 6d. net. 

Ill. The Relative Strength of Nurture and 
Nature. Much enlarged Second Edition. : - A 
Part I. The Relative Strength of Nurture ™ = pom ery | gg See se gers 
: r. ST es ee - 2g ee) i ARL PEARSON, F.R.S. ce 2s. 6d. net. 
and Nature. ByE THEL M. ELDERTON. Part II. XI. National Life from the Standpoint of 
Some Recent Misinterpretations of the Pro- Science. (Third I ; ay K | Sept 
blem of Nurture and Nature. By Kart Fr. R = ” pees i, yp ee 
Prarson, F.R.S. Price 2s. 6d. net. ene foxy sees ss : . 

IV. On the Marriage of First Cousins. By XII. The Function of Science in the Modern 


Darwinism, Medical Progress and Eu- 
genics. The Cavendish Lecture, 1912. By 
KARL Pearson, F.R.'S. Price 1s. 6d. net. 


ErHet M. Experron. Price 1s. 6d. net. State. By Karu Pearson. Price 2s. net. 
V. The Problem of Practical Eugenics. XIII. Sidelights on the Evolution of Man. 
By Karu Prarson, F.R.S. Price 1s. 6d. net. By Karu Pearson, F.R.S. Price 3s. net. 
VI. Nature and Nurture, the Problem of XIV. The Right of the Unborn Child. By 
the Future. By Kart Pearson, F.RS. KARL Pearson, F.R.S. Price 3s. net. 


Second Edition. Price 1s. 6d. net. 


A few copies of the following are still available: 
Walter Raphael Weldon. 1860—1906. A Memoir. By Kart Pearson, F.R.S. Price 6s. 
(6d. postage). 
The Skull and Portraits of Sir Thomas Browne. By Miriam Tinpestey. Price Three Guineas net. 
The Skull and Portraits of King Robert the Bruce. By Karu Pearson. Price Une Guinea net. 
The Skull and Portraits of George Buchanan. By Kari PEARson. Price One Guinea net. 
The Skull and Portraits of Henry Stewart, Lord Darnley. By Kari Pearson. Price £1. 1s. 6d. net. 


net 


Application for these separately bound memoirs should be made to the Secretary, Biometric Laboratory, 
University College, London, W.C. 1. 





At the Cambridge Unwersity Press, Fetter Lane, E.C. 4. 


The Chances of Death and other Studies in Evolution 
By KARL PEARSON, F.R.S. Reissue. Price 3O0/- net. 











Vot. I | Vo. IT 
1. The Chances of Death. 2. The Scientific | 9. Woman as Witch. Evidences of Mother- 


Aspect of Monte Carlo Roulette. 3. Reproduc- | Right in the Customs of Mediaeval Witchcraft. 
tive Selection. 4. Socialism and Natural Selec- | 10. Ashiepattle, or Hans seeks his Luck. 11. 
tion. 5. Politics and Science. 6. Reaction. | Kindred Group Marriage. Part 1. Mother Age 
7. Woman and Labour. 8. Variation in Man | Civilisation. Part II. General Words for Sex 
and Woman. and Kinship. Part III. Special Words for Sex 
and Relationship. 12. The German Passion 
| Play: A Study in the Evolution of Western 
| Christianity. 


Mounted Charts of the Weight and Health 
of Male and Female Babies 


Price 7s. 6d. net the pair, suitable for the walls of Baby-Clinics, or for ptotting the 
growth of individual babies to mark their progress. 


The following works prepared in the Biometric Laboratory 
can be obtained from H.M. Stationery Office. 
The English Convict, A Statistical Study. By CHartes Gorine, M.D, 
Text. Price 9s. Tables of Measurements (printed by Convict-Labour). Price 5s. 
The English Convict. An Abridgment, with an Introduction by Kart Prarson, F.LR.S. Price 3s. 
Tables of the Incomplete [-Function. Edited with an Introduction by Kart Pearson, F.R.S. 
Price £2. 2s. Od. or by Post £2. 2s. 9d. 
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AT THE CAMBRIDGE UNIVERSITY PRESS 





THE LIFE, LETTERS, AND LABOURS 
OF FRANCIS GALTON 


By KARL PEARSON, F.R.S. 


GALTON PROFESSOR, UNIVERSITY OF LONDON 
Volume I. Birth 1822 to Marriage 1853. With 5 Pedigree Plates 
& 72 Photographic Plates, Frontispiece & 2 Text-figures 


Price, Bound in Buckram, 36s. net 


“It is not too much to say of this book that 
it will never cease to be memorable. Never 
will man hold in his hands a biography 
more careful, more complete.”—The Times 
“A monumental tribute to one of the most 
suggestive and inspiring men of modern 
times.”— Westminster Gazette 


“Tt was certainly fitting that the life of the 
great exponent of heredity should be written 
by his great disciple, and it is gratifying 
indeed to find that he has made of it, what 
may without exaggeration be termed a great 
book.”—Daily Telegraph 








Volume II. Letters and Labours of Middle Life. With 50 Plates 
& many Figures in the Text 
Price, Bound in Buckram, 45s. net 


CrapTer XI. Psychological Investiga- 
tions. Transition from Physical to 
Psychical Anthropology. 


Cuapter VIII. Transition Studies: Art 
of Travel, Geography, Climate. 


Cuapter IX. Early Anthropological Re- 
searches. Transition from Geography 
to Anthropology. 


CuapTer XII. Photographic Researches 
and Portraiture. 

CHAPTER XIII. Early Statistical Investiga- 
tions with regard to Anthropology. 
Transition to Statistics as funda- 
mental to Biological Enquiry. 


Cuapter X. The Early Study of Heredity: 
Correspondence with Alphonse de 
Candolle and Charles Darwin. 


“For the student of the History of Science, as well as for the student of Galton, this 
volume is of prime importance....... The volume is important and deeply interesting. 
It is splendidly illustrated.”—Glasgow Herald 

“Galton’s personality and achievements have taken their place in the history of 
science, and more than justify the sumptuous ‘Life, Letters, and Labours’ on which 


Professor Pearson has lavished special knowledge and labour.”—The Times Literary 
Supplement 





“It is a wholly worthy memorial of a very great man.”—Science 


“We prophesy that Pearson’s Life of Galton will be ranked by our descendants not 
very far behind Boswell’s‘ Johnson, and Trevelyan’s‘ Macaulay’.”— British Medical Journal 


“Tf our race continues to progress in the right direction, our descendants of, say, five 
or ten centuries hence will be insatiable in their need of information about such men 
as GALTON and DARWIN. They will bless Pearson for his devotion. If the great- 
ness of a man is to be measured by the product of his originality by his energy—and 
this seems the right way of measuring it—GALTON is certainly a very great man and 
his greatness will increase and not decrease as years and centuries go by.”—Isis 


Volumes III‘ and III®. See p. vii below. 
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NEW ISSUES OF THE GALTON AND BIOMETRIC 
LABORATORIES 


THE TREASURY OF HUMAN INHERITANCE. 
Vo. Il. Part IV. (Nettleship Memorial Volume.) Hereditary Optic 
Atrophy. By Jutta Bett, M.A., M.R.C.S., M.R.C.P. Hon. Galton 
Research Fellow. 100 pp. of Text, Chronological Bibliography of 
153 titles, Figures of 236 pedigrees on 16 Plates and a frontispiece 
portrait of Thode Leber. Price Thirty-six shillings net. 





Tracts for Computers 


XIIl. BIBLIOTHECA TABULARUM MATHEMATICARUM 
being a Descriptive Catalogue of Mathematical Tables. Part I. 
Logarithms of Numbers. By JAMEs Henperson, Ph.D. Price 9s. net. 


XV. RANDOM SAMPLING NUMBERS. By L. H. C. Tippett, 
M.Sc. With a Foreword by the Editor. Price 3s. 9d. net. 


XVII LOGARITHMETICA BRITANNICA. A Standard Table 
of Logarithms to 20 Decimal Places. By A. J. THompson, Ph.D. 
Part V. Numbers 50,000 to 60,000. Price 15s. net. 


Cambridge University Press Fetter Lane, E.C. 4 








At the Biometric Laboratory, University College, London. 


TABLES FOR STATISTICIANS AND 
BIOMETRICIANS. | Edited by KARL PEARSON, F.R.S. 


The third edition of this book will consist of two Parts 





Part I has been issued in a third edition in 1930. It may be obtained direct from 
the Biometric Laboratory, University College, London, price 15s. net, plus Is. postage 
to any address, or through any bookseller. 


Part II contains the Tables issued in Biometrika during the last sixteen vears together 
with a number of Tables not yet published. It is hoped to issue it in July of this year. 
(Now at press.) 


PRESS NOTICES OF PART I 


“To the workers in the difficult field of higher statistics such aids are invaluable. Their calculation and 
publication was therefore as inevitable as the steady progress of a method which brings within grip of mathe- 
matical analysis the highly variable data of biological observation. The immediate cause for congratulation is, 
therefore, not that the tables have been done but that they have been done so well....The volume is in- 
dispensable to all who are engaged in serious statistical work.’”’—Science 


“The whole work is an eloquent testimony to the self-effacing labour of a body of men and women who 
desire to save their fellow scientists from a great deal of irksome arithmetic; and the total time that will be 
saved in the future by the publication of this work is, of course, incalculable... To the statistician these 
tables will be indispensable.’’—Yournal of Education 


“The issue of these tables is a natural outcome of Professor Karl Pearson’s work, and apart from their 
value for those for whose use they have been prepared, their assemblage in one volume marks an interesting 
stage in the progress of scientific method, as indicating the number and importance of the calculations which 
they are designed to facilitate.’’-—Post Magazine 


(Vv) 











AT THE CAMBRIDGE UNIVERSITY PRESS 


THE TREASURY OF HUMAN INHERITANCE, 


Vo. II. Part II. (Nettleship Memorial Volume.) Colour Blindness, - 
By Juuta Bett, M.A., M.R.C.S., M.R.C.P. 143 pp. of Text, Chrono- 
logical Bibliography of 425 titles, Figures of 235 pedigrees on 15 





Plates and frontispiece portrait of John Dalton. Price Forty-fwe' 


shillings net. 


“The name of Edward Nettleship is among the great ones of ophthalmology. He was in the succession of 
Bowman, von Graefe and Donders, but his mind was of a philoscphical cast, and he was particularly interested 
in hereditary defects, and comparatively early in life he retired from practice in order to devote himself 
entirely to the study of this subject. His pupils founded a medal in his honour, which, at his request, is 
awarded for the encouragement of scientific and ophthalmic work. His best memorial; however, has been 
erected by Professor Karl Pearson, who has devoted one of the fine volumes of The Treasury of Human 
Inheritance to the subject of hereditary diseases and anomalies of the eye, to stand as a Nettleship Memorial 
Volume and record of Nettleship’s own work and that of his immediate students and friends. Part I, which 
was published in 1922...contained an account of the life of Nettleship and dealt with the subjects of retinitis 
pigmentosa and allied conditions, congenital stationary night-blindness, and glioma retinae. Part II, which 
is now published, is devoted to colour-blindness, and under the capable authorship of Dr Julia Bell 
exhibits to the full the high standard of workmanship that we are accustomed to expect of the Cambridge 
University Press. ‘The volume, indeed, may be considered as an édition de luxe, which will give equal satisfac- 
tion to the bibliophile and the man of science. An excellent reproduction of C. Turner’s engraving of the 
portrait of Dalton by Lonsdale forms an appropriate frontispiece, since Dalton was the first to give a scientific 
description of colour-blindness.”—British Medical Journal 


“Diese grossziigige, dem Gedichtnis Nettleships gewidmete Monographie bringt an der Hand einer 425 
Nummern umfassenden Literatur und der Reproduktion von 235 Stammbiumen, die alle naher nach den 
Originalien erlautert werden, eine ausgezeichnete Darstellung der Erblichkeitsverhialtnisse der angeborenen 
Farbenblindheit. Klar und schon ist auch die einleitende historische Darstellung der Lehre vom Farbensinn. 
Man kann die Verfasserin und den Verlag nur begliickwiinschen zu dieser auch in der Form hervorragenden 
Leistung, der vollstindigsten, die unser Fach besitzt und die dies fiir die Erblichkeitslehre so wichtige 
Kapitel in einer sehr erwiinschten Weise zusammenfasst.”’ 


Prof. AXENFELD in Klinische Monatsblatter f. Augenheilkunde | 


Tracts for Computers 





XIII. BIBLIOTHECA TABULARUM MATHEMATICARUM 


being a Descriptive Catalogue of Mathematical Tables. Part 1. 
Logarithms of Numbers. By JaMEs HENpERsON, Ph.D. Double Number. 
Price 9s. net. 


‘This Tract is a first and very substantial contribution to the realization of another of Professor Pearson's 
projects—the publication of a new bibliography of mathematical tables. It is a descriptive catalogue of all the 
more important log tables, antilog tables and tables for the calculation of logs or antilogs to a large number 
of places. 

hapene who has attempted even on a small scale to examine and describe collections of tables will recognise 
the magnitude of the task that Mr Henderson has undertaken, and will appreciate the devices which he has 
adopted in this first and perhaps heaviest part of the work to co-ordinate the results of his researches and to 
present them clearly and in a reasonable space. Apart from the value of the catalogue as a work of reference, 
the Introduction and the historical notes throughout the bibliography will render the Tract of interest to all 
students of logarithms.’ —Yournal of the Institute of Actuaries 


“Even the professional computer of to-day does not find it by any means easy to keep his knowledge of 
tables up to date. The last two decades have witnessed the complete modernising of our equipment of 
logarithmic, trigonometrical and calculating tables....'The computer is frequently at a loss to know where to 
turn for information concerning these new tables, and for guidance as to the best tables to use in his particular 
problems. The work before us is designed to satisfy this much-felt need, and in our opinion, achieves its 
object admirably... .Because of the scarcity of comprehensive literature on the subject, and not less because 
of its intrinsic merits, we welcome Mr Henderson’s production.” 

Journal of the British Astronomical Association 


“This is a very complete and well executed index to published tables of the logarithms of numbers. 


Each table is described in such a way as to give the computer all the information he needs to decide whether : 


it would be useful in his work. Conversely, if the computer has definite requirements in mind for any special 
task, this volume will at once call to his attention the best tables for his purpose. It should be on the shelves 
of every institution that has a variety of computing to perform.”—The Astronomical Journal 
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Just issued 
AT THE CAMBRIDGE UNIVERSITY PRESS 


THE LIFE, LETTERS, AND LABOURS 
OF FRANCIS GALTON 


By KARL PEARSON, F.R.S. 





Volumes III* and III’, completing the work 
Volume III“. Letters and Labours of Later Life. With 44 Plates 


(3 in colours), many Figures in the Text, a Pedigree of the Darwin 
Family, and a large Sheet of Finger-Print Types. 


Cuap. XIV. Correlation and the Application of Statistics to the Problems of 
Heredity. Cuap. XV. Personal Identification. Story of the Finger-Prints. 
Cuap. XVI. Eugenics as a Creed and the Last Decade of Galton’s Life. History 
of Biometrika. Galton’s “ Eugenics Record Office” and the Foundation of the 
Eugenics Laboratory. 





Volume III®. Characterisation of Galton, especially by his Family 
Letters. With 18 Plates and many sketches in the text. Appendix 
with omitted papers. The volume concludes with forty pages of 
Index to the four volumes. 


“Professor Pearson has now completed his monumental biography, that is in its way a survey 
of one of the most significant movements of the age, full of material which will be invaluable 
to the future historian.” — Daily Telegraph 


“ Now sixteen years after the appearance of the first volume, the work is complete. It will stand 
for all time as a monument to both subject and author. No other man of science ever had such 
a biography to preserve his memory.... The same infinity of painstaking care over the details of 
the production, illustration and documentation that marked the first two volumes is apparent 
here....And so comes to an end a remarkable, indeed a unique piece of biographical work, 
a fitting and adequate record of a great man.’”’—Science 


“The completion of this great “ Life” of a great man is an achievement and we wish to express 
what all interested must feel that the library of science has been enriched in a very noble way. 
We venture to congratulate Professor Karl Pearson on the success of his undertaking; he has 
given us a painting by a master. No doubt it has been a labour of love and not without the 
artist’s joy; but it has meant many years of strenuous sifting and appreciating and arranging 
to elaborate this worthy record of the life and work of one of the most notable pioneers in the 
history of civilisation.... We would simply thank Professor Pearson for this monumental work, 
surely never excelled in completeness, accuracy, insight and keen judgment....We must be 
allowed to express our admiration at the perspective and proportion that mark these volumes; 
amid the manifoldness of recorded achievement, there is no crowding or jumble, and this is 
the reward granted to an artist who mixes his paints with brains.” —Nature 
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